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P RE EA{;E 


I)i IUN(; t]i(‘ last (l(‘(*a(I(^ of (‘(‘ntiirv tlion* (x'ciuivd 

a scfies of disc'overic's \vlij(*h rev dIiiI ioiiizixl j)hysic‘al outlook and 
iiiitiat(‘d uliat is usually tcu iruMi ujodfun physics, d'hose dis(‘ov(Tips 
those of‘ X ra\s hy Hont^c'u, radio-aedivity f)y Jhaapu'nd, and 
th(^. (‘l(‘cti*oii l)\' Thonisoii. Prior to th(‘s(‘ (‘vaaits it was tliou^lit by 
inanv physicists that th(‘ tnaiu discoyau'ics or])li\>i(‘s had Ix^ni made 
and that the* tuturi* would Tucuedy se(‘ th(‘ir devadopment. The 
])r('vious ph\si(‘al dis(*oA (u ic^s ar(^ now ^(auaally nTt^rtal to as classical 
physics. 

'rh(‘ outstandinu tcatur(‘s of jnod(‘rn ]){i\'^ics (‘oniprise tlu' three 
ph(‘nonH‘iia naait ion<‘d. t h(‘ (juaiit urn th(‘ory. t h(‘ t heoj’v of i‘(‘lat ivity, 
and th(' atomic th(‘ory. In the hands of tluar initiatoi's aiul many 
(unimait followers, tlu'se dis(‘<)\eri(\s and th(‘oih‘s hav<‘ undergon(‘ 
(and ai<‘ still umha’i^oinii) striking (l<‘\(‘lojmu'nt^’, with the result 
that th(‘ crowth of |)h\sical knowi(‘dt»(‘ dining th(‘ pa^t fifty years 
probably ('\c(‘(‘ds that of any pi-(‘y ions similai'pca'iod. 

.\s t(‘(‘hni(‘al pi‘oeess(*s c(»nsi.st of appli<‘d physics, it is to be 
anticipati'd that th(‘ n(‘w reirinu^ in physics has betm r(‘sponsible for 
outstandim^ enL!,in(M‘riinr dey (‘lopnuaits. 'Phis is flic case, the most 
notabk' (y\am])le beinc doubtl(‘ssly in tlu' tield of‘(‘lectricity. ddius, 
th(‘ ])res<mt tendency is for ri|)plied elect l icit y to fall into tyvo broad 
diy isioiis, naTuely. c‘I(‘ct rody namics and ekadronics. The first of 
th(‘s(‘ is based mainly on cla->sical phy'-ics and lh(' latter oji modiTJi 
jihysics. 

.Vs the t(‘rm im])lies, electronics is bast'd on tlu‘ I'oncept of the 
eletdron and its l>ehayiour under sjiecilied conditions. Hence, 
idtadronics stadcs to (‘\])lain ekxdrical ])henonu‘na. both purt' and 
applied, in ttu’ins of (deadron behaydour. In ])a]ti(*ular it attempts 
to (‘\])lain the fatds of (detdrical conduction in nudals and ^as(‘s, 
the (xdiaviour of (diar^ed parti(d('s (electrons and ions) in combina¬ 
tions of (d('(drical and ma^nadic fields, (decdi’on focusing, and 
lumin(‘sc(‘n(*(\ Its fitdd of impiiry on th(‘ t('chni(‘al side is princi[)ally 
('oneeiau'd yyith gas HIUmI and y acuum valya^s. X-rays, static* rvetifiers, 
})hoto-(d(‘ctric* cc‘Ils. cd(‘c*tric* discharge lamps, cathode* ray tubes, 
b(‘sid(‘s a host of misc(*llan{*ous <*(|uij)m(‘nt such as the cyclotron, 
th(' (‘lectron microsc*o]K’, cdc*. 

The* (\arly (*liapters of the preysent book dc'al yyith yyhat may be 
termc'd pure c‘lecti’onics and the later chaptc‘rs yydth the principal 
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PREFACE 


l)i RiNCJ iho last (kicade of th(i niiieteonth century there oceurrod 
a series of diseovej*ies which revolutionized pliysieal outlook and 
initiated what is usually terin(‘d modern ])hysies. I'hese discoveries 
were those of X-rays by Hontgen, radio activity by Becquerel, and 
the (‘leetron by Thomson. Prior to thesc^ evemts it was thought by 
many physicists that the main discoveries of physics had been made 
and that th(‘ futures would merely see their development. The 
])revious jdiysieal discoveries are now gencTally referred to as classical 
])hysics. 

The outstanding kMtures of modern ))h; sics comprise the three 
[)lu‘nom<M}a mention(‘d. the quajitum theory, the theory of relativity, 
and the atomic theory. In the hands of their initiators and many 
eminent followers, thes(‘ diseov(‘ri(‘s and theories have undergone 
(and ai‘(' still undeigoing) striking d(‘\elopments, with the result 
that tlie growth of physical knowledge^ during the ])ast fifty years 
probabl\ e.\e(H)ds that of an\ previous similar ])eriod. 

As t(‘chni(*al jiroci'sses consist of a])plied ph\sics, it is to be 
antieijiated that the new rcgiim* in physics has been res])onsible for 
outstanding engineering d(‘velo])ments. This is the case, the most 
notable example being floubtlessly in the field of electricity. Thus, 
the i^resent tendency is for ajipJierl (dectriiaty to fall into tw^o broad 
divisions, namely, electrodynamics and (deotronics. The first of 
these is based mainly on classical physics and the latter on modern 
physics. 

As the term implies, t*l(H‘troni(‘s is based on the concept of the 
electron and its behaviour under specified conditions. Hence, 
electronics seeks to ex])lain electrical phenomena, both ])ure and 
af)])lied, in terms of electron behaviour. In ])articular it attempts 
to exydain the facts of (dectri(*al conduction in metals and gases, 
the behaviour of charged particles (electrons and ions) in combiiia> 
tions of electrical and magnetic fields, electron focusing, and 
lumineseiuiee. Its field of inquiry on the technical side is principally 
concerned wfith gas-fill(‘d and vacuum valves. X-rays, static rectifiers, 
photo-(dectric cells, (d(‘(*tric discharge lamps, cathode-ray tubes, 
l)esides a host of misccdlaneous equipment such as the cyclotron, 
the electron microscope, etc. 

The early^ (;hapt(*rs of the present book deal with what may be 
termed pure electronics and the later chapters with the principal 
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applications. As a knowledge of the kinetic, quantum, and atomic 
theories is essential to the understanding of electronic matters, 
thes6 theories are briefly dealt with in Chapter T. It is assumed that 
the reader is familiar-witii the principles of the main branches of 
classical physics and also that his mathematical standard includes 
the calculus. 

The author is glad to acknowdedge his indebtedness to the 
following firms who have kindly provided information and illustra¬ 
tions relative to their products: B.T.H. Co., Ltd.; G.E.C., Ltd.; 
Cinema-Television, Ltd.; Radio Corporation of America; Siemens 
Electric Lam])s and Sup})lies, Ltd.; Phili})s Industrial; and the 
Kdison Swan Electric (^o., Ltd. 

In addition, special thanks are due to the author’s wife, wdio 
was res])onsiblc for the ]>re])aration of the manuscript and to whose 
assistance, both direct and indirect, any merit which this book may 
have is largely due. 

F. (i. SPRFADBIIRY 

London, N.W.2, 1940 
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CHAPTER 1 

KLKCTRONICS AND THE FINE STKUC’TURE OF MATT?:R-THE 

KINETK\ quantum. AND ATOMIC’ THEORIES 

Introduction 

Broadly s])eaking, two methods are employed (and are necessary) 
for the stncly of electrical ])henomena. Tlie first method deals with 
macroscopic (piantities, experimental laws relating to these, and 
their mathematical conseipiences. (hmerally, the method is free 
from hy})othesis, no assumptions being made concerning the struc¬ 
ture of ele(‘tricaJ charges or matter. This method of aj)proach is 
termed the field tlieory, the subjects coming within its particular 
range being, princi})ally, cdectrostaties and electrodynaTnics. A wide 
range of phenomena is, however, largely incapable of treatment by 
this method: e.g. electrolytic aiui gaseous conduction, the origin 
of radiation and s])ectra, thermionics, the photo-electric effect, 
electron optics, etc. In order to study these important phenomena 
assumptions must be made concerning the structure of matter and 
electrical charges, assum])tions which, mwertheless, cannot be 
verified by direct methods. This second method, which is essential 
for tlie study of electronic matters, may be termed the atomistic 
method. In contrast to the field theory, which employs macroscopic 
concepts, the atomistic theory makes use of microscopic concepts, 
and hence it will be found that electronics is closely connected with 
the finer states of matter. 

Electronics, as the term implies, is concerned with the science - 
and applications of the electron. In particular it concerns the study 
of electron behaviour in magnetic and electric fields or combinations 
of both. However, electrons are seldom found unassociated with 
their parent atoms or ions and hence the latter must be included in 
any study of electronic matters. In all practical applications elec¬ 
trons and ions are invariably found in enormous numbers, and it is 
to be anticipated that in many instances their behaviour will be 
governed by laws appertaining to matter in a gaseous state. This 
is so, and hence it follows that some knowledge of the principal gas 
laws is indispensable to the study of electronics. 

1 
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The Origin of Electrons 

The electron is the natural unit of electricity possessing a charge 
of 1-59 X 10 coulomb, a mass of 9 X 10 gram, and, on the 
assumption of a spherical form, a radius of 1-9 x 10 cm. It is 
normally associated with tlie atom of which it forms an essential 
part. As matter is normally electrically neutral, it follows that the 
resultant negative charge of the electrons within an atom must 
be balanced by an equal positive charge. This necessity, of course, 
creates speculation (joncerning the structure of the atom, the con¬ 
sideration of which, however, will bo left until lat(‘r. 

Atoms and Molecules 

The atom may be defined as tlu^ smallest particle of matter 
capable of independent existence. Tliis floes not mean that an atom 
can in no way be divided, but rather that should this be effected 
then will the atom no longer possess those ‘'projxn'ties” which are 
cliaracteristic of the particular kind of substance to which it nor¬ 
mally belongs. The atom is an indirectly observabh^ object with 
certain properties ascertainable by experiment and others which 
exist mainly in imagination. It is ])ractically certain, however, that 
it consists of a com])licatcd configuration of electric charges, tliose 
of negative character being due to electrons, while the positive 
charge is associated with the relatively massive nucleus. Practically 
the whole mass of the atom resides in the latt(u\ th(‘ electrons 
contributing a negligible amount to the total mass. Although the 
masses of different atoms differ considerably, their radii are similar 
and are of the order of 10 cm. In practice, atoriis gencTally 
associate in groups of two or more, sucli groups being known as 
molecules. Where the atoms forming a molecule arc different, then 
a substance composed of such molecules is termed “compound.” 
When the atoms are similar the substance is “elementary.” Thus, 
molecules and substances may be classified as either elements or 
compounds, a molecule being defined as the smallest particle of a 
compound capable of independent existence. 

In the majority of applications of electrons the latter interact 
with matter in a gaseous state. Examples of this are the mercury-arc 
rectifier, the thyratron, gas-discharge lamps, ])hoto-electric cells, 
“vacuum” valves, etc. In all those instances the electrons have a 
directed motion through the medium by virtue of the existence of 
an electric field, this motion, of course, constituting an electric 
current. In general the electrons tend to move along the lines of 
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force of the field, but make frequent collisions with the gas molecules 
constituting the medium. It is evident that the latter may play 
an important role in electronic conduction, particularly as its 
influence can be ])rofoundly modified by changes in temperature, 
density, etc. Hence before proceeding further it is necessary to 
consider some [)roperties of gaseous media. 

The Gaseous State 

The classical eonce[)f of a perfect gas is one of myriads of infini¬ 
tesimally small ])articles (molecules or atoms) in a state of incessant 
motion. Frequent collisions or encounters occur between the 
particles, which are regarded as behaving as xierfectly elastic solids 
with a coc^fficient of restitution of unity. Between encounters the 
motion is rectilinear and it is assumed that the time of an encounter 
is negligible comj)ared with the time between encounters. The 
average distance travelled by a particle between two consecutive 
collisions is extremely small, being of the order of 1()~® cm. in gases 
at normal tem])erature and ]»ressure. Under the same circumstances 
the collision frequency is about Kfl® per sec. Statements such as 
these enable a picture to be formed of the environment in wdiich 
electrons and ions find themselves when participating in a gaseous 
electrical discharge sucli as a glow or arc, etc. Furthermore, in the 
case of an electrical breakdown in a gaseous medium it will be 
found that the average distance between collisions (or the mean free 
path) is the ])rincipal determining factor of the breakdown potential. 

For gast^s under normal conditions the volume of the molecules 
is negligible coinpanHi with the volume of any circumscribing space. 
This is evidenced by a comparison of the volumes occupied by a 
substance when in the gaseous and solid (or liquid) states. For 
example, a given quantity of water vapour at 100'^ C. and 760 mm. 
pressure occupies only 1/1600 of its volume as vapour when condensed 
to water at lOO"" C. From such considerations it follows that the 
dimensions of a molecule are negligible compared with the average 
distance traversed between collisions. 

In em})loying the term “collision” to denote encounters between 
molecules, this term is not necessarily to be interpreted in its macro¬ 
scopic sense. If powerful repulsive forces come into play (as is 
likely) when the centre of a molecule penetrates the sphere of 
influence of another molecule, this is sufficient to explain the sudden 
and continual changes in velocity which occur within a gas. Such 
forces are probably due to the interpenetration of the electron 
shells of the atoms. 
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Boyle’s Law 

It is found that gases far removed from their liquefaction ])oin 
approximately obey the law 

pv~-=rRT . . . . ( 1-1 

Whore p, i\ and T are respectively the gas pressure, volume, ami 
temperature, and R is a constant which, when referred to one gram- 
molecule, is termed the universal gas constant. The law is most 
nearly obeyed by the so-called “permanent" gases such as air, 
hydrogen, nitrogen, etc. A useful conception is, therefore, an ideal 
gas which obeys (l-l) exactly. For gases near their liquefaction 
point Boyle’s Law, i.e. (1-1), no longer holds, and their behaviour 
is more nearly represented by the equation of Van der Waals, viz. 

P + j/a) («'—*) = ■ • • (1-2) 

where a and b are constants. Thus (1-1) and (1-2) may be respec¬ 
tively regarded as the equations of state of ideal and real gases. 

With certain foregoing assumptions concerning molecular be¬ 
haviour, and otliers shortly to be stated, relations may now bo 
deduced between the macroscopic quantities p, r, 1\ and the mass, 
velocity, collision frequency, etc., of the molecules. 

For the purposes of mathematical treatment the molecules may 
be regarded as elastic spheres behaving according to the laws 
of ordinary mechanics. Considering a volume of gas in thermal 
equilibrium, the number of contained molecules is so large that 
any sample taken at random will appear to bo identical with any 
other sample. This means that, on the average, the molecular 
density is uniform throughout the gas. Due to constant encounters 
between the molecules the gas attains a state of statistical equilibrium 
or molecular chaos. This means that in any number of samples of 
the gas there will be the same distribution of molecular speeds, the 
same average speed, and the same mean free path between collisions. 

It is evident that even if the molecules in a given volume actually 
possessed the same velocity at any instant, this uniformity would 
be rapidly destroyed by molecular collisions. Thus in a short time 
it would be found that the molecules were moving in all directions 
with every possible velocity. It is often convenient to represent 
graphically the velocity c of a molecule by a point in space whose 
co-ordinates are equal to the components of its velocity in three 
mutually perpendicular directions. Such a point is termed a 
velocity-point, and the space in which it is drawn the velocity-space. 
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This is represented in Fig. 1-1 where c may bo called the velocity- 
point corresponding to any particular molecule. If the velocity- 
points of all the moJeoules in unit volume of gas are marked on 
the diagram, then the density of the points will vary with the 
distance from the origin, but since all directions are equally probable 
the density of the velocity-points in the velocity-space will be 
symmetrica] about the origin. This means that the density is a 
function of c only. 


OJ 


a 


Distribution op Molecular Velocities 

Referring to Fig. 1-J, let v, w, bo the velocity components 
along the x, y, z axes of a molecule moving with velocity c. Then 

T — c? , . . (1“3) 

Let bo the number of molecules per cubic centimetre whose 
maximum velocity difference is unity at velocity u. Then if n is 
the number of molecules per cubic 
centimetre, njii = f(u) is the 
probability of a molecule having 
a velocity of (u i J) cm. })er sec. 

The ])robability of a molecule 
having a velocity lying between n 
and u + du is f{'u)du, and the 
number of molecules per cubic 
centimetre having velocities be¬ 
tween these limits is nj\u)dn. In 
a similar manner the probability 
of a molecule having velocities 
between v and v dv and w and 
w -f dw is f(v)dv and f(w)dw re¬ 
spectively. Now as these three 

velocities are mutually perpendicular they do not affect each other 
and hence are independent. Thus the probability of a molecule ex¬ 
periencing the three simultaneously is given by the product of the 
probabilities; i.e. by 

f{u)j{v)f(w)dudvdw . . . (1-4) 

But dudvdw is a small volume in the velocity-space at a distance c 
from the origin. Hence (1-4) is the probability of a molecule finding 
itself within this space, and thus the number of molecules contained 
in the volume dudvdw is 

nf(u)f{v)f{w)dudvdw . . . (!-*'>) 

However, on referring to the velocity diagram it is apparent that 



Fui. 1-1 
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the number of velocity-points (or molecules) lying within a parallelo- 
piped dudi'xiw depends only on the volume of this and its distance, 
c, from tlie origin. We may then write 

nf{u)f(v)][{w)d'udt'(lw ~ nF{c)dudrdw 
or F(C) — ^(^>2) ^ ^(^2 I ^2 ^ (1_0) 


where F is a function of c and <f) a ditferent function of Now 
when the gas is in a steady state the number of velocity-points 
within the volume dudvdw is indejiendent of time; i.e. as many 
molecules entcu- the volume as leave in a given jieriod. Hence tlie 
rate of change of (1-5) witli respect to tim(i is zero. Taking n and 
d'udvdw as constant and differentiating, we have 


f(‘»)f{w)f{u) f{u)f(w)f(v) ^ + fWf{v)f'(w) ^ 0 

or = 0 . . (1-7) 

/(m) s(i^) y(w) 

Now for those molecules whose speeds lie between c and c dc 
(1-3) is constant. Hence differentiating c with respect to time 
'iidii vdv + wdw — 0 


Multiplying this by an undetermined factor 2 /( 1 ^ and adding to 
(1-7) we have 


(m 

V/(«) 






]dw — 0 

) 


( 1 - 8 ) 


As each of the terms in brackets in (1-8) is independent of the 
others, we may put 


V/(«) 

, M 
\m ^ a^J 
( f'M , 

\f{w) aV 


du — 0 
dv = 0 
dw = 0 


f(u) = Ke »• 


f{v) = Ke' 




f{w) = Ke »* 


«■ -f 4- W* 
a* 


(1-9) 

( 1 - 10 ) 

( 1 - 11 ) 

( 1 - 12 ) 


which leads to 
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where if is a coTistant. (I-12) is known as the Maxwell Law of 
Distribution of Velocities. 

As f(u) — Ke the number of molecules per cubic centimetre 
having velocities between n and u + du is 

nKf .... (1-13) 


and hence the integration of this ex])ression between the limits 
1 00 and oo will give the number of molecules per cubic centi¬ 
metre. Thus 

r ' ^ 

_ 

nKt <^'du — n 
J— a 


or 


j: 


f 

da 


1 


— rf 


(1 14) 


from which we shall seek to determine K, 

Similar ox])ressions to that of (1-14). of course, exist for the 
V and w velocity components. Taking the expression in r and 
multiplying by (1- 14), we obtain 


I* i 


f-t 

1 1 diidv — 1 


J - cr or 


(1-15) 


Transforming into polar co-ordinates, r and 0, 

-j- ^2 

and dudv =rdrd6 

Substituting in (1-15) 


/»2ir 




€ ^'rdrdO = 1 


0 c/ 


and performing the first integration, there results 




f a*rdr = 1 


(M6) 
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_ 2l 2 

The differential of e being- ^"rdr the integration of 


(1~16) gives 


from which 
Hence (1-9) becomes 


-- a^irK^ = 1 

aV TT 
1 -'Jl 


(1-17) 


and tlius the number of molecules having velocities between the 
limits u and u + is 

n - 

^'du , . . . (1-18) 

a\ 7T 

Referring to (1-12) the number of molecules whose velocity- 
points lie within the volume dvdvdw is 


71 _ («* + r* -f M’O 


a* 


n 




dudvdw 


Now dudvdw is an elementary volume in the velocity-space, and it 
follows that the number of velocity points, or molecules, within a 
thin spherical shell of radius c and thickness dc is 

n 4n 

e . . (1-19) 

a^rr^l^ aWn 

(1-19), of course, gives the number of molecules whose speeds lie 
between c and c + dc. 

The curve whose equation is 

2 ,= ^ . . . ( 1 - 20 ) 

a^Vn 

is shown by Fig. 1-2, and is known as a probability curve. The 
ordinate at any point gives the value of ^(c^) corresponding to a 
particular value of c and, if two vertical lines A B and CD are erected 
at distances c and c + dc from the origin, the area enclosed between 
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them, the base d(\ and the ordinate will represent the number 
of molecules having speeds between c and c -1 dc. The maximum 
of the curve corresponds to a speed known as the “most probable 
speed,” this term being employed because, for a given speed differ¬ 
ence, dc, a larger percentage of molecules have this speed than 



o dc Co c 

Fro. 1 2 


any other. Tn order to find the most probable speed (1-20) is 
diff('rentiated and equated to zero. This gives 

6; - a 

i.e. a is the most probable speed. 


Average Speed of the Molecules 


In order to find the average speed of the molecules we must 
sum the speeds of all molecules and then divide by the total number 
of molecules participating in those speeds. Hence we multiply 
(1~19) by c, divide by n, and integrate as below, where C is the 
mean speed. 



4w 

7T 


r* 



00 

_ £l 

e cMc 

0 


( 1 - 21 ) 
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Integrating the member to the right of the sign of integration by 
parts 




. re 


Jo 

r .nr 

- - +^- 


re dc 


a‘* 


which gives for (1~21) 


C = 


2a 
V 77 


A further speed of considerable importance is the average value of 
squares of the speeds. This is expressed by 


C^=~ 


Jo 


4n 4 

c2 X -e «'r2dr - 

a^\ 7T a^V 


F c^dc 


77 

Jo 


Integrating by parts 


e c^dc — 


Jo 


. a '** dc 


Jo 


a2 3^2 

_ [r^p -4 - 

2 ^ Jo ^ 2 


c2e "* dc 


0 


-3X^X^[0^ «*]“+2X-2 


T 


2 2 

(* 00 
_ f! 

£ ^*dc 

0 


(* 00 

£1 

e «*dc 
0 


. ( 1 - 22 ) 


This integral may be evaluated by a similar device as that employed 
on page 7, but as the limits here are 0 and oo, the corresponding 



ELECTRONICS AND THE FINE STRUCTURE OF MATTER 


11 


limits in polar co-ordinates must be such as to cover one quadrant 
only. Hence (1-22) becomes 

a 

T ViT 


which leads to 


Summarizing we have 


v/^X 4 X • 

. ( 1 - 23 ) 

= a 

. ( 1 - 24 ) 

G — 2aj'VTT . 

. ( 1 - 26 ) 

G — ^lif2a . 

• ( 1 - 26 ) 

G/G -- . 

• ( 1 - 27 ) 


From the foregoing it is evident that the determination of molecular 
velocities and speeds dejiends on the as yet unidentified parameter 
a. This will now be determined in terms of macros(‘opically observ¬ 
able quantities ])ressure, volume, temperature, etc. 

Consider a cubical container with a length of side equal to 1 cm. 
The walls of the container are assumed to be perfectly plane with 
a coefficient of restitution of unity, so that a molecule striking a 
wall has its velocity component ])crj)eiidicular to that wall exactly 
reversed. If the mass of the molecule is m and u is the velocity 
component before impact, it will be — ii after impact. Hence the 
change of momentum is 27nn. Tn the absence of molecular collisions, 
a molecule would travel to and fro times per second within the 
container, striking against a w^all uf"! times per second. Hence in 
these circumstances the change of momentum per second per 
molecule is 

2mu X 71/2 = mu^ 


and the change of momentum per second, p, due to n molecules, is 

p = -I- _j. ^^2 ^ ^ (1-28) 


Similarly for the walls perpendicular to the v and w velocity 
components 

p = m(v^^ + + V + • • • • • (1-29) 

p m{wi^ I- m/ -}- . . (1-30) 

Adding (1-28), (1-29), and (1-30) 

3p = m{c^^ + + C 32 -f . . . c„2) 


. (1-31) 
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Due to collisions Cg, etc., are, of course, different, the various 
equations abov’^e taking this into account. If is the mean of the 
squares of the speeds in (1-31), then this becomes 

3jp = 7nnC^ 

and == Spjmn 

But 7nn is the density of the gas, p, and hence 

C^=3plp . . . . (1-32) 

c = Vsp/p .... (1-33) 

From (1-26) we also have 

C 

and thus a 

The result given by (1-32) may also be obtained with the aid of the 
expression for the distribution of the velocities among the molecules. 
Thus, the change of momentum per second due to molecules having 
velocity components between 91 and v da 

- 7 e muHv 
oVtt 





and thus the total change in momentum per second due to all 
molecules is 


P 


nm 

a\^7r 


t/* 

«* uHu 


or 


nm aWn 
aVn 2 

I 


p = ~ nmC^ 


nyna^ 


and 


~ ^plntn, as before 


Now if Vq represents the molecular volume of a gas and M its 
molecular weight p = M/Vq, and from (1-32) 




3p 

M/Vo 

MC^ 

pVo = -5 


(Boyle’s Law) 


and 
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From (1 - 1 ) we have 


MC^ 
3 ’ 


= RT 


and calling N the ratio M/m, i.e. the number of molecules in a 
gram-molecule, 

mC^ _ RT 
3 “ N 

and ^mC^= ='-^kT^«.T . . . (1-34) 

where a — *^RI2N, 

From this result we must consider the absolute temperature of a 
gas as proportional to the mean kinetic energy of translation of its 
molecules. Thus to every uniform temi^erature there is a corre¬ 
sponding uniform distribution of kinetic energy, molecular collisions 
furnishing the means which lead to an equalization of temperature. 


Law of Partial Pressures 

The law expressed by (l-Bl) relates to a gas whose molecules 
are all identical. Assume now that a space contains a mixture of gases, 
the number of molecules of each ])er cubic centimetre being denoted 
by ?^ 2 » their respective masses by mg, m 3 , etc. 

From (1--31) we have 

p = 

1 

and hence for the mixture 


p = -[- etc. 

1 1 1 

~ Vi ^ Pz Pz 

Or the total pressure of a mixture of gases is the sum of the separate 
pressures which each would exert if acting alone. This is usually 
referred to as Dalton’s Law. 

The result of collisions between molecules of different kinds will 
now be considered with regard to the distribution of kinetic energy 
among the various different molecules. 

Let a collision occur between two molecules whose masses are 
respectively m^ and Further, let the line joining their centres 
on collision be parallel to the axis of the w-component of the velocity. 



14 


ELECTRONICS 


Then if u and ?/' arc the respective velocities of and before 
(jollision and similarly U and U' are the velocities after collision 

rn^u -1 ^2?^' — m^U |- . . (1-35) 

— m^lJ^ 1- . . (1-36) 

Solving for U and f/' wo obtain 

27Ho'u'-\ (m. ~ Wohf 
U- - “ or u 

-f 7 Ho 

2m^u f (///2- 771^)n' _, 

IJ — , or If// 

Wi -t- 7/^2 

Excluding the second pair of values (thal is, where there is no 
change of velocity), the difference in the kinetic energies of the 
molecules after collision is 




/ Swpr/g 

[(nil + 


{\vl 2 n’ 


l77l^ll^) + 


(771^ + 


(1-37) 


Now (1-37) does not indicate whether the difference in the kinetic 
energies of a colliding pair of molecules is increased or decreas(^d 
by collision. However, it is the average effect taken over all the 
molecules which is of interest and in this case definite conclusions 
may be drawn. 

Considering the second term of the right-hand member of (1-37), 
it will be noted that this differs for different pairs of molecules, 
solely by virtue of differences in uu\ Due to the symmetry of 
the velocity diagram, it is apparent that for any given magnitudes 
of u and u' there will be just as many cases where 71 and //' have the 
same signs as opposite signs. Hence in summing (1-37) for all the 
molecules the second term of (1-37) will disappear. The second 
factor of the first term is the difference of the energies of the mole¬ 
cules before collision, and hence 


E 2 __ 

(mi + 


(1-38) 


where and are respectively the energy differences before and 
after collision. It is evident that the average difference of the 
energies after collision is greater or less than the average difference 
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before, according to wlietlu^r the absolute? value of the right-hand 
member of (1-38) is greater or less than unity. Assuming that 


(mj + 


then 


-f 

4 m ^ 7 yi 2 ^ {'^1 I " '^^2 ! 

0 < (^ri^ -( 7a^ — 27u^n^ 

0<(Wi—.... (1-39) 


''[’he result of assuming the right-hand memb(?r of (1-38) is greater 
than unity is found by luvc^rsing the sign of mecj[uality in (1-39), 
which leads to an impossible conclusion. 

We thus s(?e that the difference between the average kinetic 
oncu'gies of the two sets of molecules tends to decrease vith the 
numbcT of collisions, and from this it may bo concluded that when 
a mixture of gases is in (*(|uilibrium the average^ kinetic energies of 
each of the kinds of molecules will be the same. 


That is ~ 2 ^ = — • ... . (1-40) 

Under these conditions there is an ecpiality of temj)erature through¬ 
out the mixture and, as \ve see from (1-34) that the temijerature 
of a gas is proportional to the average kinetic energy of its molecules, 
it may be inferred that if the gases were se})arated, the temi)erature 
of eacli remaining constant, their average kinetic energies would 
be the same as when mixed. Hence (1-40) is true whether the gases 
are mixed or separate, provided the temperatures of all are the 
same. Thus, if different gases are at thc' same temperature and 
pressure, 

Im^CY =^- 2^%U2 = = . . . 

from which 

=“ ^2 --=••■ 

or equal volumes of different gases under the same conditions of 
temperature and pressure contain the same number of molecules. 
This result is known as Avogadro's La'W', and as we now see that 
N in (1-34) is the same for all gases so also must be a. Thus a is 
a universal constant. 
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The Mean Free I^ath 

The average distance trav(^rsod by a molecmle between two 
consecutive collisions is termed tlie mean free path of the molecules. 
A collision may be said to occxir when the centres of the molecules 
a})proach to a distance of a from each other, a being the molecular 
diameter. (.Considering any particular molecule, let be its mean 
velocity relative to all the other molecules. Tluui a collision occurs 
when any of the centres of the latter apj)roach the surface of a 
sphere of radius a surrounding the molecule under consideration. 
This sphere is termed Ihe sphere of molecular action. The number of 
molecules whose centres will come within the sphere of molecular 
action of a moving molecule during a s(H^ond is as ttct^CV is 

the efiective volume swept out by the nH)lecule per second. Hence 
the collision frec|uency is 

= . . . ( 1 - 41 ) 

Now the actual distaiuje travelled per st^cond by a molecule is C, 
and thus the aveiage distance between collisions is 


I = 


a 


1 


(/ 


(1-42) 


7TaH\n (\ 

where / is the mean free path. 

Now C is already kno\^Ti and to determine I we must therefore 
determine (V- effect this, consider two sets of molecules whose 
velocities may be represented by c and and their relative velocity 
by Cr- Then the components may be represented as below 








= {u -I- -i (v + rif -\- {w + 

c/ - 

Let the number of molecules of each kind per unit volume be given 
by n and % and the most probable speeds by a and p. Then the 
respective number of each kind having x velocity components 
between u and u + du, and + I, and u ^ di is 


n 

aV 77 


z 

e 


(1-43) 






and 


. (1-44) 
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Now the number of pairs of molecules, one of eaclj kind, is given 
by tlie product of (1-43) and (1--44), viz. 



0/ t on 


and the total number of such ])airs may be found by integrating 
this expression for all values of h from — co to 1- oo, giving 


nn^d^ 

afirr 


-I on 



— cr 


('/ I on 

-I du 


or 


Putting 


then 


i{^) >■' 

Va^ 1 Ji- 

af} 

2 a S 

JiVa^ I /)■“ 


£ 




a — M 


2b 


HI) 


e d(h f •X') 


Hence we have 

nn^t \ 


— t ^ ' -j--= -=r- aZ-tt 

V “t 




r- /- d^ 

VttV1- VttV r/2 ( 


Now this expression gives the number of pairs of molecules 
having relative speeds, the .r-components of which lie between f and 
^ + dS, the total number of possible pairs being nuy The expression 
is of the same form as (1-18), if we put for n, (t^ f /?- for 
and I for u. Thus, the distribution of relative velocities is governed 
by the same law as the velocities themselves. We have already 
seen that the mean speed of a molecule is given by 

C 2a|^/TT 

and hence it follows that the mean relative speed 

— 2 V4- 
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If tlic t-wc sets of inoleoules form part of a common system, then 
fi = a and 


c, ^ ^ a 

Vtt 


\/2 


from which 



and 


V 2'iTa^n 


(1 45) 


P =: V2iTahh(J . . . . (I 4()) 


The Bistribi tion oe Free Paths 

Tlie expression given by (1-45) is, of course, only the av('?*ag(‘ 
distance travelled by a molecule betv\('en collisions. Actually 11 h‘ 
free f)aths follow a distribution law vhich will now be determined. 
The probability that a molecule will travel a distance x without 
collision n)ay be written/(a"), and the jirobability that it will trav(‘l 
the distance x i dx without collision f(x t dx). Hence 

f(x + (lx) = fix) + f'{x)(lx 

But the ])robability of the molecule covering both x and dx without 
(jollision is the i)r()duct of the separate probabilities that both these 
events shall occur. Thus 

/(•«)-\-== f(-t:)f(dx) . . (1-47) 

In order to determine/(rf,r), consider a cylinder of unit cross-sectional 
area and length dx, the axis being parallel to the direction of motion 
of the molecule. Then, on the assumption that the molecules within 
the cylinder are at rest, the ])robability of a collision within the 
distance dx is the ratio of the sum of the projected areas of the 
spheres of influence of all the molecules to the cylindrical front 
surface of unit area. But we have already seen that due to the 
molecules being in motion the number of collisions in a given time 
is a/ 2 times as great as when they are considered at rest. Hence 
the probability of collision is V27rahidx and the probability of 
covering the distance dx without collision is 

f(dx) ~ — V27Tahidx 
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From (1-47) 


f{x) ~f f'(x)dx — V^TTG^ndx) 

rf(x) r 

Integrating Jf{x)^'^ ~ V 27 ra^njdx 

and f(x) -= Ke~ Ke 


as, from (1-45), 's/^Trahi - l/Z. To determine* K we note that llu* 
probability is unity for x ~ 0. Hence 


' . . . . (1-4S) 



Thus we may regard the mean free })atli as that path over which 
the probability of })assage without collision is - o :hU>. The 
expression given by (1-48) may also be written 


n 


X 


e I 


(1-49) 


where Ttg. is the number of molecules per unit volume which traverse 
a path X without collision. From (1-49) wo note that only 36-6 per 
cent of the molecules travel a distance ecpial to the mean free path 
without collision. (1-49) is sometimes termed the survival equation, 
as it gives the number of molecules which have not suffered a 
collision in travelling a distance x. This equation is plotted in 
Fig. 1-3, from which we see that paths shorter than / are much 
more probable than those longer. 
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From (1-49) we may find the number of molecules, which 
having survived collisions over a distance x, terminate their free 
paths within a further distance dx. 

n - ^ 

Thus rirax ~ — -j f ^ dx . . . (1-50) 

the negative sign indicating that (h'.creasos with an inci*oase in x. 
The })rol)ability of survival is 

- I w, - f , 
ni ^ F ^ dx 


ne 


r 

f 



which is independent of x. 

The expression given by (1-50) gives the number of molecules, 
dn, whoso mean free jiaths lie between x and x [ dx and, because 
of this, it may be termed the distribution function of mean free 
paths. From (1-50) the sum of tlie lengths of all the [)aths is 


/'• 

I X7h - 



() 


' dx 


and hence the mean fn^e [mtli should be tlu' averagt^ of this, i.(\ 




1 xn 



Jo 


f dx 


(T 

\ — XF ^ + 





It will have been noted that the derivation of the velocity distribu¬ 
tion function is based on the assumption that the components of the 
molecular velocity are independent. Because of this, and for other 
reasons, we shall now derive the distribution function by a more 
general method which docs not depend on this assumption. 


Macro- and Micro-states 

In a similar manner to that expressed by (1-5) wo may write 
dn = F(u, V, w, t)dudvdw ^ Fdr . . (1-51) 
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where dr represents a volume-element in the velocity-space, t re])re- 
sents time and is here included to emphasize that the law of dis¬ 
tribution of velocities may vary with time. (Comparing (1-51) with 
(1~5), we see that 

F =-- nf(u)S{v)fiw) 

The velocity-space is assumed to be split up into a number of 
identical volume-elements dr, the volume of the latter being such 
that they may be considered to be sutficiently small to seu’ve the 
role of diflerentials in the following calculations, but, at the same 
time, sufficiently large for each to contain a large number dn of 
velocity-points. This, of course, means that the number of volume- 
elements per cubic centimetre is very much less than n. 

To each of the vcjlume-elements let a number of the series 
1,2, . . . etc., be assigned, and let . . . etc. represent 

the number of velocity-points that th(i volume-elements respectively 
contain. Then 

n — dfi^ -|- dn^ -1 dii^ H . . . 


Now the velocities of the molecules whose velocity-])oints all 
lie within a given volume-element differ but slightly, and we shall, 
therefore, consider that the velocities of the molecules within a 
given element are the same. Corresponding to a given macroscopic 
state of a gas, i.e. a state determined by its pressure, volume, tem¬ 
perature, etc., will be a certain distribution of the velocitj^-points 
among the volume-elements. To this distribution will correspond 
a number of microscopic states or complexions as such states are 
sometimes termed. This means that we may interchange the 
individual molecules between the various volume-elements (the 
number in each remaining the same*) without changing the given 
distribution. For example, if the number of volume-elements were 
equal to n, and then? were one molecule per volume-element, the 
niimber of micro-states would be ??.!, i.e. the number of permutations 
of n things taken n at a time. As, however, there are dn^, dn^, etc., 
molecules whose velocities are the same (or lie within certain narrow 
limits) the number of micro-states is 


w — 


n\ 

dn ^! dwg! dw.,! . . . ' 


. (1-52) 


and the value of w will depend on the number of velocity-points 
dn-j, dn^, etc., there are in each volume-element. 

When a substance is not in a state of macroscopic equilibrium 
we know that its state changes until equilibrium is reached. This 
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change is, of course, brought about by a change in the distribution 
of the velocity-points and, of course, leads to a change in w. When 
equilibrium is attained dwjdt — 0, or w is a maximum. Hence a 
change from a state which is not one of equilibrium to one that is 
involves an increase in the number of micro-states. It follows that 
the distribution function we are seeking is that which renders 
(1-52) a maximum. 

In order to transform (1-52), use is made of an approximation 
formula due to Stirling. AA'e have 

log th ! — log 1 1- log 2 f log 34 -... log 7h 

and log — log n j- log }- • • • log n 

12 n 

so that log (»!/««) - log - -f Jog - . . . log - 

Putting Ijn ~ dx, we have 

- log {n !/^ 2 ’') — log dr . dx [- log 2dx ,dx . . . log Tidx . dx 

7h 

n 

- log X . dx ~ — 1 

Thus log n \ ~ n log n — 71 log (w/f)" 
so that 7h ! -= {njeY 

Substituting in (1-52) 

(TtjeY 

^ ~ (dTbJeY^*^ (d7kjty^^'^ (dnJfY^"' . . . 
dnY"'^ dn^*'* dnY"'* . . . 

since dTi^ + dn^ + dTh^ + . . . = 

Thus log w ~ — [dTij^ log dThj^ -t log dTi^ ^ dn^ log dTi^ 

f . . .J log w . . (1-53) 

From (1-51) we have 

dTh = Fdr 

and substituting in (1-53) 

log w ^ — ^Fdr log {Fdr) -f V log Ti, 

= — 2F log Fdr — SFrfr log dr 1- 7i log 7b 
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Substituting dn for Fdr and replacing tlio sign of summation by that 
of integration, 

log w — "I" ^ log n A 

where A is a constant of integration. Further simplifying, 
log w = — J F log Fdr + A' 
or, ignoring the additive constant, we may write 

^ — |*F log Fdr .... (1-54) 

where log ...... (1-55) 

By (1-55) an expression has been obtained relating the distri¬ 
bution function to the number of micro-states, or probability, as 
IV is sometimes termed. 

Now in order to determine F we make use of the fact that F is 
subject to the following conditions or constraints 

jFdr^n .... (1-56) 

w^)FdT — ET . . (1-57) 

which express the facts that the number of molecules j)er cubic 
centimetre and the energy of the gas are constant. These two 
conditions, in conjunction with the fact that, in a steady state 
(1-54) must be an extremum, constitute an isoperimetric problem 
in the Calculus of Variations. Hence the value of F to make (1-54) 
an extremum is obtained from the solution of the Euler-Lagrange 
equation; i.e. 

[logs F +} + X + + w^)\ = 0 . (1-58) 

where k and /y are constants. (1-58) leads to 

== i t w^) , . . (1-59) 

where R and b are constants. Thus it is found that the condition 
of equilibrium is the Maxwell Law of Distribution of Velocities. 
Comparison of (1-51) with (1-5) and (1-12) shows that we may 
write 

a—(T.289) 
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M* + »• + C* 

F == nK^er = nK^e . . (1-60) 

where 

Referring to (1-59) we may further generalize matters by re¬ 
placing the translational kinetic energy of the molecules by their 
total energy.* In this case we may put 

F = Bf .... (1-61) 

where b == Ijma^, 

The Quantum Theory 

For large-scale or macroscopic phenomena it is invariably found 
that these are governed by the laws of the Newtonian or classical 
system of dynamics, it was at one time assumed that the behaviour 
of matter in its finer or microscopic states was also explainable by 
this system. The behaviour of certain phenomena, however, is 
found to be inconsistent with the classical system, the first notable 
instance being the rate of energy radiation from a black body. 
In endeavouring to find the law^ relating the temperature of a hot 
body to the distribution of radiant energy amongst its emitted 
wavelengths, Planck introduced the quantum theory, one of the 
most important fKeories In physics. Since its introduction the 
quantum theory has found many applications, particularly to the 
finer states of matter, and hence it is found to have numerous 
applications in electronics. For example, the atom, photo-electricity, 
thermionic emission, the theory of spectra, ionization, X-rays, etc., 
are all governed by quantum considerations and thus attention 
must be given to this important theory. 

The basic idea of the quantum theory is that energy, no less 
than matter, is atomic in nature. That is, energy is not absorbed 
or emitted continuously, but in small elements or quanta. These 
quanta are, as atoms of a given substance, all identical, and a 
given amount of energy contains an integral number of quanta. 
Just as atoms of different elements differ in magnitude, so also do 
quanta. For example, when energy exchanges occur between matter 
and radiation, a quantum of energy, E, in the form of radiation, 
is equal to A/, where A is a constant and/the frequency of vibration. 
Thus, in tliis case, the exchange takes the form of a monochromatic 
vibration of frequency /. Evidently the magnitude of a quantum is 
proportional to /. Conversely, when radiant energy is absorbed by 
matter, it is again quanta which are taken up. 


♦ See p. 160. 
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As the phenomena of heat radiation were among the first to 
show the inadequacy of classical dynamics to deal with the fine-scale 
structure of matter and hence to introduce the quantum theory, 
such phenomena will now, briefly, be dealt with. Studies of heat 
radiation from black bodies reveal that the radiant energy is distri¬ 
buted among the emitted vibrations or wavelengths in a particular 
manner. The original experiments of Lummer and Pringsheim 
revealed that the energy distribution is such that the curve relating 
energy to wavelength (for a given black-body temperature) possesses 
a single maximum, the energy falling continually from this maximum 
and becoming zero for k, the wavelength, being either zero or 
infinity. Fig. 1-4 shows some results due to these exj)erimenters, 
from which it will be noted that the maximum shifts in the direction 
of shorter wavelengths as the tem])erature L increased. 

Reference to Pig. 1-2 shows that there is, at least, a superficial 
resemblance between this curve and those of Fig. 1-4. This is a 
fact which was very early noticed, and led to attempts to find a 
connexion between the energy distribution among the wavelengths 
and the energy distribution among the molecules. In the case of 
a gas, as we have already seen, it is not ])ossible to state the exact 
velocity ])ossessed by any molecule. It is only possible to specify 
the number of molecules the speeds of which fall within a given 
speed range dc. Similarly with radiation, it is not i)ossible to specify 
the amount of radiant energy at a given w avelength A, but only an 
energy interval dE (corresponding to a range dk. Hence wdth black- 
body or thermal radiation it is not possible to state the energy 
])ossessed by a monochromatic radiation. However, in practicce, a 

narrow waveband, usually 10^ Angstroms, is taken and regarded 
as monochromatic. 

Energy Distribution Formulae 

Efforts wore naturally made to formulate the relation between 
rate of energy radiation and wavelength for results such as those 
of Fig. 1-4. Reasoning from thermodynamics, Wien derived the 
general law 

Ex = Kk-^f{kT) . . . ( 1 - 62 ) 

where Ex is the emissive power (rate of energy radiation per unit 
range of wavelength) for a wavelength A, f{kT) an unknown func¬ 
tion of kT, and K a constant. In view of the fact that f{kT) is 
unknown, it is necessary to make assumptions concerning the 
mechanism of the radiator to elucidate /. 



26 


ELECTRONICS 


Making use of Maxwell's Law^ of Velocity Distribution, Wien 
deduced a formula for based on the following ideas and assump¬ 
tions. 

Lot A be an enclosure the internal surface of which is totally 
reflecting, and B a perfectly transparent vessel within A. Tlie 



space between A and B is assumed to be filled with a gas capable 
of absorbing and emitting radiations. The space within B will be 
filled with black-body radiation corresponding to the temperature 
of the gas. It is assumed that each molecule of the gas emits rays, 
the wavelength of which depends only on the velocity of the mole¬ 
cule, the intensity of the radiation being regarded as a function of 
the wavelength. As the wavelength is a function of the molecular 
velocity, the latter may be considered as a function of the wave¬ 
length. The energy of radiation of wavelength between A and 



ELECTRONICS AND THE FINE STRUCTURE OF MATTER 27 

A ^ r/A is ])ro|)orti()nal to the luirnber of molecjules sending out 
waves of this magnitude and to a function of the molecular velocity c. 

Now according to the kiiu'tic tlu‘orv the number of molecules 
whose velocities lie between the limits c and c -j- dc is (page 8) 

Ach .... (1-63) 

where .J find A is a eonslant. Kx])ressing c as a function 

of A and remembering tluit (T^ oc 1\ (1-63) may be written 

J,/* (A)/ '/• 

As th(^ emu’gy is ])ro|)ortional to this expression and some other 
function of A, we obtain 

. (1-64) 

where and are constants. Comparing (1-64) with (1-62) 
gives Wi(ui\s formula 

h_ 

. . . . (1-65) 

__ b 

where F(k) = A“^,/(A) — 1/A, and/(AT) = e 

The assumptions made by Wien in arriving at (1-65) do not 
rest on a particularly firm foundation and hence it is not surprising 
that the formula only covers a limited pfirt of the radiation spec¬ 
trum. In particular, agreement is found for low values of A and T. 

We shall now turn to Planck’s treatment of the subject, which, 
as previously stated, led to the introduction of the idea of quanta. 

Let a dynamical system (such as a solid body) be considered 
composed of a very largo number of identical parts or units, each 
unit being regarded as capable of executing vibrations. For example, 
in a solid body the units will be atoms the motion of which is re¬ 
stricted by the lattice structure. Assuming the atoms to be restricted 
by a quasi-elastic force, a displacement x from the mean position 
will call into existence a restoring force //^, where ^ is a constant. 

Now, according to the kinetic theory, the probability of a unit 
{Assessing vekxiities (u. v, w) and co-ordinates (x, //, z) within ranges 
du, dv, dw, and dx, dy, dz. respectively is, from (1-4) and (1-61), 

e ^^^'diidvdwdxdydz == e ^^'^dr 

where dr is a volume-element in 6-dunensional space.* E is the 

* Soo p. 32. 
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total energy of a unit and, according to i)age 101, is half kinetic 
and half potential. Hence 

E ^ lm{u^ + W-) + t- //“ 4' 

and the number of units having this energy may be written 

Be 

where the positional co-ordinates lie between x 1 dx, // ( dy, and 
1 dz. If E is a given amount of energy the numbers of units 
having energies, (), E, 2E, etc., will stand in the ratio 

_ - 2W^ — -ihE (ihE 

LIE If If : . . . 


so that if A have zero energy, the numbers having energies E, 

2 E, 3E, . . . will be As Af^ etc. If M is the number 

of vibrations produced by the system, tlien the energies of these 
vibrations will be equal to the various values E, 2E, *^E, etc. Also 

31 = A{\ 4~ 4“ ^ “h ^ -1~ * • *) 



■ . ( 1 - 66 ) 


The total energy of the vibrations is 

EAe + 2EAe + ^KAf 

„ . - 26£:., , - 26/J , „ - ibK 

— EAe (1 -t- 2e -j- 3t [ 


or from (1-66) 


EAt 


26*' 


(i-r“> 


2jbE 

€ — 1 



(1-67) 


Now if the vibrations are those of wavelengths lying between A 
and A -|- dA, then it may be shown* that the value of M is 

and thus the vibrational energy is 


or, substituting for 6, 


SttA-"* 


E 


2bE 

e — 


1 


dA 


87rA-^£^dA 

1 


(K68) 


* Theory of Heat^ T. Preston, p. 290 (Macmillan). 
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To dotormine the value of E we shall consider a unit of the 
system under the influence of a restoring force ^x. If m is the mass 
of a unit then 

mx -{• fjLX — 0 


A solution of this equation is 


X ~ A sin 



where A is the amplitude of the oscillations, the oscillation frequency 
being given by 

/ 


= ± /fL 

27rV m 


The energy E of the oscillator is 

E -- Eq . . . (1-69) 

where Eq is any energy it may have when at rest in its equilibrium 
position. If we assume Eq to be zero and put mx -- we may write 

1 _ 1 
2 mE 2E ~ 


which is the equation to an ellipse. Thus the represcuitative point 
of the oscillator moves round the ellipse, making the circuit / times 
per second. The area of the ellipse is 

. . . (1-70) 


Putting E/f — h, E — hf, and thus we see that the possible*, values 
of the energy of an oscillator are giv(*n by nhf, where — 1, 2, 3, 
etc. It is evident that the representative point of the oscillator 
divides the xy plane into equal areas of value A. This quantity is 
known as Planck's Constant and has the value 6-554 x lO"^? 
erg.-sec. Substituting for E in (1-68) we have 


hi 

ekT 1 


(1-71) 


or, writing c/A for / 


E/dX ~ 


HirhcX' ^dX 

he 

gm— 1 


(1-72) 


where E;^ may be defined as the rate of energy radiation per unit 
range of wavelength at wavelength X and c is the velocity of light. 
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The result given by (1-72) is Planck’s formula for the energy 
distribution of a black-body or temperature radiator and is found 
to be in close agreement with experimental results. It appears that 
temperature radiators must be rc'garded as composed of numerous 
oscillators capable of vibrating with every conceivable fretjjuency. 
Each })ossesses an integral number of (juanta of energy, a quantum 
being equal to hf. Thus an oscillator of frequency / is capable of 
producing monochi'omatic wave trains of radiation, the radiant 
energy leaving the oscillator diseontinuously in bursts or quanta 
of magnitude hf, 

Planck’s Radiation Law contains all other laws of radiation. 

hv 

For example, for low values of X and is large compared with 

unity, in which case (1-72) becomes 

hr 

ExdX = S7ThcX~^E 

which is of the same form as Wien’s Law expressed by (1-65). 


Wien’s Displacement Law 

This law' states that — constant where is the wavelength 
at which maximum energy emission occurs from a temj)erature 
radiator. Differentiating with respect to X and equating to zero, 
(1-72) becomes 

.V.V*""*-1)] 

1 )* ~ " 


Putting hcfliTX — y, we have 

ye^ 


fV—\ 


5 


It is evident that there is a root in the neighbourhood of 5. The 
exact value is 4*965. Hence 


and 


he 

icTx;, 


4*965 




he 


= constant. 


. (1-73) 


which is Wien’s Displacement Law. 
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If we write cjf — ^ and substitute in (1-72) we obtain 

__Hnhp 

- 1 ) 




Putting hf/kT — x. 


~ 1 


The total (energy is obtained by integrating over all frequeneios 
from 0 to 00 . Thus 


Now 


Hence 


Kr 


SttA 


pdf HttIc^T^ 


xHx 

1 


f* cr f cn 

x^dx 


£* — 1 


Jo 
= 6 


(£“®H' . . ,)x^dx 

( 2 4- JL ^ 

^ + 34 + . . . j 1, 


4 

15 


E, = T* - aT* 
^ 15c%^ 


(1-74) 


which is the Stcfan-Boltzmann Law, this law stating that the total 
energy emitted by a black ]>ody varies as the fourth power of the 
absolute temperature. 

From the two equations given by (1-73) and (1~74) and experi¬ 
mental measurements of E and the values of h and k may bo 
derived. Thus h is found to be 6*54 x erg.-sec. and k, 

1-37 X 10“^® erg./degree. 


Quantization 

Having introduced the quantum theory in the manner in which 
it first made its appearance, i.e. in connexion with thermal radiation, 
it is now necessary to consider this highly important theory at 
greater length for its applications to the subject of electronics are 
numerous. The state of the elementary oscillators in the radiation 
theory may be said to be quantized and it is this particular aspect, 
i.e. quantization, which it is desired to pursue. As the position and 
motion of a body may be described in any one of several co-ordinate 
systems (such as cartesian or polar co-ordinates, for example) it 
is desirable to develop the quantization process in terms of what 
are known as generalized co-ordinates. 
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For the purpose of ex{)laining such co-ordinates the position and 
velocity of a mass-point will bo considered. Such a point is an 
idealized one, having no extension in space, but an intensely localized 
mass. In rectangular or cartesian co-ordinates the position of a 
point is given by its projections .r, y, and z on three mutually per¬ 
pendicular axes. In polar co-ordinates the position is given in terms 
of a radius vector, p, and two angular co-ordinates 0 and </>. In 
addition to these two (>*o-ordinate systems others exist, such as 
cylindrical and spherical co-ordinates. In view of these various 
systems it is found desirable to designate position co-ordinates in 
a generalized manner, as q^, (/a, etc., there being as many co¬ 
ordinates at a point as the number of ‘‘dimensions” in whicli the 
point exists. Of course, in ordinary three-ciimensional space a body 
has three co-ordinates only. 

In describing the velocity of a body this is effected by giving 
its velocity components along the co-ordinate axes employed. 
However, because at high velocities the mass of a body varies with 
its velocity, and force ~ d{mv)dt rather than mdi^fdt, it is desirable 
to express the state of motion of a body in terms of momentum 
rather than velocity. Generalizing the momentum co-ordinates, 
we may write pgj in place of (mv)xi where 

the latter three express the momentum components of a body in 
rectangular co-ordinates. Thus, in three-dimensional space, the 
co-ordinates q^, q^, ^ 3 , Pi, P 2 > Ps caj)ablo of completely describing 
the state of a point at any instant. In a general manner the ith 
co-ordinate is written q,^. or We may now find general relations 
between the position and momentum co-ordinates, etc. Thus, 
when the mass of a body is independent of its velocity, we have 

Pk = mk 
fk ~ Pk 

where / = force. Now the potential energy of a body may be 
written 

== Ej, 

and A = - 

where Ej, is the potential energy at the position under consideration. 
The kinetic energy of a mass-point is given by 

Eic = qi qi + etc.) = etc. 
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Diflereiitiating, 


but -- so tliat 


As stated above, witfi the approjuiato iiiimb(‘r of })ositioii and 
inoiiieiituni eo-ordinatos the state of a mass-point, or any system of 
mass-points, may be dciscribed. The instantaneous state of such a 
systt'in is known as the phane of that system. If the state of a body 
may be determined by three-position and three-momentum co¬ 
ordinates it may be imagined to exist in a hypothetical single 
six-dimensional space. This space is termed a phase space and the 
path of a body in such space is known as a phase path. In the case 
of a particle having two co-ordinates only, p^, the path of the 
particle lies in a ])hase known as the pliase plane. Now in deter¬ 
mining the value of E in (1-69) we considered a particle under the 
influence of an elastic restoring force px. The particle was found to 
execute vibrations in simple harmonic motion and hence constituted 
a simple oscillator. Th(‘ ro]>resentative point of the oscillator was 
found to move round an ellipse dividing the xy plane into equal 
areas, each of value h. The area enclosed by any curve in this plane 
is given by A -{- vh where the inclusion of A indicates that Eo in 
(1-09) is different from zero. In generalized co-ordinates we must 
replace xhy q and y by p and in this case the quantum condition is 
given by 

^pdq — A -\ Tih or nh if and ^ = 0 

the integration being performed over a cycle of movement. 

Now the dimensions of p are MV = MLT"^, and those of q are 
L ; therefore pq — ML^T ~^; these dimensions being those of energy 
X time or action. It thus appears that the phase patlis of a body 
having a quantized motion divide the phase plane into areas which 
differ from each other by an integral number of units of action. 
The natural unit of action appears to be h, i.e. Planck’s constant, 
although it is not evident why in nature action should be atomic 
in character. However, the same reflexion is possible of energy 
and matter. In reality such units are forced upon us as a consequence 
of experience. 

We may now proceed to generalize the quantum conditions for 




mqj, 


Pk 


dE, 
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a body having one degree of freedom and executing periodic motion. 
The area enclosed by the phase curve of the body is given by 


or, integrating, over p, 


J =^pdq --=jj(q)dq 


this being known as tlu‘ ph(m‘ mfcgraL I'Jie (piantuin (condition 
that the action of a body may only change by aJi integral jiumber of 
units of action nia}" be written 

X/ - h 


fj — ^ Q (" Wz/t 


where Jq corresponds to E and A above. If 0, then 


=jpd. 


These statements are (piite general and express the tjuaiitum restric¬ 
tions that can be applied to any periodic system the pro])erties of 
which are expressible in generalized co-ordinates. 


The Atomic Theory 

Various atomic models have been proposed the })ur})oso of which 
is to explain the properties of matter and electrical phemomena. 
Such models have this in common that they consist of an assemblage 
of positive and negative charges of such magnitude and arrangement 
that the atom and matter are normally electrically neutral. Elec¬ 
trons are obviously constituents of the atom and, theT'efore, a 
positive charge, or charges, must exist whose magnitude is equal 
but opposite to that possessed by the total number of electrons 
within an atom. A system of point charges at rest is fundamentally 
un stable and to^ overcome this difficulty Rutherford suggested an 
atomic model in which the positive charges form an assembly at 
rest, termed the nucleus, and around which certain electrons revolve, 
the whole forming an arrangement similar to our solar system. 
As with the latter, stability is secured if the planetary electrons 
)revolve at a velocity such that their "cenfrifiigal force balances 
that due'to the electrostatic attraction of the nucleus. Assuming 
an'&tectfon'lo he traversing a circular orbit of radius r with velocity 
V, it will have an acceleration v^Jr, and, according to classical electro¬ 
dynamical theory, will radiate energy continuously. To supply this 
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energy the electron must constantly approach the nucleus and thus 
ultimately the atomic structure would collapse. It is by no means 
certain, however, that Newtonian dynamics are compkitely applic¬ 
able to atomic physics and it will be shown later that the Rutherford 
model has been retained by an a])plieation to the atom of the 
quantum theory. 

One of the earliest models of the atom was due to J. J. Thomson, 
who put forward the idea that the atom might consist of a sphere 
of positive (dectricity witli electrons embeddcHl within it. llie 
diamet(u* of this s])here was assumed from the kinetic theory to be 
of the order of 10 (un. An electron within the sphere at a distance 
r irom the centre will be unaffected by the positive charge beyond r 
in accordance with the prinei])l(i estal)lish(‘d by Faraday s ice-pail 
exjieriment. The cliarge within r is wdiere p is tlie space 

(diarge density of positive electrificatioTiT " Assuming the Coulomb 
law of force, the force on the electron is 

/ — TTr^ppjr^ — \ Trrpe 

which varies directly as the distance from the centre of the sjihere. 
With atoms possessing more than one electron it w as assumed that 
the electrons would remain at rest under the influence of the central 
attracting force and their mutual repulsions. 

The Thomson atom was abandoned because of the nuclear 
scattering experiments of Rutherford and their results. By bom¬ 
barding the atom with aljiha jiarticles it was found that the angles 
through wdiich the latter were (leflected were too large to be explained 
by a large difl’use positive sphere of the order of 10 '^ cm. diameter. 
It was decided that the large-scale deflexions could only be accounted 
for if the positive charge were (joncentrated in a volume far less 
than that of a sphere' of 10 ^ gnE diameter. Thus the nuclear atom, 
already described, ca-me into existence and experiments and calcu¬ 
lations showed the diameter of the nucleus to be of the order of 
lOJ^^m. as against 10 ^ cm. for the atom. Furthermore, it was 
established that the nucleus consists of a positive ch arge ofZe^ units 
(where Z is the atomic number of the atom) with Z electrons circu¬ 
lating around it. The nucleus is surrounded by a Coulomb field of 
force, i.e. / oc l/r^, to within 10'^- cm. of the nucleus and is scarcely 
affected by the electrons which are at relatively large distances, 
10' ® cm., from the atomic centre. As already stated, to balance 
the force of the nucleus it was necessary to assume that the electrons 
circulate about this. However, this raises the difficulty of continual 
energy radiation by the electron. To understand how this difficulty 
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was met wo must now consider Bohr’s treatment of tfie nuclear 
atom. 

The Riitfierfokd-Bohr Atom 

It has already been shown that, according to the quantum 
theory, energy is not radiated continuously. By applying this 
])rinciple to the atom, Bohr was able to retain the Rutlierford model. 
Bohr's first postulate isj;hat on certain permissible orbits the electron 
does not radiate energy as demanded by the classical theory. No 
other orbits than tliese are permissible, energy being either radiated 
or absorbed when an electron ‘"jumps" from one such orbit to 
another. The second postulate states that wheii an ele(*tron ])asses 
from one orbit to another the energy emitted or absorbed is c(jual 
to hf. This means that should emission occur it will consist of a 
monochromatic radiation of frequency /. No explanation is given 
of the mechanism by which an electron j)asses between two orbits. 
Also there is ajjparently no connexion between the frecpiency of 
the radiation and the frequency of revolution of the electron in its 
orbit. As previously shown, the dimensions of Planck’s constant 
h are energy x time or momentum x distaiuje. These products are 
known as an “action.” Bohr assumed that an orbit would be non¬ 
radiating or "‘stationary” if an electron in it possessed an amount of 
action equal to a multiple of h, For an electron describing a circular 
orbit we have on applying the phase integral (1-75) 

''27r 

fdq nh 

0 

where p -- m/r and dq = "lirdr. As m and v are constant, integration 
gives 

mv . 27Tr nh ... (1-76) 

where r is the radius of the orbit m, v the mass and velocity of the 
electron, and n an integer known as the quantum number of the 
orbit. If w is the angular velocity of the electron, then (1-76) may 
be written 

27rmwr^ == nh . . . ( 1 ^ 77 ) 

Bohr’s two postulates will now be applied to the hydrogen 
atom. The latter consists of a positive nucleus, having a charge 
equal in magnitude to that of an electron, with a single electron 
revolving on an orbit which we may take to be circular. The 
quantum condition is 


2Trrn.vYr^ = nh 


. ( 1 - 78 ) 
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and the condition of mechanical equilibrium 

- — mrw^ 

^2 ^ 

wJiere e is the electronic (*liarge. 

Solving for r and w wo obtain 

^ 47T^me^ 


and 


W “ 


877%/ 


(1-79) 


(1-80) 

(1-81) 


For cases vheri^ the nucl(‘ar charge is greater than c, r aiifl iv may 
be written 

__ 

^ 4TrhilZr^ 


H7ThnZ-<‘* 

" nW~~ 


where Z is the number of charges forming the nucleus. 

By substituting the numbers 1, 2, 3, etc., in (1-80) the radii of 
the possible stationary orbits are obtained. For n — substituting 
the known values of the various quantities in (1-80) gives 

r = 0-52 V 10 ^ cm. 

a value in remarkable agreement with the radius of the hydrogen 
atom derived from the kinetic theory of gases. The values of w, 
derived from (1-81), correspond to the frequencies of ultra-violet 
light; although the radiated frequencies have apparently no con¬ 
nexion with w, it appears significant that they arc of the same order 
of magnitude. In order to find the radiated actual frequencies on 
the basis of the second Bohr postulate, the energy must be found 
in the nth. quantum state. 

The kinetic energy of the electron is \7m)^ or, from (1-79), e^l2r. 
As the force between nucleus and electron is attractive, the potential 
energy will be a maximum when the electron is at an infinite distance 
from the nucleus. At a distance r the potential energy is — e^fr 
and hence the total energy is 



Substituting for r from (1~80), (1-82) becomes 


2TT^mc^ 


(1-83) 
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Now, according to the second postulate, the energy emitted, or 
absorbed in the form of radiation when an electron changes from 
one orbit to another is 


from which 
From (1~S3) 


E, - E, = hf 
Er 


f 


E. 
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Where n, and Uf respectively corres])ond to E^ and Ef ] i.i\ tlie 
energies in the initial and final states of an energy change. Thus 

the lines in the hydrogen 
spectrum sliould be obtain¬ 
able by substituting diffennit 
integers for and Wy in (I - S4). 
nf is the (juantum number of 
the orbit into which the elec¬ 
tron falls, while n^ is that of 
the orbit from wliich it starts. 

Actually it is found that 
(1-84) does represent all the 
spectral lines emitted by 
hydrogen. The se(|uence of 
lines with % ™ 2, n, = 3, 4, 
5, .... is known as Jlalmer’s 
series, i.e. a series for which 
J^almer originally found an 
empirical formula, similar in 
form to that of (1-84), in 1885. 
The lines crowd together as the 
current number n^ increases, 
and at the limit n, = oo there 
is an accumulation point of 
spectral lines. The intensity 
of the lines decreases as the 
limit is approached. For 
Uf = 1, w, = 3, 4, 5, . . . we 
have a series known as the 
Lyman series lying in the far ultra-violet region. The lines corres¬ 
ponding to Tif = 3, = 4, 5, . . . , and to Uf = 4, rVi = 5, 6, 


BALMER SERIES 
Hoc = 6562-8 
Hq = 4861-3 
H/ = 4340-5 
= 4JOI-7 — 


PASCHEN SERIES 
18751 I 

I28I8I- 

10938 O 
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26300 - 

40500 
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7, . . . , are in the infra-red and arc, respectively, termed tlie 
J^isclien and Brackett series after their discoverers. 

In order to visualize better the effects of (electron transitions 
within the atom we may employ an energy level diagram shown by 
Fig. 1-5. The horizontal lines in this represent the various orbits 
or energy levels within the atom, the direction of the arrows indi¬ 
cating the direction in which the electron transitions take place 
when radiation occurs. For absorption the arrow heads would, of 
course, be reversed. The left-hand ordinate of the diagram is in 
electron-volts, and the energy emitted in the form of radiation is 
the difference between the initial and tinal levels. Tlie abscissa 
corresponds to the innermost orbit of the atom, w^hich is known as 
tli(‘ “ground state.” 

In spectros(‘opy it is customary to use the wave number instead 
of tlie frecpiency /. This number is the number of waves ])er centi- 
mc'lre aiul Balmer’s empirical formula gave this quantity. The 
formula is WTitten 


where iiu is known as the Rydberg constant for hydrogen, its value 
being 1-09677 >< 10^ cm. ^ If 7if — 2 in (1-S4) it will be noted that 
(1-84) and (1-85) are identical in form. Dividing (1-84) by c (the 
v(‘locity of light) to convert frequency to wave number we have 
for the Rydberg constant 


27rhne^ 

ch^ 


( 1 - 86 ) 


= 1-09787 X lO^cm. i 

an extremely close agreement with the em})irical figure. 


The Motion of the Nucleus 

Tn deriving the foregoing results it has been assumed that the 
nucleus is at rest, a condition only true for infinitely heavy nuclei. 
Actually the electron and nucleus revolve round their common 
centre of gravity. M is the mass of the nucleus, rg its distance from 
the centre of gravity of the system, and that of the electron, then 

mr^ == Mr^ .... (1-87) 


The condition of mechanical equilibrium for the nucleus is 


ih + 


Mr^w^ . 


. ( 1 - 88 ) 
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(ri h • 

Now (r^ I ^ 2 ) — r, and hence (1-89) becomes 

mM 

(^1 + ^ 2 )^ ” +- ^ 

The total energy of the system is 


rw^ 


yy 


-- — {Mr^^ I mr^-) — 


t“^2 




h t ^2 


y + r.) - 

yy2 y^]\l £>2 

2 ' m I ^ | 


(1-89) 


(1-90) 


(1-01) 


Comparing (1-79) and (1-82) with (1-90) and (1-91) we see that 
when the nucleus is taken into account (1~79) and (1-83) must be 
multiplied by a factor Ml{rn t M), Thus, the corrected formula 
for the frequency is 




27r2 


mM f \ 
m |~ M 



(1-92) 


Ionized Helium 


The spectrum of the hydrogen atom is the only one for which 
calculations can be normally made by Bohr’s theory. For atoms 
possessing two or more extra-nuclear electrons the difficulties 
become insuperable. If, however, an atom can be stripped of these 
electrons, then the return of the first electron produces a state 
which may receive mathematical treatment. A case in point is 
that of helium. The nuclear charge of this atom is twice that of 
hydrogen, and if one of its two extra-nuclear electrons can be 
removed, a structure exists for which the spectrum lines may be 
deduced. Such atoms can be produced and the spectrum should be 
given by 


27r^me^ / I 1 \ 
“A3" • 


(1-93) 


the factor 4 occurring due to the double charge on the nucleus. 
We thus see that the frequencies of those lines corresponding to 
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the hydrogen lines are four times as great as those of the hydrogen 
lines. Hence the helium spectrum corresponding to the Lyman and 
Balmer series li(5s in the far ultra-violet. 

Before the deduction of (1-84) from Bohr’s theory, Pickering 
and Fowler had discovered a spectrum which could be rei)resented by 


4R 



1 


) 


where It differed but slightly from the Rydberg constant for 
hydrogen. This difference is now known to be due to the differences 
in the motions of tlie hydrogen and helium nuclei. Slight though 
the diffennice is, it may be determined s])ectroscoj)ically and from 
tli(^ determiiuition the ratio of the mass of an electron to that of a 
])roton (hydrog(Mi nucleus) found. PuttijLg Jiif,. for the Ryd))org 
constant for lielium, and M[l^, and for the resj)ectivc nuclear 
mass(\s, we have from (1-92) 


liii 


m h m I i/H(. 

1 /MnJMn 

Hr 

' J/h 


from which 

where x — 
Now 

whence 



- il/„ 

i/ur 

/in -= 109677 
109722 
1 

1838 


R\{ 

R^^. 


*'Ilr 

m 

W^' 


Mn 

Mllr 


1 0072 
4-0016 


Thus the ratio of the mass of an electron to that of the hydrogen 
atom is 1/1839. 

It will be appreciated that the Bohr atom with its somewhat 
revolutionary assumptions is largely justified by its striking success 
in giving the diameter of the hydrogen atom and the frequencies 
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of the spectral linos. Although the Bohr model cannot be con¬ 
sidered as final it has undoubtedly thrown considerable light on 
atomic structure. In particular it seems certain that in all atoms 
the electrons are arranged in different energy levels, and that 
absorption or emission of radiant energy is effected by a change of 
level governed by quantum laws. When the (electron of the hydrogen 
atom is on the innermost orbit the total energj" is a minimum and, 
from (1-S3), is equal to 

_ 

\ M) • • • ^ ^ ^ 

This state is the normal condition for the atom and is known as 
the ground state. If the electron is completc'ly remov(‘d from tlie 
atom, i.e. n ~~ cc\ the total energy is zero and the potential (Miergy 
a maximum. The complete removal of an electron, however, leaves 
the atom with a positive charge and in this condition the atom is 
said to be ionized and is termed an ion. In any state intermediate 
between the ground state and ionization the atom is said to be 
excited. These remarks, of course, apply to all atoms, whether 
their structure is similar to that of the hydrogen atom or not. 

Now to raise an atom from the ground state to some higher 
state involves the absorption of energy by the atom. If is the 
energy in the ground state and Kf the energy after absorption, then 
Ef corresponds to a state of excitation and the e^nergy available for 
emission on a return to normal conditions is Ef — E^, Under certain 
conditions this energy is given up in the form of monochroniati(5 
radiation in accordance with the quantum condition 

hf=Ef^E, 

The transition is generally extremely rapid, occurring in ai)proxi- 
mately 10""® sec. A method of inducing excitation is by bombarding 
the atom with electrons, although this is not the only available 
method. The kinetic energy of an electron is Imv^ and if this is 
equal to Ef — E^ then, by collision, the electron may raise the 
energy state of the atom from E^ to Ef, Hence, for excitation to 
occur, we must have 

> Ef — Ei 

An electron which has experienced a free fall through a potential 
difference V has energy Ve, If F<. is the potential difference necessary 
to give the electron sufficient energy to produce excitation, then 

eVe=:Ef^E, 

and Vc is knowm as an excitation potential. If V is sulBciently high 
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to give tlio electron the energy necessary to remove comj)letcly 
an electron from within the atom, then Ff is known as the ionization 
potential. From (1-94) the energy required for ionization of the 
hydrogen atom should be 

+ M) • • • • (l-«5) 

MEASLrUKMENT OK EXCITATION POTENTIALS 

In order to iiicasuro excitation potentials the apparatus of 
Fig. ^T^TTmay be employed. This consrsfs’loT a" heat‘e‘3 "cat^de 
(^iich serves as a source - - 

Jrons), a grid (7, and a plate A. 

The grid is at a positive potential 
with respect to the cathode, while 
the plate is at a negative potential 
with respect to the grid. The elec¬ 
trode system is enclosed in a glass 
tube and exhausted to the degree 
that the mean free path is greater Fia. i-6 

than the cathode-grid distance, 

but less than the cathode-plate distance. The electrons are acceler¬ 
ated in the cathode-grid space, the majority arriving at the grid 
without collision. The energy of these (‘lectrons is 

eV,, - . . . (1-96) 

where Vr^ is the cathode-grid potential difference. If this energy 
is suffici(*nt to produce ionization, i)ositive ions will be formed in 
the grid-anode spac'.e and will be directed to the anode by the field 
due to the grid-anode potential difference. Thus a suitable instru¬ 
ment connected in the cathode-anode circuit will indicate a current 
as soon as Vcff is such that ionization occurs. 

A current in the anode circuit is, however, not necessarily due 
to ionization. If the electron energy is less than that needed for 
ionization, but sufficient for excitation, excited atoms will result. 
When these return to the ground state they may produce ultra-violet 
radiation which acting on the anode will produce electrons by 
photo-excitation. These electrons will pass to the grid and cause 
an indication on the meter in the grid-anode circuit in the same 
direction as that produced by positive ions flowing to the anode. 
Hence the method of Fig. 1-6 does not enable a determination to 
be made as to whether a sudden appearance of current in the grid- 
anode circuit is due to excitation or ionization. 
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The nature of the (characteristic obtained as 1%^ is raised is 
shown by Fig. 1-7, which concerns a hydrogen-filled tube. Jt will 
be noted that no current is indicated until is about 10 volts 
and that this current increases linearly up to about 10 volts. At 
this point a break occurs in the curve and the current increases 
more rapidly. Thus it may be said that the method of Fig. l-f) 
indicates that hydrogen possesses critical potentials at approximately 
10 and 10 volts. 

The previously described method of de.termining critical poten¬ 
tials is not capable of great accuracy, apart from its inability to 

differentiate between excitation 
and ionization potentials. This is 
because of (1) the difficulty of 
accurately fixing a sudden break 
in a rapidly rising curve, (2) the 
contact difference of potential 
between grid and cathode, and (3) 
the initial velocity of omission of 
electrons from the cathode. A 
method possessing greatei* accur¬ 
acy is the following. The gas pres¬ 
sure in the tube is increased until 
the mean free path of the electrons 
is smaller than the cathode-grid 
distance. The grid is placed just in front of the anode, the potential 
of the latter being about half a volt lower than that of the grid. Elec¬ 
trons passing through the grid must, therefore, possess sufficient 
energy to overcome this reverse field if they are to be collected by the 
anode. During their passage across the cathode-grid space, the elec¬ 
trons make numerous collisions with neutral gas molecules. fTowevor, 
providing the molecules have no electron affinity, and Veg is less 
than the lowest critical potential, the collisions will bo elastic and 
a number of electrons will arrive at the grid with energy correspond* 
ing to Vcg. If this is equal to or greater than half a volt the electrons 
will be collected by the anode and a current will be indicated in the 
anode circuit. As Veg is increased, the number of electrons reaching 
the anode increases with a consequent increase in anode current. 
The latter will continually increase with Veg until a critical potential 
is reached. At this juncture inelastic collisions will occur, the result 
of this being that electrons will give up their entire energy to atoms 
to produce a state of excitation in the latter. Such electrons will, 
of course, now be without the necessary energy to penetrate the 
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grid, and roacli tlxe anode, with the result that the anode current 
will commence to fall. Thus the voltage for which the current is a 
maximum corresponds to a critical potential for the gas. As 
is continually increased, the inelastic collisions occur nearer the 
cathode and ultimately at such a distance from the grid that the 
energy subsequently acquired by the electrons is sufficient to carry 
them through the grid to the anode. At this stage the anode current 
))asscs through a minimum and again rises. 

Now if Vf,, is increas€^d to approximately twice the critical 
potential, the inelastic collisions will occur at about half-way 

Xi = X2 = X3 4 9 VOLTS 



between cathode and grid. During the remaining half of the cathode- 
grid distance the electrons will again acquire sufficient energy for 
an inelastic collision which will, therefore, occur in the vicinity of 
the grid. Due to this, the current will again fall and it is apparent 
that if Veg is continually increased the current/voltage curve will 
be characterized by a series of maxima and minima, the difference 
between two adjacent maxima giving the critical potential. Should 
the gas possess a number of critical potentials each will produce its 
own set of maxima. 

A typical characteristic for mercury vapour is shown in Fig. 1-8, 
in which it will be noted that the distance to the first maximum is 
less than between succeeding ones. This is due to the cathode-grid 
contact potential and the initial velocity of electron emission. It 
will be noted that, for the case shown, these effects amount to 
0‘8 volt. 
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By means of the foregoing and similar methods, the excitation 
and ionization potentials of various atoms and molecules have been 
determined. The results give valuable information regarding th(‘ 
structure of the atom and eonfii-mation of the validity of the appli¬ 
cation of quantum lavs. We s('o that electrons collide elastically 
with atoms and molecules unless they have sufficient energy to raise 
the energy level of the atom to some higher state. Should a colliding 
electron possess more than the necessary energy, then it will rebound 
with the excess energy in kinetic form. It is evident that a critical 
])otential measures the energy that an electron must possess to 
change the state of the atom, and it is convenient to express this 
eiierg}^ in electron-volts. As 1 volt is 1/300 e.s.u. and the electronic 
charge is 4-770 > 10 e.s.u., the energy possessed by an electron 

which has experienced a free fall through a potential difference of 
1 volt is 4*770 X 10~^^y300 ergs or 1-59J x 10“^^ ergs. Besides its 
application to critical potentials, the electron-volt, and its corre¬ 
sponding energy, is a unit widely employed in electronics and it is 
customary to speak of energies of so many “volts.” With the 
foregoing definition in mind this should not cause any misunder¬ 
standing. Thus we may say that the energy required to ionize 
mercury vapour is 10-4 volts. 

According to the quantum theory 

- eV, 

If is expressed in volts and, instead of /, the wave number is 
employed, we may write 

V, -= 1-2344 X 10 ^ 7 

after substituting for h and e. As the wave number can be more 
accurately determined than the critical potential, it follows that once 
a spectral line has been definitely identified with a critical potential, 
the value of the latter may be more accurately found by calculation 
from the wave number of the spectral line. 

In particular good results have been obtained with the alkali 
metals by the foregoing method. The vapours of these metals are 
monatomic and therefore tend to give simple spectra. An excitation 
potential has been found which corresponds to the first line in the 
principal spectral series, and also an ionization potential which 
agrees with that calculated from the wave number of the limit of 
the principal series. Table 1-1 permits a comparison of some calcu¬ 
lated and observed results. 
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TABLE I I 


Ellmj*.\nt 


Sodiuiit 

Kiibuliiim . 
Oaesiuin 


Limit Wavi^ ^ 
Number 

I 


41,449 

3:1,9S9 
31,405 


V, 


Vu\. 

Ob. 

5 1 ] () 

.5-13 

4 321 

4-1 

4-159 

4-1 

3-S77 

3 9 


• First Linj: 
.Wave Ni aiber 

I I 


10,973 

13,043 

I2,S17 

11,732 


Vr 


(’al. Ob. 

2 095 2 12 

I 010 1 55 

1-582 I 0 

I 418 I 48 


Jt may bo stated that obs<*rvati(>n has not yet be(‘n made of excita¬ 
tion potentials corresponding to all lines in the principal serit‘s, 
and, compared with the nnmber of spectral linos obscrvcjd, critical 
potentials are relatively few. 


The Magneton 

A consequence of Bohr’s tln'ory of the hydrogen atom is the 
magneton, the fundamental unit of magnetic moment. On page 141 
it is shown that the motion of the electron in its orbit jiroducos a 
magnetic moment ecpial to ca/T - aivl'lirr or r7T/2. But from 
(l-7b) vr ^ nhj'lTrm and hence the moment is (7?A/47r)/e/r//. For 
n — \ 

- ]L L 

~ 47 r ’ rn 

which is termed the Bohr vuujneton. Sine(‘ tlu^ angular momenta of 
electrons are always multiples of/(i/277, it follows that all magnetic 
moments are multiples of the magneton, yubstituting for ifm and 
h we have // ~ 9*21 x 10 “^ e.m.u. 

Elliptical Orbits 

The circular orbits assumed for th(‘ hydrogen atom represent a 
special case, for the usual orbit under the inverse square law is an 
elli})tical one. If an electron is moving in an elliptical orbit it has 
radial as well as angular momentum, because both the radius and 
angular i)osition are varying. Hence tlie radial as well as the angular 
momentum must be quantized, and the phase integral applied to 
both degrees of freedom. Thus 



where is the azimuthal and rir the radial quantum number. 
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Investigation shows that these two numbers are not independent, 
but are related to the ellipse axes by the relation 

a “■ f- n, 

vvheie b and a are, respectively, the semi-minor and semi-major 
axes of the ellipse. Also the frequency for an electron transition 
between two orbits is found to be 



these equations being of the same form as that of (1-84). 

Considering the forms of the ellipses involved, if in n = (n^ f n,.), 
Uj. =~ 0, TZr — and the orbit is circular. If = 0 there is no 
azimuthal motion and the orbit is a straight line through the nucleus. 
Obviously this is inadmissible. Thus for a given value of n, there 
are n different shapes of ellipse determined by njn, commencing 
with Uj. = 0, — n, and passing through — 1, n — I, 

2, n— 2, etc., up to — n — \ and n^-= 1. Subse¬ 
quently the azimuthal ((uantum number was modified from to 
/ = 1) where I takes the values 0, 1, 2, 3, 4, etc., when 

-^1,2, 3, 4, 5, etc. 

Considering the case when n = 1, we have 

= 1, i = 0, = 0 

and the orbit is circular. This is the lower level for all K X-rays 
and for the Lyman series in the hydrogen atom. 

When n = 2, we have 

= 2, Z ^ 1, = 0 

= I, J = 0, Thr ==^ I 

which shows there are two possible orbits, one circular and the 
other elliptical. These orbits are the lower level for all L X-rays 
and for the Balmer series in the hydrogen atom. 

Continuing this process it will be found that for every principal 
quantum number, n, there are n possible electron orbits, one of 
which is circular and the others elliptical. 

Spatial Quantization 

Should there be a field of force in any given direction the orienta¬ 
tion of the electronic orbits will be affected by this. Considering 
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Fig. 1-9, let FF mark the direction of the field, while a is the angle 
formed between the field direction and a jHojection ]) perpendicular 
to the plane of the orbit through its centre. As angular momentum 
is a vector quantity the projection p represents to a suitable scale 
the magnitude of this vector. The com])onent of this vector along 
tlie field axis, i.e. the angular momentum for the azimuthal 
motion j)rojoctod on to the 
ecpiatorial plane, is p cos a — Py,, 

As an electron in the orbit t 


A BCD has three co-ordinatens, 
these must be se])arat('ly cpian- 
tized as when dealing with the 
co-ordinates cf) and r in the 
elliptical case. Hence we must 
have 

rln 

Py,dy) = ny,h 

Jo 

, nyk 

and p, = 2 ^- 

where Uy, is an integer some¬ 
times termed the third or mag¬ 
netic quantum number. Thus, 
as p — we have 


n^h 

27r 


cos a = 


ny,h 


and 


ny, 

— cos a 



which gives the angles which p, 
and hence the orbit, can take up 

relative to the field direction FF, From tliis result it will be seen 


that a is restricted to relatively few values. If - 1, Uy, ~ 0, or 
1 and the plane of the orbit] either coincides with or is ])erpen- 
dicular to the direction FF. If = 2, — 0, ± 1 ? ± 2 and a 

can have the values 0, tt, ± tt/S, and 7r/2. 


Electron Spin 

There is ample experimental evidence for spatial quantization, 
but such evidence gives somewhat different values for a than those 
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already deduced. Thus, from spectroscopy it is found that for 

z=z 1, cos a = ± 1 instead of 0 and i 1. For = 2, cos a = ± J 
and i 1, while for — 2, cos a = i 1/5, ± 3/5, and ± 1 instead 
of 0. ± J, ± 5 , and ± 1. If, instead of letting represent the 
orbital angular niomentuin, we use j = I then agreement is 
found between the experimental and deduced values of cos a. F’or 
j — I r j will not have values 1, 2, 3, 4, etc., as with but odd 
halves of integers such as ?>. .1, 5, etc., when Z 0, 1, 2, etc. This 
means that the effective angular momentum of a single' electron 
orbit is jhj'lTT rather than nhl2TT with a least value of A/47 t. Thus, 
the projected value of 'p on the field axis is Py, ~ jhl27r . cos a, and 
this leads to the values of a found by experiment. 

In dealing with Bohr’s theory of the hydrogen atom it was 
found that the various spectral series could be obtained by substi¬ 
tuting different values for the principal quantum number, n. Close 
observation, however, reveals that each spectral line actually 
consists of two or three lines extremely close together. This feature 
is known as the fine structure of the spectral lines, two closely spaced 
lines being termed a doublet, and three, a triplet. This phenomenon 
is by no moans confined to hydrogen, but is found with many other 
atoms. For example, the well-known D lines of sodium at 5890 A 
and 5896 A constitute a doublet. This multiplicity of lines, and 
hence energy values, is partly due to what is termed electron spin. 
This means that in order to account for the substitution of j = I -I- \ 
for and multijfiets, it was assumed that the electron spins about 
its own axis. Hence the electron has an angular momentum about 
its axis and, since a spinning charge produces a field, the t4ectron 
has also a magnetic moment. The magnetic moment is taken to 
be one Bohr magneton, i.e. e/f/47rm, and the angular momentum 
one-half of that of an electron rotating on the innermost orbit of a 
hydrogen atom, i.e. J(A/27r). As the electron may spin in either 
direction its spin number is written as ts = ± Hence the total 
angular momentum of the electron is given by jA/27r = (/^/27r), 

this indicating the origin of the empirical quantity I I derived 
from spectroscopj\ 

One effect of electron spin is to produce a tendency for electrons 
to pair, two electrons with opposite spin numbers attempting to 
associate. This is, of course, due to the effects of the magnetic 
moments. It seems probable that a proton has also spin and mag¬ 
netic moments. However, as p varies as 1/m, it appears that p for 
the proton is no more than about 1/2000 of that for the electron, 
and, hence, may generally be neglected. 
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The Vector Model Atom 

Considering a single electron orbit, the descri])tion of this must 
iniihide three quantum numbers, viz. the ])rincipal quantum number 
n, the azimuthal (piantum number Z, and the K])in number s. The 
orbital angular momentum is /> — ZA/277, with I taking the values 
0, 1, 2, 3, etc. This is a vector either upward or downward normal 
to the plane of the orbit as shown by Fig. 1-10. The spin vector is 
per])endicular to the plane of the orbit upward, as at (a), for Z f ,s* 
and downward, as at (Z>), for l—s. The magnetic sj)in moment, 
which we may designate by may either oy)])ose the orbital mag¬ 
netic moment f)r assist this, according to the direction of spin, for* 
reference to Fig. 1-10 [a) and (fe) shows these moments to be parallel. 
In geiKual, the case shown at (/>), i.e. j - - /— .s*, is the more stabler 
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arrangement, the energy for (5) being less than for (a). Thus, for 
an orl)it defined by n and Z the energy of the electron will have two 
values, one for j -- I j -s*, and one for j — I — 6*. If the average 
energy of the electron in an orbit ?? is JC, the doubling of j due to .s* 
changes E by amounts dE^ and — dE^- Hence transitions of the 
electron from the 7?.-level to the ground state will produce pairs of 
spectral lines in the form of doublets. 

Atomics Structure: Electron Assignment 

As we have already seen, the atom is a kind of miniature planetary 
system with the nucleus situated at the focus of an elliptical orbit. 
In the special case of a circular orbit the nucleus is situated at the 
centre of the circle. In a multi-electron atom it is considered that 
the electrons revolve on a number of orbits of different radii, each 
collection of electrons with its particular orbit being known as a 
shell. Relative to a given field direction, the planes of the orbits 
will have various orientations and the angular momentum of the 
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atom as a whole will be the vector sum of the angular momenta of 
the various orbits. The same consideration, of course, applies to 
the resultant spin and the magnetic Tuoments. 

Under s})atial quantization it was shown that for each value of I 
(the azimuthal quantum number) a number of projections of p 

— lh/2Tr on the field axis was {)ossible. Instead of writing Uy, as 
the magnetic (quantum number, as we did when employing as 
the azimuthal quantum number, we shall now write ?/?, for this 
number. To find the number of possible values of 7nj we may 
proceed as follows: As the angular momentum p is an integral 
value I of h/27r, it can have integral projections corres])onding to 

(/- 1), { 1-21 (/- .U - (/-2), 

— (Z — 1), — / times /i/27r on the field axis. This means that 
can have (2Z + 1) values. For each value of / there are two values 
of j corresponding to the two electron spin moments. Hence when 
the total angular momentum of an orbit is projected on to the field 
axis there arc 2(2/ -f 1) values of r///. 

In order to designate a possible ele(‘tronic orbit or state in an 
atom, four numbers must be givcm— 

1. The })rincipal quantum number n, 

2. The azimuthal quantum number I (n == I possible values). 

8. The magnetic (j[uantuni number mj(21 j 1 ])ossible values). 

4. The spin quantum number — dz 2 - 

For a given value of n, the total number of different possible 
states is given by a series of terms of the form 2(2/ H 1) for each 
of the possible n values of /. Tlius, the number of states is given by 

2[2(0) + 1] d 212(1) h 1] + 2(2(2) + IJ + 2[2(8) IJ etc. . . . 

= 2 + 0+10 [-14 I- etc. . . 

Thus, if 7^ = 1, the number of states is 2 = 2(1)^, if n = 2, the 
number is (2 |- 6) — s = 2(2)^, if n ~ 8, the number is (2 f 0 f- 10) 
= 18 = 2(8)2, or for an orbit of ])rincipal quantum number n, the 
number of different possible states is 2n^. 

Pauli’s Exclusion Principle 

According to the exclusion principle of Pauli no two electrons 
within the atom at the same instance can have the same values of 
n, /, mi and m^. From this restriction and the assumption that an 
electron will tend to occupy the position of lowest potential energy 
vacant, the manner in which the electrons are arranged within the 
atom can be found. Commencing with an atom for which Z = 1, 
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i.e. hydrogen, and assuming it to be devoid of electrons, the addition 
of one electron produces a neutral hydrogen atom. The electron 
goes to the n ~ \ state with Z = 0 and s ^ ± For He, Z — 2, 
and the first electron added has n ^ 1, / “ 0, and « ~ di I* 

He structure is a particularly stable one and is chemically inert, 
i.e. helium forms no compound with any other elements. The 
electrons in the n = I state form the K shell in all atoms, for when 
one of these electrons is raised to a higher energy level, its return 
gives rise to the K series X-rays, these aj)})earing in all atoms 
beyond He. 

In the case of Li, Z — 11. The first two electrons go to the n — 1 
shell, which is then comjfiete, because for n -= I the number of 
possible states is equal to 2. The third electron must, theiefore, 
commence a second shell outside the first. For this shell n — 2 and 
the electron orbit may either have / -- 0 or / — 1. Sp('ctroscopic 
data indicates that / — 0, which, as we have seen on page 4S, gives 
an elliptical orbit. 

For Be, Z ~ 4. The fourth electron has n — 2, I =- 0, and a 
spin number of 6* ^ if the third electron has d I, or vice 

versa. 

For B, ^ ^ 5. The first four electrons have the same states as 
with Be, except that their radii are smaller as Z is one greater. The 
fifth electron goes to the n =- 2,1 = I state and hence has a circular 
orbit. 

For Z = 1, there are six j)OSsible states; i.e. three circular orbits 
with the same radii but different orientations, each orbit being 
capable of holding two electrons with opposite s])in numbers. Hence 
there are three values of the magnetic quantum number and 
two possible states to each value. From this it follow^ that the 
atomsC, Z = 6; N, Z — 7; 0,Z = F, Z = 9; and Ne, Z = 10; 
each add electrons of the type n = 2, Z = 1, which, individually, 
take on one of the 2(2/ f- 1) states. 

With Ne all the states corresponding to n 2 (i.e. 2(2)^ states) 
are occupied by electrons, which means that we have two completecl 
shells surrounding the nucleus. As in each orbit the electrons 
travel in opposite directions and have opposite spins, it follows that 
the resultant magnetic moment of Ne is zero. However, in an 
external field Ne shows diamagnetic behaviour due to the Larmor 
precession described in Chapter III. The shell corresponding to 
= 2 is known as the L shell. That is, when an electron is removed 
from this shell its subsequent return produces the L series X-rays. 
Compared with the He atom the value of Z for Ne is five times as 
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large. Hence the average (iisplaccmont of the K shell from the 
nucleus in No is one-fifth of that in He. 

Continuing the process of atom building, for Na, Z = 11 and 
the eleventh electron must have n — .‘h i.e. the formation of a new 
shell, the Jf-shell, must be commenced. The value of I may be 
eith('r 0, 1, or 2. Actuallj" this electron has 1 = 0, nij = 0 and 
5 ~ ± and hence circulates on one of the three elliptical orbits 
corresponding to n = 11. 

The next atom is Mg with Z = 12 and for the twelfth electron 
we have n ~ 3, / =- 0, m? — 0 and a s])in number of a* -= ■— I if 
the eleventh electron has .s* -- or J if vice versa. For Al, 
Z — 13 and the thirteenth electron has — 3, / — 1. Now for 
/ = 1 there are 2(21 - 1) :=== 6 states and hence a further six electrons 
will be subsequently added as Z increases to eighteen for Ar. Now, 
although the M shell is not complete for Ar. nevertheless this element 
is j)articularly stable, forming, as He ajid Ne, no chemical compound 
with any other elements. That is, Ar is an inert gas. 

Following Ar is K with Z — 19. For several reasons, mainly 
spectroscopic, it is considered that the nineteenth electron does not 
go to the n = I -= 2 state, but to the 7i = 4:, 1 = 0 state. This 
means that this electron commences a new shell, the N shell. How¬ 
ever, the characteristics of the elements Sc to Cu are such that it 
is considered that the n = 3, I = 2 state is recommenced with Sc 
and terminates with Cu. Thus from Z ^ 21 the nineteenth electron 
goes to the M shell. This process of starting a new shell before an 
old one is completed is not confined to the case just given, but occurs 
again with Rb, (^s, as shown by Table 1-2. It may be stated that 
tlie problem of why a new shell should be commenced before the 
old one is complete is not full}^ solved. 

Table 1-2 gives a complete summary of the electron assignments 
of the ninety-two elements. Instead of writing 1 = 0, 1,2, 3, etc., 
the following designation is used— 

Z 0 1 2 3 

s p d f 

Thus 3s means n = 3, I = 0, and, again, 2d indicates n = 2,1 = 2. 
The number of electrons contained in a completed shell follows 
from Pauli’s exclusion principle for the number of different states 
corresponding to a given value of n is 2n^. Thus, in completed 
K, L, M, and N shells there are respectively 2, 8, 18, and 32 
electrons. 

The reason there are no further elements beyond 92 is that 



TABLE 1-2 



Is 



4r 

4p 

4d 

4f 5s 

6p 

1 H 

1 


49 In 

2 

6 

10 

2 

1 

2 He 

2 


r>() Sn 

2 

6 

10 

2 

2 

— 

— 


51 Sb 

2 

6 

10 

2 

3 


2b 2p 


52 Te 

2 

6 

10 

2 

4 




53 I 

2 

6 

10 

2 

6 

3 Li 

1 


54 X 

2 

6 

10 

2 

6 


4 Be 2 


5 B 

2 

1 



55 

Cs 

2 

6 

10 


2 

6 


1 

6 C 

2 

2 



56 

Ba 

2 

6 

10 


2 

6 


2 

7 N 

2 

3 



57 

La 

2 

6 

10 


2 

6 

1 

2 

8 () 

2 

4 



58 

Ce 

2 

6 

10 

(1) 

2 

6 

(2) 

(1) 

9 F 

2 

5 



59 

Pr 

2 

6 

10 

(2) 

2 

6 

(2) 

(1) 

10 Ne 

2 

6 



60 

Nd 

2 

6 

10 

(3) 

2 

6 

(2) 

(1) 



— 



61 

11 

2 

6 

10 

(4) 

2 

6 

(2) 

(1) 


3s 

3p 

3d 

4s 

62 

Sm 

2 

6 

10 

(5) 

2 

6 

(2) 

(1) 





— 

63 

Eu 

2 

6 

10 

(«) 

2 

6 

(2) 

(1) 

11 Na 

1 




64 

Gd 

2 

6 

10 

(7) 

2 

6 

(2) 

(1) 

12 Mg 

2 




65 

Tb 

2 

6 

10 

(8) 

2 

6 

(2) 

(1) 

13 A1 

2 

1 



66 

By 

2 

6 

10 

(9) 

2 

6 

(2) 

(1) 

14 Si 

2 

2 



67 

Ho 

2 

6 

10 

(10) 

2 

6 

(2) 

(1) 

15 P 

2 

3 



68 

Er 

2 

6 

10 

(11) 

2 

6 

(2) 

(1) 

16 S 

2 

4 



69 

Tm 

2 

6 

10 

(12) 

2 

6 

(2) 

(1) 

17 Cl 

2 

5 



70 

Yb 

2 

6 

10 

(13) 

2 

6 

(2) 

(1) 

18 A 

2 

6 



71 

Lu 

2 

6 

10 

(14) 

2 

6 

(2) 

(1) 

19 K 

2 

6 


1 



5s 

5p 

5d 

6s 

6p 

6d 

7s 



i} 

6 


2 











^ ci 













21 Sc 

2 

6 

1 

2 

72 

Hf 

2 

6 

(2) 

(2) 





22 Ti 

2 

6 

2 

2 

73 

Ta 

2 

6 

(3) 

(2) 





23 V 

2 

6 

3 

2 

74 

W 

2 

6 

4 

2 





24 Cr 

2 

6 

4 

2 

75 

Ro 

2 

6 

(•’>) 

(2) 





25 Mn 

2 

6 

5 

2 

76 

Os 

2 

6 

(6) 

(2) 





26 Fe 

2 

6 

6 

2 

77 

Ir 

2 

6 

(7) 

(2) 





27 Co 

2 

6 

7 

2 

78 

Pt 

2 

6 

8 

2 





28 Ni 

2 

6 

8 

2 

79 

Au 

2 

6 

10 

1 





29 Cu 

2 

6 

10 

1 

80 

Hg 

2 

6 

10 

2 










81 

Tl 

2 

6 

10 

2 

1 





4s 

4p 

4d 

5s 

82 

Pb 

2 

6 

10 

2 

2 








— 

83 

Bi 

2 

6 

10 

2 

3 




30 Zn. 

2 




84 

Po 

2 

6 

10 

2 

4 




31 Ga 

2 

1 



85 

__ 

2 

6 

10 

2 

5 




32 Ge 

2 

2 



86 

Rn 

2 

6 

10 

2 

6 




QQ A a 

4 > 

Q 













t5o aS 















34 Se 

2 

4 



87 

— 

2 

6 

10 

2 

6 


1 


35 Br 

2 

5 



88 Ra 

2 

6 

10 

2 

6 


2 


36 Kr 

2 

6 



89 

Ac 

2 

6 

10 

2 

6 

(1) 

2 







90 Th 

2 

6 

10 

2 

6 

(2) 

(2) 


37 Rb 

2 

6 


1 

91 

Pa 

2 

6 

10 

2 

6 

(3) 

(2) 


38 Sr 

2 

6 


2 

92 

U 

2 

6 

10 

2 

6 

(5) 

(1) 


39 Y 

2 

6 

1 

2 











40 Zr 

2 

6 

2 

2 











41 Nb 

2 

6 

4 

1 











42 Mo 

2 

6 

6 

1 











43 Ma 

2 

6 

(6) 

(2) 











44 Ru 

2 

6 

7 

1 











46 Rh 

2 

6 

8 

1 


Closed shells are not repeated in the succeeding 

46 Pd 

2 

6 

10 


part of 

the 

table. 

Numbers 

in 

parentheses 

are 

47 Ag 

48 Cd 

2 

2 

6 

6 

10 

10 

1 

2 

conjectural. 
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from 84 onwards the elements are radio-active. Hence, presumably, 
anything beyond an atomic number of 92 is too unstable to exist. 

(General IIeferences 

A Treatise on Algebra, C. Smith (Macmillan). 

Integral Calculus, B. Williamson (Longmans, Oroon). 

Kinetic Theory of Gases, E. Bloch (Methuen). 

Theory of Heat^ T. Preston (Macmillan). 

Heat, J. II. Poynting and J. J. Thomson (drillin). 

Atomic Structure, L. B. l^ieb (Chapman k Hall). 



CHAPTER II 

GASEOUS ELECTRICAL CONDUCTION 


Under normal conditions and relatively low potential gradients 
(20 to 30 volts per cm.) gases are relatively poor conductors. In 
fact, for the majority of purposes they may be regarded as perfect 
insulators. However, if a pair of electrodes is placed in a gas and 
a potential gradient produced in the latter, a sufficiently sensitive 
instrument will record the presence of a 
current. As the potential is raised from 
zero the current initially increases but 
shortly reaches a state of saturation. In 
order to demonstrate and measure this 
current the apparatus of Fig. 2-1 may be 
employed. It consists of a gold-leaf elec¬ 
troscope fitted to the interior of a glass 
vessel, the inner surface of which is 
silvered to make it conducting. /S is a 
sulphur block and W an iron wire. On 
attracting W with a magnet it makes con¬ 
tact with the metal support of the gold 
leaves and a potential difference equal to that of the battery is set 
up between the leaves and the interior of the vessel. Due to the 
conductivity of the gas the charge on the leaves leaks away. 



Now 


,_dQ dV 
^ ~ dt ^ ~dt 


or 


iav — O 


V 

t 


where is the average value of the current, C the capacity of the 
apparatus, and F the change in potential in a time t. The change 
in V may be found by plotting the position of the leaves against 
known potentials. The value of i is found to be about e.s.u., 
where v is the volume of the gas. If we have 1 litre of gas this 
gives 10“® e.s.u. of current, or 10“Y3 X 10^^ e.m.u. = ^ 10“^® e.m.u., 
or 3*3 X 10“^® amp. This clearly demonstrates the extremely low 
conductivity of a gas under normal conditions. 

57 
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Current Measurements 

The foregoing experiment may serve to show the extremely 
small currents which may be encountered in gaseous conduction, 
and it is desirable before proceeding to indicate methods of measuring 
such currents. In many cases some form of galvanometer may be 
employed and the suitability of this method or otherwise may be 
judged by what is known as the “figure of merit” of the galvano¬ 
meter. This figure refers to the current necessary to deflect a 
••reflecting instrument through 1 mm. on a scale placed at a distance 
of 1 m'etre froni the instrument. Some typical figures are shown 
by Table 2-1. 

TABLE 2-1 


Type 

Eioi’be of Merit in 
Amperes 

Ayrton-Mather Moving Coil 

10-« to 10-» 

Thomson .... 

10-® to 10 “ 

Broca ..... 

10-10 

Einthoven .... 

10-“ 

Thermo-galvanometer • . 

2 X 10 « 


It is apparent from the above table that none of these instruments 
is sufficiently sensitive to measure the current in the experimental 



arrangement of Fig. 2-1. In such oases an electrometer or tilted 
, electroscope must be used. The former has a capacity of about 
50e.s.u. and a sensitivity of .1000 mm. per volt, and the latter a 
capacity of one or two e.s.u. and a sensitivity of 200 mm. per volt. 
Assuming that the electrometer has a sensitivity of 1000 divisions 
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per volt and that a rate of deflexion of 1 division per 10 sec. can be 
observed, then dVJdt = 10“*. If the capacity of the instrument is 
SOe.s.u., this is 50/(9 X 10^^) = 5*55 X 10“^^ farads. Therefore 
the smallest current which can be observed is 5*55 X 10“^^ X 10~^ 
== 5*5 X 10“^® amp. Similarly for the electroscope dF/ci^ = 0*5 
X 10~^. If the capacity is 2e.s.u., this is 2*22 X 10~^^ farad. 
Therefore the smallest observable current is 0*5 X 10~^ X 2*22 
X 10-12 = Ml X 10-15 amp. 

In order to demonstrate the application of either of the above 
instruments, say the electrometer, the arrangement of Fig. 2-2 
may be considered. Within the chamber 
D are two parallel-plane electrodes one 
of which, B, differs in potential by some 
few hundred volts from A. When K is 
depressed there is no potential across / 
the electrometer quadrants E. On rc- f 
leasing K, A starts to acquire ions of ' - ^ 

the same sign as the potential of B, and Fig. 2-3 

thus the potential difference between A 

and B commences to change, this change being recorded by E. If 
t is the time for a deflexion V then * 

Kv = - 

and, providing V is small, this current corresponds to the potential 
difference between A and B. By varying the potential of B the 
magnitude of the current between the planes can be studied for 
various potential differences between A and B. A curve of the 
form shown by Fig. 2-3 is obtained.*^ 

Theory of Conduction Through Gases: The Separately Maintained 
Discharge 

The existence of the current in the foregoing experiment is, of 
course, due to the presence of ions and electrons within the gas. 
These are due to the continual presence of various ionizing agents, 
such as traces of radio-active substances, cosmic radiation, ultra¬ 
violet light, etc. Let it be assumed that the ionizing agent is pro¬ 
ducing, uniformly, p pairs of ions per c.c. per sec. in the gas. 
Now ions of opposite sign will tend to recombine. The time that 
a given positive ion will take to recombine will be inversely propor¬ 
tional to the number of negative ions present per cubic centimetre 

♦The potentiometer in Fig. 2-2 is for calibrating. 
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of gas, while the numbers of positive ions recombining in a given 
time is proportional to the number present. Hence the rate of 
recombination is proportional to where n is the number of ions 
of either polarity present per cubic centimetre of gas. It may 
be written as where a is termed the coefficient of recombination. 
In the absence of a field within the gas the rate of increase of the 
number of ions per cubic centimetre is equal to the number formed 
per second minus the number recombining per second, or 

dn 

When a steady state is reached 

dn 

— {) and p -= 

If the source of ionization is removed 


P 


0 and 


dn 

dt 


— can^ 


dn 

n^ 


= — (xdt 



\_ 

n 


K ^ — cd 


When ^ = 0, A" = 1 /wg, where n^ is the value of the ionization when 
the source is removed. Hence we have 


n ~ 


n. 


1 -f oin^i 


Motion of Ions Under a Uniform Electric Field 


If X denotes the electric field strength, then the force on a 
charged particle is Xq, where q is the particle’s charge. If m is the 
mass of the particle then the initial acceleration imparted to it by 
the field is Xqlm and if its passage were unimpeded, it would acquire 
a velocity in a time t equal to 


Xqt 

m 


( 2 - 1 ) 


Actually, however, the ion cannot travel far before colliding with 
other molecules and in general it may be assumed that the velocity 
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component produced by the field is destroyed after the ion has 
travelled a distance equal to the mean free path of the gas. Now, 

from page 18 the time between collisions is IjC and hence (2~1) 
may be written 

Xql 

V — 

mC 


and the average velocity added by the field is 

Xql 

2mC 

From (1-34) we have 

imC‘^ = I kT 
^ 2 


(2-2) 


or 


*S7TmC 

16" 



and 

Substituting in (2-2) 


r-= 

V niTT 

1 In Xql 
“ 4 V 2 


2 VmkT 


If u and V are, respectively, the actual velocities of the positive 
and negative ions h\ a field of strength X, then 

= K^X, V = K^X 

where and are constants for a given gas under given conditions 
of temperature and pressure. When the field is measured in volts 
per centimetre they are known as the mobilities of the ions. 


Current Through a Gas 

Let a potential difference of V be applied between a pair of 
parallel-plane electrodes within a gas. Considering a plane in the 
gas normal to the field, in one second all the positive ions situated 
at a distance of less than u cm. from it will be driven across the 
plane, and all the negative ions less than v cm. distant will be driven 
across it in the other direction. If the charge q is the same for all 
the ions the total transference across the plane is nq(u + v) units 
per sq. cm. per sec., or if A is the area of the plane, 

i = Anq{u + v) = AnqX{Ki + K^) 
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The determination of the current i is difficult because the presence 
of a current implies the withdrawal of ions from the gas. However, 
i may be readily determined in certain limiting cases. 

(1) The current is so small that the number of ions withdrawn 
is negligible compared with the number per cubic centimetre. In 
this case the loss of ions is solely due to recombination. As the 
electrodes are assumed to be parallel-planes, the field strength 
X == Vjd, where d is the distance between the electrodes. Hence 


AriqV 

d 


{K, 4 A\) 


and if n is constant the current obeys Ohm’s Law. 

(2) The strength of the field is so large that the ions are with¬ 
drawn to the electrodes without appreciable recombination occur¬ 



ring. If B is the volume of gas between the electrodes, the number 
of ions is Bp and the total charge conveyed to either electrode in 
one second is Bpq. This is the maximum current through the gas, 
and, provided the voltage is sufficient to produce saturation, is 
independent of the voltage between the electrodes. 

Cases (1) and (2) above, of course, explain the curve of Fig. 2-3. 
The initial portion of this corresponds to (1) (Ohm’s Law) and the 
portion parallel to the abscissa to (2). 

The type of discharge so far considered is termed “separately 
maintained” because it depends on an external source of ionization. 
A further form of this type of discharge will now be considered in 
which ionization by collision occurs. 

If after saturation has been reached the potential between the 
electrodes is continually increased, it is found that the curve of 
Fig. 2-3 turns sharply upwards, denoting a rapid increase in the 
current through the gas. This may be explained on the supposition 
that an ion in traversing the mean free path of the gas has also 
fallen through a voltage at least equal to the ionization potential 
of the gas. Should this be so, then ionization by collision will occur 
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with the production of fresh pairs of ions. Initially, at least, this 
process will be due to electrons because of their very much higher 
mobility than positive or negative ions. 

Considering Fig. 2-4, let Uq be the number of ions produced 
by the ionizing agent per cubic centimetre of gas per second at a 
distance from the negative electrode. If a is the number of pairs 
of ions and electrons produced by each electron per centimetre 
length of its path, then the number of fresh ions of either sign 
produced in a distance dx is oinjdx. Hence the rate at which electrons 
are increasing as the positive electrode is approached is 

dn_ 

— - cLn_ 

dx 

and the number of electrons passing per second through a plane at 
a distance x from the (iathode and beyond x^ is given by 

=«. L 

Jxi 

log = 

and ~ . . . (2-3) 

The number of positive ions is found from 
dn^ = — Oinjdx 

= — ~ dx 

~ K 

When X = d, = 0 and thus 

n_^ =z - a-i) -- - r,)j ^ ^ (2-4) 

Multiplying (2-3) and (2-4) by the electronic charge e, these equa¬ 
tions may be transformed into those for current, and we have 

..... (2-5) 

=. . . (2-6) 
The total current is the sum of (2-5) and (2-6) and thus 

/ == i _ + . . . (2-7) 

Considering now the case where the gas is uniformly ionized through¬ 
out its volume, the number of electrons formed by the ionizing 
agency between two planes x and x + dx from the negative electrode 
is The number of electrons reaching the positive electrode 



64 


ELECTRONICS 


due to this layer is dx and hence the total number of elec¬ 

trons arriving at the positive electrode per second is 

rd 

^<x{d-x)dx = 1 ) 

a 

or i = 1) 

a 

An arrangement of some importance is where the ionization is 
produced at the cathode, say by the action of ultra-violet radiation 


on this. We then have and 

n_ — ..... (2-8) 

z= . . . (2-9) 

i_ == .(2-10) 

== 

I = .( 2 - 12 ) 


where n^ is the number of electrons produced per second at the 
cathode and ^ is the corresponding current. 

The foregoing expressions ignore recombination, it being assumed 
that the ions and electrons are swept to the electrodes as rapidly 
as they are formed. 

Breakdown: The Self-maintained Discharge 

The formulae just deduced (which have been substantiated by 
experiment) indicate a current which depends upon and is propor¬ 
tional to the effect of the ionizing agent. If the voltage across a 
gas is sufficiently increased, a stage is reached at which the discharge 
no longer depends on which can then, if desired, be terminated 
without terminating the discharge. The discharge is then termed 
self-maintained, well-known examples being the spark and glow. 
It will now be shown that if positive ions can produce further ions 
and electrons, given certain conditions, a self-maintained discharge 
may result. 

Let it be assumed that each positive ion produces fi ions and 
electrons per centimetre length of its path. Then, referring to 
Fig. 2-4, 

dn_ — 0L{n^ + 'n)dx + fin^dx . . (2-13) 

The number of electrons arriving at the positive electrode per 
second is 


n ^ Uq 


• ( 2 - 14 ) 
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where is the number of electrons produced at the cathode per 
second by the ionizing agent. Substituting in (2-13) for 

dn_ = a(»o + n_)dx + — n^ — n_)dx 


dn 

= (a— /?) (»o + n_) -I- pn 

where -4 is a constant. 


and 

from which 


n_ 


Uq- 


Ae^cL - p)x 


When X = 0, = 0, therefore 

o 

A = tiq -|- n ^ 


a— /? 


When a; = d, = 0, therefore 

»=(». 


or 


(a — 




Multiplying both sides by the electronic charge e we have 






(2-15) 

(2-16) 


It is evident from this equation that if 

.... (2-17) 

a mathematically infinite current will result or a finite current can 
exist even if (q be made zero. This condition is known as breakdown 
of the gas. In effect this means that the positive ions are responsible 
for an internal source of electrons necessary for the self-maintenance 
of the discharge. However, there is not unanimous agreement 
regarding the manner in which these electrons are produced. The 
method just assumed, i.e. positive ion bombardment of gas mole¬ 
cules, has been objected to because of the relatively low velocities 
acquired by the positive ions. A possibility is the liberation of 
electrons from the cathode (secondary emission) by positive ion 
bombardment of this. From (2-11) the positive ion current at the 
cathode is 

Suppose now that is the total current at the cathode and i' the 
current produced by the external agent. Then 

^0 == 1) 


. (2-18) 
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where y is a constant of secondary emission, 
we have 

^ ^ 1 — — 1 ) 

Now if — 1) = 1 


Substituting in (2-12) 


(2-19) 


(2-20) 


a mathematically infinite current again results, the conditions being 
similar to those expressed by (2-16). It will be noted that (2-19) 
and (2-16) are identical if in the latter a is substituted for (a *— fi) 
and y for /?/(a - /?). Hence without further information regarding 
P and y the two processes of breakdown are indistinguishable. 

For the last described process, self-maintenance necessitates that 
the positive ions which are generated by an electron in moving from 
cathode to anode regenerate at least one electron by means of 
secondary emission at the cathode This necessity is implicit in 
(2-19), as will now be shown. Referring to (2-9), if n^, electrons 
leave the cathode per second, then these generate nQ{e^*^ — 1) positive 
ions per second in their passage to the anode. Hence each electron 
produces (e^^— 1) positive ions in the body of the gas and these in 
turn eject y(e^—‘ 1) electrons from the cathode. Now if this last 
quantity equals unity, then an electron initially emitted by the 
cathode has liberated another electron from the same site. This 
in turn will produce a third electron, the process continuing in¬ 
definitely with no necessity for an external ionizing agent. The 
criterion for this is 

y(e^^- 1 ) == 1 

as previously indicated by (2-19). 

In addition to the two foregoing explanations of breakdown, 
other possibilities which may be here noted are the omission of 
electrons from the cathode and gas by photo-excitation by excited 
gas molecules and the influence of metastable atoms in the vicinity 
of the cathode. 


Value of a and : Paschen’s Law 

The value of a has previously been defined as the number of 
pairs of electrons and ions produced by an electron per centimetre 
length of its path. Evidently a will depend on the collision frequency 
of the electron and the energy it possesses on encountering a gas 
molecule. The latter quantity is 


IXeV 
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where I is the mean free ])ath of the electron within the gas. From 
(1-45) I is inversely proportional to the gas density and pressure, 
and thus the electronic energy is proportional to X^lp^, From (1-46) 
the collision frequency is proportional to the gas density and pressure 
and thus a is proportional to p and some function of X/p, Hence 
we may write 



Similarly for positive ions 



( 2 - 21 ) 

(2-22) 


A probable form of the function may be derived as follows. The 
number of electrons generated by ionization within a lamina dx 
is oLudx, This number may be considered proportional to the 
number arriving at x with energy greater than the ionizing potential, 
and to p the gas pressure. Therefore 

oLvdx oc pn^ 


or 


OL ~ ap — 
^ n 


where a is a constant. Now let Nq electrons start from a plane with 
zero velocity, N arriving at a plane x. Those which make inelastic 
collisions in the next lamina dx may be written 

pf(V)Ndx .... (2-23) 
where V == Xx and /( V) is the probability of an inelastic collision. 
As rfF = Xdx, (2-23) may be written 


dN = - Nf{V)dV 


(2-24) 


the negative sign indicating a decrease in N with an increase in 
X and V. Integrating (2-24) and remembering that when x and 
V 0, AT - iVo 

N = Nos" 

rv 


Substituting N/Nq for Th^Jn and writing 
Vi is the ionizing potential, 


f{V)dV ==-/,(F,) where 


or - = Ae- . 

V 

where A and B are constants for a given gas. 


(2-25) 
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In order to test the validity of (2-25), it is necessary to employ 
a tube with either parallel-plane electrodes, or spheres the radius 
of which is large compared with the spacing between them. In 
these circumstances a is independent of x, A plot of a/p against 
p/X is shown in Fig. 2-5. 

It was discovered empirically by Paschen that, for electrodes 
of the form just mentioned, the breakdown potential of a gas is a 



f>/x IN M M-VOLTS PCR CM 
Fig. 2 5 

function of the gas pressure and the electrode spacing only, i.e. 
it is a function of pd. This may also be deduced theoretically in the 
following manner. From (2-21) and (2-22) 

• • • • ( 2 - 2 ») 

■ ■ ■ (^ 2 ’) 

where instead of X we have written V/d, where V is the potential 
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difference between the electrodes. From (2-17) the condition of 
breakdown is 

^ ^ Aoi m 

ft 

or, from (2-26) and (2-27), 


from which 



pPdlUVIpfl) UV/pd)] 



fi{V/pd)~^MVipd) 


showing that F is a function of pd only. The same law may also 
be deduced for the case expressed by (2-19) on the assumption 
that y = hi^lp)* 


Breakdown in Uniform Fields 

An experimentally determined curve for the breakdown of air 
in a uniform field is shown by Pig. 2-6. A feature of great-interest 
and importance in this is the minimum exhibited at about 350 volts. 
If the curve is obtained with spheres of large radius, any attempt 
at reducing pd below the minimum value is followed by breakdown 
occurring elsewhere than at the point of minimum electrode separa¬ 
tion. This, of course, means that while V is held at what is known 
as the minimum sparking potential it is impossible to obtain 
breakdown at a value of pd smaller than indicated by Fig. 2-6. 
Conversely, it is impossible to produce breakdown in air under any 
circumstances at a voltage less than 350 volts. A further point of 
importance in Fig. 2-6 is the breakdown potential at atmospheric 
pressure. It will be seen that this is approximately 30,000 volts 
^er cm. 

The cause of the minimum sparking potential may be explained 
in the following manner. Assuming that d is fixed and p varied, at 
very low pressures the paucity of molecules is such that insufficient 
exist to produce adequate secondary emission unless the energy of 
the electrons is high. This, of course, necessitates a large value of 
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X, and consequently of F, and explains the left-hand branch of the 
curve of Fig. 2-6. At high values of p the mean free path of the 
electrons is small and insufficient energy for ionization is acquired 
between collisions unless X and V are again high. Between these 



two extremes it is evident that some minimum potential will exist, 
causing breakdown. 

NoN’UNIfoem Fields 

The instances of gaseous conduction so far considered are the 
relatively simple ones involving a uniform field. Where the field is 
non-uniform (practically all cases except those employing parallel- 
plane electrodes or spheres whose r/d is large) conditions are much 
less simple and mathematical treatment cannot be so readily em¬ 
ployed. In such cases a and ^ depend on x and in general we must 
write 

a = fi{x) 

Thus for a non-uniform field, (2-12), should be written 
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In the case of breakdown due to liberation of electrons at the 
cathode by secondary emission, (2-20) must be written 

]) = 1 . . . ( 2 - 28 ) 

and provided the integration can be performed the breakdown 
condition may be determined. However, in the majority of cases 
this cannot be effected and thus we are limited to general considera¬ 
tions largely based on experimental results. 

Principle of Similarity 

Paschen’s Law may be extended to cover the case of non-uniform 
fields, when it is known as the Principle of Similarity. This states 
that the breakdown voltage is a function of the gas density and 
linear dimensions for geometrically similar systems. Thus, if all 
the linear dimensions of a discharge system are multiplied by a 
factor K and the gas pressure is multiplied by IfK, the breakdown 
voltage remains unchanged. Consider an element of the discharge 
path dl at the extremities of which the potentials are v and v + dv. 
Then after multiplying the system by K the potential difference 
dv will exist over a path Kdl if the same potential difference is 
maintained between the electrodes. Hence the average field strength 
over this path is IjK of that over the path dL If the gas pressure 
is altered to IjK of its former value, then the mean free path of 
the electrons will be K times as great and the eneigy per mean free 
path will be the same in the changed system as before. But the 
number of mean free paths per centimetre will be XjK of the former 
value and hence the ionizing collisions over the paths dl and Kdl 
are, respectively, 

oidl and oiKdljK 

or the ionizing collisions under the same potential difference dv 
are the same. Hence both systems will break down under the same 
potential between the electrodes. 

In cases where the electrodes are of different dimensions (such 
as a point and plane) the field strength is greatest at the smaller. 
Hence ionization will be most intense here and breakdown will 
commence at this electrode. At points remote from the electrodes 
the field is always less than at these, and hence breakdown always 
commences close to the electrode surfaces. It may be noted that it 
is not necessary for ionization to occur over the whole discharge 
path for breakdown to take place. Provided breakdown conditions 
are realized where ionization does occur, then a breakdown will 
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follow. This means that if the total discharge path is breakdown 
will occur if (2-17) is satisfied over a distance z ^ i) to x = 
where < dg- Hence that part of the path dg — d^ will carry a 
current although ionization does not there occur. 

It is shown by Fig. 2-6 that provided the electrode area is large 
compared with the spacing, the breakdown potential for air is 
approximately 30 kV per cm. From this it is concluded that in 
any discharge system, if the voltage gradient does not equal or 




exceed this value, breakdown will not occur at atmospheric pressure. 
Further, it is assumed that when breakdown takes place in a non- 
uniform discharge system ionization occurs between that electrode 
and the point at which the gradient falls to 30 kV per cm. 

The Corona Discharge 

When breakdown occurs in uniform fields at atmospheric pres¬ 
sure, it usually takes the form of the well-known spark discharge. 
However, should the electrodes be small compared with their 
spacing, a local discharge may occur near their surfaces, this being 
termed a corona or brush discharge. Such discharges are character¬ 
ized by faint luminosity near the electrodes, the production in air 
of ozone, a stream of air often issuing from the electrodes, and slight 
noise. The air in the immediate vicinity of the electrodes is, no 
doubt, highly conducting and increases the electrode area. This is 
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sometimes referred to as the coronal extension of a conductor. The 
increased area also reduces the electrode spacing, a result being an 
increased uniformity in the field distribution. This process may 
continue to the point that the uniformity is such that breakdown 
in the form of a spark results. 

To further consideration of the above subject the case of an 
electrode system consisting of a centrally placed wire within a 



Fig. 2 9 

cylinder will be investigated. Referring to Fig. 2-7, if X, is the 
field strength at the surface of the wire, the field at any radius r is 



The potential V corresponding to X is 

V= \xdr = aX,\og- . . . (2-29) 

Ja 

where F is the potential at any radius r. We shall now assume that 
ionization is confined within a radius 6 and that the potential 
difference across (b — a) is the same as that needed to cause break¬ 
down across the same length in a uniform field. Referring to Fig. 
2-8, Curve A is the normal breakdown curve for uniform fields, 
while Curve B is plotted from (2-29), X, being so chosen that the 
two curves have a single point of contact as shown. Hence P gives 
the distance (6 — ct) and the construction of Fig. 2—8 permits the 
determination of X,, i.e. the breakdown gradient at the surface of 
the wire. Fig. 2-9 shows breakdown potential plotted against wire 
diameter and indicates the very high values which may occur with 
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non-uniform fields compared with those of an opposite character. 
Townsend gives the breakdown surface gradient of a cylindrical 
wire as 

30 1 /_kV./(5m. . . . (2-30) 

va 

for air at atmospheric pressure. 

Continuing the consideration of the wire and cylinder type of 
gap, the stress at the surface of the wire is 

X, = Vj,la log, (A/a) 

where Vj, is the potential difference between wire and cylinder and 
A is the cylinder radius. If local breakdown occurs it may be 
assumed that the wire becomes covered with a conducting layer of 
disrupted gas, the effective radius increasing from a to a da 
where da is the thickness of the disrupted layer. Hence 

From this it will be seen that, if Aja > e, (2-31) is negative and so 
the first effect of an applied voltage is to reduce the stress at the 
wire. If Aja < e, (2-31) is positive and the stress is increased. In 
the first instance, corona occurs, and in the second a complete 
breakdown. Of course, even in the first instance, if is increased 
sufficiently the effective value of a> will ultimately become such that 
Aja < E, 

Point and Plane 

If the end of a fine wire be regarded as a sphere whose radius is 
equal to that of the wire, the breakdown gradient may be found in 
a similar manner to that for a wire and cylinder. The field strength 
at any radius r is 

and the potential corresponding to X 

(*r 

1 Xdr==X^^ = . (2-32) 

I Ja 

Plotting (2-32) under the breakdown curve for normal fields will 
again enable X^ to be found. 

The foregoing treatment can, of course, be applied to only 
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relatively simple discharge systems on account of the difficulty of 
finding simple expressions for the electrostatic field. In the case of 
two parallel wires widely separated, the field at each is practically 
radial and hence the field conditions at the wires are similar to 
those of the wire and cylinder. Hence it is to bo expected that the 
breakdown surface gradient will be given by an expression similar 
to (2“30) and this actually is so, Peek giving 

I ^^L-jkV/cm. . . (2-:i3) 

Effect of Gas Density 

The effect of varying the gas density and pressure with non- 
uniform fields is similar to that for the uniform case following the 
principle of similarity. Thus (2-:h‘l) may be written 

X, — kV/ern. 

while Whitehead gives the following formulae 

Wire and cylinder 31p ^1 f kV/cm. 

where p is in atmospheres. 

The Spark Discharge 

When breakdown occurs in a gas, the pressure of which is of 
the order of an atmosphere, the discharge initially takes the well- 
known form of a spark. Whether other states follow this depends 
on the nature of the circuit to which the electrodes are connected. 
However, although the duration of a spark is of the order of micro¬ 
seconds, it is very probable that even in this brief time the current 
may reach “arc” values as, indeed, is indicated by (2-16). The 
conditions of breakdown are given by this equation, and hence also 
of sparking. (2-16), however, indicates that having produced 
sparking conditions at a discharge system a spark immediately 
follows. In practice this is not so, for it is common knowledge that 
a higher voltage is needed to cause the first spark than subsequent 
sparks, provided the latter follow the first with sufficient rapidity. 
Also it is well known that the breakdown potential of a spark-gap 
is higher if the voltage is rapidly applied than if slowly. 


Spheres 27-2p ^ 
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The foregoing statements indicate that a time-lag exists between 
the application of an impulse voltage and the subsequent breakdown 

of a discharge system. 
This time-lag consists 
of two separate com¬ 
ponents: (1) a statis¬ 
tical time-lag necessi¬ 
tated by the time 
required for casual 
electrons to appear in 
the gap to initiate the 
discharge; (2) a forma¬ 
tive time-lag necessi¬ 
tated by the time for 
the development of 
ionization and the pro¬ 
gress of the discharge 
across the gap. The 
ratio of the breakdown 
figure when the vol¬ 
tage is slowly applied 
to that when the 
application is rapid is 
Fig. 2-10 shows the 
manner in which the breakdown voltage increases with decreasing 
time of voltage application for points 
in air at atmospheric pressure. 

Formative time-lag is definitely 
in evidence whenever corona pre¬ 
cedes breakdown. In these cases the 
average breakdown gradient is less 
than that for a uniform field with 
the same electrode spacing. As has 
been previously shown, where corona 
occurs we have a virtual increase in 
the dimensions of the electrode, with 
the result that the space-charges 
increase the gradient in the gap up 
to the breakdown point. Referring 
to Figs. 2-11 and 2-12,* it may be 
concluded that where the average 
breakdown gradient is less than 

*Pig. 2-11 refers to uniform fields and Pig. 2-12 to points of 0-4 cm. separation. 



Pia. 2-11 



termed the impulse ratio of a spark-gap. 
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that for uniform fields, the field has been distorted by space 
charges. 

In order to eliminate the statistical time-lag and study the period 
of the formative time-lag, initiating electrons may be created in the 
field of the spark-gap. This is usually effected by means of radio¬ 
active substances or else by ultra-violet radiation. Ultra-violet 
radiation may be produced by several methods, a common method 
being the employment of a mercury-vapour lamp. If a gap is 



Fig 2 12 

irradiated by means of the latter, the majority of the photo-electrons 
are produced from the cathode metal rather than the gas. This may 
be proved by altering the angle of the incident radiation. The 
photo-electric current at the cathode is of the order of amp. 
cm.2, this corresponding to 

10-^2 

--Txzie = electrons per cm.^ per sec. 

I’OU X to 

or 6 electrons per cm.^ per microsec. approx. 

Hence, in this case, statistical time-lag would probably not occur, 
providing the static breakdown voltage were not applied for a time 
shorter than 1/6 microsec. and the cathode area were not less than 
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1 cm.2 The importance of the cathode area in the reduction of 
statistical time-lag is at once evident, for it is clear that the greater 
this area the greater will be the number of photo-electric initiating 
electrons available. This explains why gaps with a large area 
(whether the initiating electrons are produced by ultra-violet 
radiation or some other means) such as spheres, wire and cylinder, 
etc., have low impulse ratios compared with gaps formed by points. 
We see, then, that the criterion for statistical time-lag is the rate of 
application of voltage, the number of initiating electrons produced 
per square centimetre per second, and the gap or cathode area 
depending on whether the electrons are produced in the former or 
at the latter. Where the electrons are formed in the gap it is, of 
course, the volume of this which is of importance rather than the 
area. 

A method of eliminating statistical time-lag is by means of the 
ultra-violet radiation of a neighbouring spark or corona discharge. 
With regard to the spark, experiments indicate that cathode photo¬ 
electric currents of the order of 10"® amp. per cm.^ may be produced 
by this means, i.e. 10® times as great as where the cathode is irradiated 
by means of a mercury-vapour lamp. With regard to the corona 
discharge, a well-known application of this to reduce impulse ratio 
is found in the third point spark-gap,* extensively used for magneto 
and ignition-coil testing. Tn this gap, which may consist of points 
or spheres, a third pointed electrode is situated close to but not 
actually touching one of the main electrodes. The third point is 
either connected to the remote electrode by means of a high resistance 
of the order of 40 megohms, or left isolated. The corona discharge 
which occurs at the point thus furnishes a photo-electric supply of 
electrons to the main gap. 

Summarizing, we may say that the time-order of statistical 
time-lag is that of the inverse rate of formation of photo-electrons 
at the cathode by the source of radiation. 

Formative Time-lag 

We have already seen that providing an adequate photo-electric 
current is produced, the statistical time-lag may be eliminated. 
When this is done, experiments show that the formative time-lag 
is of the same order as that of the time taken by the electrons to 
cross the gap. Referring to Figs. 2-13 and 2-14, which are reproduc¬ 
tions of oscillograms of spark discharges, it will be seen that after 
the static breakdown voltage is reached breakdown occurs within 
* Aircraft Electrical Engineering, F. G. Spreadbury (Pitman). 
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about 2 X 10“’ sec. By applying overvoltages to the gap, this time 
may be still further reduced. A further method of studying forma¬ 
tive time-lag consists of photographing the luminosity of a spark 



Fig.2 13 

as it develops. Typical photographs show that a luminous streamer 
commences at the cathode and ultimately, after a period of the 
order of 10 ® sec., terminates at the anode. An important discovery 



of the photography is that for high values of pd a second streamer 
tends to occur, originating in the gap or close to the anode, eventually 
joining up with the streamer from the cathode. 

Lowering of Spark Potential by Radiation 

An effect of irradiation of a spark-gap is a lowering of the break¬ 
down potential. This effect becomes in evidence when the photo¬ 
electric current at the cathode exceeds about amp. per cm.^ 
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Hence it is particularly noticeable when the gap is irradiated by a 
neighbouring spark. As previously stated, under these circumstances 

may be as large as 10“® amp. per cm.^ and for such currents a 
large positive space-charge may build up in the gap due to the 
relative mobilities of the positive ions and electrons. The resulting 
distortion of the field may then be such that the value of a (the 
first Townsend coefficient) is higher than for the externally applied 
field alone. Hence, in these circumstances, the gap will break down 
for a lower value of X than when % is negligible. 

The Streamer Theory of the Spark Discharge 

The previously given theory of breakdown and the spark dis¬ 
charge is largely due to Townsend and has been generally accepted 
for the past forty years or so. During the past few years, however, 
certain observations have indicated that the Townsend theory is 
probably true for spark-gaps only where jpd does not exceed about 
200, p being expressed in millimetres Hg, and d in centimetres. 
According to the Townsend theory, the criterion of breakdown is 
1) 1, or, if is large compared with unity, >. 1. 

Now, is the number of positive ions generated by each electron 
in its passage from cathode to anode, and y is the probability of a 
positive ion subsequently ejecting a secondary electron from the 
cathode. It is evident that if breakdown is to occur, the formative 
time-lag must be of the time-order of the positive ions to cross the 
gap from anode to cathode. If we take the mobility of an ion to 
be that determined on page 61, then, assuming a breakdown poten¬ 
tial of 30,000 volts per cm. and a 1 cm. gap, the formative time-lag 
is of the order of 10“® sec. In dealing with the glow discharge, it 
will be shown that the velocity of electrons to that of ions is 
at least 100 : 1; hence it follows the time-order of electrons in 
crossing a gap as above must be lO-*^ sec. For gaps longer than 
1 cm. the formative time-lag must, of course, be greater than 
10“^ sec. 

Prior to 1925, little information was available on spark time-lags 
as facilities did not exist for their measurement. Ultimate measure¬ 
ments have revealed, however, that for sparks occurring at atmo¬ 
spheric pressure the formative time-lag is of the order of 10~'^ sec. 
rather than 10-“® sec. Nevertheless, measurements with sparks 
occurring at values of pd up to about 200 give time-lags of 10“® sec. 
and upwards, thus confirming the Townsend theory in this region. 
For sparks occurring at pd > 200 it is evident that the formative 
time is such as to preclude the movement of positive ions in the 
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gap. Thus, in these cases, the spark must develop through electron 
movement only. 

A further difficulty with the Townsend theory for gaps having 
pd > 200 is that the sparking potential is largely independent of 
cathode material. As shown on page 66, the breakdown potential 
should be dependent on y and this quantity dependent on the 
cathode material. (See page 626.) Other difficulties are as follows— 

Gaseous discharges exist where no cathode phenomena occur. 
Such are positive-point corona and the lightning discharge. 

Cloud-track photographs of the spark discharge and photographs 
of its luminosity show that in its initial phases the spark possesses 
streamers which originate at the anode or, in the case of overvolted 
gaps, at the anode and in the gap itself. Such streamers only 
commence to exist for pd > 200. 

The foregoing difficulties in the complete ap})licability of the 
Townsend theory clearly indicate the necessity of some other 
mechanism to explain the spark discharge for high pressures. The 
mechanism must involve the following— 

(1) Electron movements only must occur, the jiositive ions 
remaining relatively stationary. 

(2) The process must be independent of the cathode and depend 
on processes within the gas. 

(3) Ionization must proceed from the anode and/or gap region 
towards the cathode. 

(4) Due to the filamentary character of a spark, it must be 
initiated by a single electron along a narrow path. 

The Streamer Theory 

A theory covering the foregoing necessities of the spark discharge 
has been developed, principally by Raether, Loeb, and Meek, the 
quantitative aspect being due to the last-named. Considering a 
parallel-plane gap 1 cm. in length, let it be assumed that the cathode 
is under the influence of ultra-violet radiation to the extent that 
1 electron per cm.^ per microsec. is ejected from its surface. Further, 
it will be assumed that the potential difference across the gap is 
31,600 volts and the gas air at normal pressure. Hence Xjp = 41*6 
volts/cm. per mm. Hg. 

Considering an electron leaving the cathode, it rapidly acquires 
a drift velocity of the order of lO*^ cm. per sec., this velocity actually 
having been measured by Raether. During its passage across the 
gap the electron creates further electrons at the rate of a per cm., 
so that in a distance x from the cathode the total number of electrons 
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created is This rapidly increasing quantity is appropriately 
termed an electron avalanche. Behind the avalanche are positive 
ions which virtually remain where formed during the time of 10~’ sec. 
taken by the electrons to cross the gap. During the advance of 
the avalanche its head is spreading laterally, due to the random 
diffusion of the electrons. According to Raether, the average radial 
distance of diffusion is given by r = V 2DU where t = xjv, v being 
the electron velocity and D a coefficient of diffusion. Up to this 
state of affairs we have the Townsend mechanism represented by 
(2-3), for the positive ions are in no position to effect electron multi¬ 
plication. Hence an avalanche which has crossed the gap does not 
constitute a breakdown. 

The positive ion density will, of course, be a maximum at the 
anode. The ions will form a cone, the base of which will be situated 
at the anode and the apex approximately at the cathode. Thus, a 
considerable positive space-charge will exist near the anode, giving 
rise to a field of some magnitude. In order to calculate the strength 
of this field it is assumed that the ions are contained within a 
spherical volume at the head of the avalanche instead of the actual 
conical volume. The radius of the sphere is taken to be r = V 2Dt 
and the field due to the space-charge is then given by 

Xs = ^TTnef^TTr^ = nejr^ 

where n is the number of ions in the sphere. If N is the ion density, 
then n = 47rr^A/3 and X, = ^TrrNejX In a distance dx at the end 
of a path X the number of ions formed is oue'^^^dx and 



0(£^dx OCf*^ 

tttHx TTT® 

. (2-34) 

Hence 



Qj: 

“ “ sVWi 



For the case under consideration, a = 17 and r, as observed by 
Raether, is 0-013 cm. This gives as 6000 volts per cm. and X.,/X 
as 0*20. Thus the field due to the space-charge is 20 per cent of 
that near the cathode. 

In addition to ionizing the gas molecules, the electrons also 
produce a large number of excited atoms and molecules. These 
excited atoms and molecules produce ultra-violet radiation which 
liberates from the gas and cathode photo-electrons, which in turn 
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create further ionization. The photo-electrons will, of course, create 
further avalanches, those in the gas being relatively short while 
those created at or near the cathode will be long and similar to the 
original avalanche. Now those photo-electrons created near the 
space-charge channel of positive ions, particularly those near the 
anode, are in an enhanced field, which exerts a directive action, 
drawing them within the field. The electrons resulting from ioniza¬ 
tion due to photo-electron avalanches in the combined fields 
and X, pass into the positive space-charge, thus rendering it a 
conducting plasma, which commences at the anode. The positive 
ions left behind by each photo-electron avalanche have the effect 
of extending the positive space-charge towards the cathode, because 
the applied field tends to distribute itself between the cathode and 
the positive space-charge rather than between cathode and anode. 
Thus the positive space-charge develops towards the cathode from 
the anode as a self-propagating positive space-charge streamer. 

As previously stated, streamers as just described have been 
observed and photographed, this tending to confirm the foregoing 
theory. The velocity of propagation of a streamer is extremely 
rapid, as it depends on photo-ionization, photon propagation at 
the velocity of light, and short-distance motion of electrons in 
high fields near the space-charge. In one case observed by Raether 
the velocity of propagation was of the order of 10® cm. per sec. 
As the streamer approaches the cathode, the potential of the gap 
is mainly concentrated between the cathode and the edge of the 
streamer due to the relatively high conductivity of the plasma. 
Thus the value of a outside the plasma will be greatly increased, 
leading to intense ionization and the possibility of high secondary 
emission from the cathode. When the streamer reaches the cathode, 
the gap is bridged by a conducting filament and hence the gap 
voltage collapses to a low figure. Should a cathode spot form then, 
unless the current is limited by an external resistance, an arc will 
develop. 

Necessary Conditions for Streamer Formation 

In order that a streamer may form and lead to gap breakdown, 
it is necessary that sufficient excited gas molecules are formed in 
the space-charge channel to produce an adequate supply of photo¬ 
electrons. This means that a certain space-charge density is necessary 
if streamer formation is to occur. Again, a certain space-charge 
density is essential to ensure that sufficient photo-electrons are 
drawn into the space-charge to form further avalanches to advance 
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the streamer tip. We see, therefore, that the criterion for gaj) 
breakdown is an adequate space-charge? density to ensure, firstly, 
the necessary density of excited molecules for photo-ionization, and, 
secondly, to create the necessary field to draw photo-electrons into 
the space-charge channel. If the space-charge channel is broad, 
then streamer formation is unlikely, as the necessary space-charge 
density may not be obtained. Thus, streamer formation is unlikely 
to occur as low gas densities. 

We have already seen that the relation between and N may 
be written 

Xg = 47rreNj3 

and N 


As N and Xg are proportional to each other the criterion for streamer 
formation may be expressed either in terms of X, or N, The 
criterion given by Meek for streamer formation is that Xg — X, 
i.e. the field due to the space-charge must equal the external im¬ 
pressed field. From this Meek finds the condition for. breakdown 
to be 


Xg = 5-27 X 






For further details of the streamer theory of the spark discharge 
the reader is referred to Loeb and Meek’s book* on this subject. 


The Glow Discharge 

The conditions immediately succeeding breakdown of a gas 
largely depend on the circuit of which the electrode system forms 
a part and the gas pressure surrounding the electrodes. In general, 
we may distinguish four states of gaseous conduction: (1) the 
pre-breakdown state with its relatively small current; (2) the 
disruptive discharge (spark); (3) the glow discharge, and (4) the 
arc discharge. Where the power is strictly limited, such as, for 
example, with an induction coil or magneto discharge, it is extremely 
probable that all four states occur, following each other in rapid 
succession in the above order. If following state (2) the circuit 
power is adequate and the electrode current density is maintained 
below a certain value, state (3), the glow discharge, occurs. A most 
conspicuous feature of this discharge is its luminosity, which, it may 
be mentioned, forms the basis of what are known as cold cathode 
luminous discharge tubes (neon signs, etc.). 

♦ The Mechanism of the Electric ^park (Oxford University Press). 
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After a glow discharge is initiated it is found that the voltage 
necessary for its maintenance is invariably less than that necessary 
for its initiation, the ratio of these voltages depending on the gas 
pressure and the electrode spacing. Now there is no reason for 
supposing that the energy with which the positive ions strike the 
cathode is less after the discharge has commenced than at its initia¬ 
tion. Actually this energy should be the same for the continued 
liberation of electrons to maintain the discharge. Thus, as the 
average voltage gradient across the gas is less after conduction 
than before, its distribution must be different. The change of 
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distribution is due to the presence of what are known as space- 
charges within the gas. Due to the higher mobility and longer 
mean free path of the electrons as compared with those of the positive 
ions, the density of the latter is far greater than that of the electrons. 
Thus, there is in general a net positive charge in the conducting 
space, the field distribution no longer being solely determined by 
the surface charges on the electrodes but by the space-charges in 
the gas as well. 

The glow discharge is so termed because of its characteristic 
appearance. Although it may be formed between short gaps (a 
millimetre or so) at atmospheric pressure,* for demonstration 
purposes more satisfactory results are obtained between wide gaps 
at pressures considerably below that of the atmosphere. Under the 
latter circumstances it is readily observed that the glow is divided 
by a number of dark spaces. Furthermore, the potential distribution 

* Aircraft Electrical Engineering^ p. 15. 
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along the discharge is related to these spaces. This relationship is 
shown by Fig. 2-15, from which the outstanding importance of 
the Crookes dark space is evident. It is clear that a large proportion 
of the applied voltage is absorbed by this space, the amount being 
termed the cathode fall. It may be defined as the potential difference 
between the cathode and the point of minimum field strength, i.e. 
least potential gradient. This potential difference is independent 
of the current strength and gas pressure and depends only on the 
nature of the gas and of the cathode metal. In general it is approxi¬ 
mately equal to the minimum sparking potential of the gas and thus 
corresponds to the minimum potential at which the discharge can 
be maintained. 


The Potential Characteristic 

An explanation of the potential distribution along a glow dis¬ 
charge may be found in the following manner. Due to the relation¬ 
ship 

eV = imv^ 


an electron acquires a velocity V 1840^ times as great as a positive 
ion of atomic weight A in a free fall through the same potential 
difference V = XI. Due to this relatively high velocity, the ions, 
relatively to the electrons, may be considered at rest. Hence, 
referring to (1-42) and (1-45), (\ — C and 


^ 7T(ae + afn 


(2-35) 


where er^ is the diameter of the electron and is the electronic 
mean free. path. The velocity of the ions is of the order of magnitude 
of the gas-kinetic velocity so that 


a/ 2rrahi 


. (2-36) 


where li is the ionic mean free path. As Oe is negligible compared 
with a we have 

^== 4V2 

and in a given field the velocity of the electrons is to that of the 
ions as 

V1840^ . W 2 : 1 or as 102VA : 1 . . (2-37) 
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Now the positive column or plasma is characterized by linear 
potential rise, which means that here d^VIdx^ 0, i.e. this region 
is free from space-charge. Thus, within the plasma 

also i — ?*_,_+ i_ — en^r_^_ [ en_v_ 

so that ^ --=102V^^ : 1 

Hence in regions of no space-charge, in ])articular the ])ositive 
column, the current carried by elcctrojis is at least one hundred 
times that carried by positive ions. 

At the cathode and anode the current is mainly cairied by 
[)ositive ions and electrons respecitively, i.e. 

i ™ 

If the field is the same at both electrodes, then the ratio of positive 
to negative s})ace-charge before cathode and anode is 

^ \()2VA : 1 

Vj^, 

— 102 VA . 4r7Ten_ in cathode region 

= 47re^_ in anode region 

Thus, we see that the y)otential characteristic must turn sharply 
downward at the cathode and slightly u])ward at the anode. 

The Negative Glow 

If the gas-filling of a glow-discharge tube is air, the negative 
glow is blue and the positive column pink. Visual inspection of the 
cathode shows that while the cathode fall is independent of current 
(“normal” cathode fall) the cross-section of the negative glow is 
less than that of the cathode and is proportional to the current. 
From this it may be concluded that the normal cathode fall, F„, 
corresponds to a region of constant current density, Accom¬ 
panying these conditions is a normal thickness of Crookes dark 
space dn. For a given gas at density p, pd,, is constant. Actually 
this is because is constant, for according to Paschen’s Law, F^ 

4~(T.289) 



88 


ELECTRONICS 


is a function of pd^. Hence while F„ remains constant so also must 
and oc Ijp. It is also found that 

^ = constant . . . (2-38) 

and from this it is evident that for a given current the cross-section 
of the negative glow varies inversely as 

When the current rises above the value at which the cathode is 
covered by the negative glow, the cathode fall no longer remains 



Fig. 2-16 


constant but commences to rise. Also d^ becomes reduced, the 
various quantities being related by 

Jpd^ 

= constant . . . (2-39) 

The decrease in d as Vc increases above Vn is explainable if the 
positive column and anode drops are ignored and the cathode fall 
is assumed to be equal to the striking potential of the tube. In this 
case the cathode fall must be on the breakdown curve, normally at 
the point of minimum striking potential, as shown by Fig. 2-16. 
If, now, Vc increases while p remains constant, we see from Fig. 
2-16 that pd must decrease, i.e. d must fall to enable Vc to move up 
the left-hand branch of the curve. 

It is possible to deduce (2-38) and (2-39) in the following manner. 
From page 87 

J = 

and p — Jjv^ . . . , . (2-40) 

Also = aXfp .(2~41) 
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and from Poisson’s Law 

dX 

dx^ ■ (ir 

From (2-40), (2-41), and (2-42) 



dX 
d.r ~ 

A where A — 

477 

a 

Integrating 

-- 

2AJpx 



X ^ 

V2AJp pi 





Ml 

Now 

V - 

Xdx -= V2AJp 

dx 



0 _ __ 

1 V 2AJp d 

u 

and 


^ AJpd^ . 


which leads 

to (2-39). 




(2-42) 


(2-43) 


Multiplying (2-43) by and ro-arranging, wo have 

F2 7 

9 * 

and while V and d are, respectively, equal to and d^, pd is 
constant and (2-44) is equivalent to (2-38). 


(2-44) 


The Crookes and P'araday Dark Spaces 

The electrons emitted from the cathode surface are few in 
number and possess low initial velocities. Due to the high field 
strength in the vicinity of the cathode, the electrons rapidly gain 
velocity and energy, but because of this their excitation and ioniza¬ 
tion probability is small. Consequently, little light is emitted in 
the region of the cathode fall, this giving rise to the Crookes dark 
space. 

At the edge of the cathode fall space the net space-charge density 
falls to zero or may even become negative. This reduces the velocity 
of the electrons whose excitation and ionization probabilities, in 
consequence, rise, causing the negative glow. In the latter the 
velocity becomes so low that the excitation and ionization probabili¬ 
ties fall, giving rise to the Faraday dark space. In this space few 
positive ions exist, the space charge being negative. This accelerates 
the electrons, which ultimately produce further excitation and 
ionization, the latter marking the commencement of the plasma or 
positive column. 
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Plasma Characteristics 

The plasma, as we have already seen, is a region of weak fields 
where the ionic and electronic concentrations are equal, giving rise 
to a zero net space-charge. Due to the uniform field, ionization 
occurs equally along the positive column, resulting in its uniformly 
luminous appearance. As there is no space-charge, the current in 
the plasma is not space-charge limited, with the result that large 
currents may exist for small potential differences. In addition to 
the electrons which drift towards the anode (thus constituting the 
conduction current), random ion and electron currents also exist 
within the plasma. Radial ion and electron currents also occur, 
these resulting in a loss of ions and electrons from the plasma to 
the walls of the discharge tube. This loss is termed de-ionization 
and, of course, necessitates ionization to occur constantly within 
the plasma to repair the loss. Because of the higher mobility of 
electrons, they diffuse to the walls of the tube more rapidly than 
the ions, with the result that the walls are generally a few volts 
negative with respect to the plasma. The j)otential variation at 
the walls may be regarded as a boundary between the latter and 
the plasma, and is termed a sheath. In general, sheaths always 
exist between the electrodes (as well as the walls) of gaseous dis¬ 
charge tubes and the plasma, and the cathode dark space in a glow 
discharge may be regarded as a sheath. 

The Electrodes 

It is evident from Fig. 2-15 that the greatest potential falls 
occur in the immediate vicinity of the electrodes. Hence the rate 
of energy dissipation and temperature rise are a maximum at these 
situations. The temperature is, of course, greatest at the cathode, 
and it is clear that electrode design calls for careful consideration 
if undue temperatures are to be avoided. A further detrimental 
cathode effect is known as sputtering, and consists of progressive 
disintegration of the electrode due to positive ion bombardment. 
The electrode particles are deposited on the walls of the tube, thus 
tending to absorb the luminosity of the tube. In addition, the 
particles take up some of the gas during deposition, with the result 
that a process known as clean-up occurs, with a lowering of tube gas 
pressure and a consequent modification of tube performance. It is 
evident that electrodes and gas fillings are desirable, which give a 
low cathode fall, for this leads to low temperatures and long electrode 
life. Table 19-2 gives some typical figures for various gases and 
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electrode rnateriaLs. Reference will again be made to this subject 
when dealing with luminous discharge tubes. 

The Arc Discharge 

If the current in a glow discharge is increased beyond the region 
of normal current density, an abnormal cathode fall and constricted 
dark space result. If the process is continued, a suddeii transition 
ultimately occurs in which the discharge voltage falls to a low value, 
accompanied by an increase in current with the concentration of 
the latter on to a relatively small area of the cathode. When the 
foregoing phenomcma occur, the current is almost entirely controlled 
by the circuit to which the discharge electrodes are connected. 
The latter form of discharge was termed an arc by Sir Humphry 
Davy, on account of its tendency (due to convection currents) to 
form the geometrical figure of that name when formed between 
horizontal electrodes. 

Although the magnitudes of the currents normal^ associated 
with glow and arc discharge differ widely, both forms have much 
in common, namely a cathode and anode fall and plasma. The 
principal difference is the mechanism by which electrons are released 
from the cathode. With the arc they are released in such copious 
quantities that they largely neutralize the positive space-charge 
associated with the glow, thus giving rise to a low cathode fall, of 
the order of 10 volts, which accounts for the relatively low voltage 
usually accompanying an arc discharge. 

Due to lack of sufficient evidence, complete agreement does not 
exist regarding the method by which electrons are released from 
the cathode in an arc discharge. The most obvious explanation is 
that they are released thermionically. As the current is increased 
in a glow discharge the rate of energy dissipation at the cathode 
continually increases, particularly under abnormal conditions. 
Hence the cathode temperature may increase to a value at which 
thermionic emission occurs, thus releasing electrons at such a rate 
as to neutralize the positive space-charge. Objections to the fore¬ 
going explanation are as follows: An arc may be struck and main¬ 
tained in constant motion over the electrodes by means of a radial 
magnetic field. By this process the cathode is maintained at a 
temperature below which thermionic emission does not occur. 
Slepian estimated that the transition from glow to arc occurred for 
a current density of 5 amps, per sq. cm. He calculated that the 
thermal conductivity of a copper cathode is such that it cannot 
with this current density attain a sufficient temperature for emission 
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to occur. Furthermore, he states that, in any case, the necessary 
temperature would take several seconds to attain, whereas an arc 
may be struck in a period as short as 10-^ sec. 

In the case of a mercury arc it has been considered that the 
cathode fall energy may be retained in a layer of mercury only 
10'® cm. thick. Should this be the case, then a temperature of 
3000® C. might be attained within a few seconds. 

In view of the somewhat unsatisfactory state of the thermionic 
theory of the arc discharge it was suggested by Langmuir that the 
electrons might be emitted from the cathode by field or auto- 
electronic emission. This, of course, would not necessitate a hot 
cathode. Again, however, it has been objected that the current 
densities necessary to create the requisite field strength are far in 
excess of those actually needed to prodtice an arc. 

The Mercury Arc 

Two forms of mercury arc exist: that occurring in mercury 
vapour only and that where the vapour is in the presence of its 
liquid. An arc occurring in the latter has a mercury pool for cathode 
from which the electron emission is derived. The exact method by 
which the electrons are emitted from the pool is as obscure as with 
the arcs previously described. The ek^ctrons are derived from what 
is known as the cathode spot, i.e. a small highly-luminous rapidly- 
moving spot on the surface of the mercury pool. From the spot 
proceeds a blast of mercury vapour having a velocity of the order 
of 10® cm. per sec. As this blast deflects the positive ions proceeding 
to the cathode, the ions are ever seeking fresh points of contact, 
causing the spot to wander over the surface of the mercury pool in 
a highly erratic manner. The cathode spot current density is 
estimated at 4000 amp. j)er cm.^ and its temperature as 2400® K. 

Unlike the glow, which has a constant or slightly rising voltage- 
current characteristic, the arc has a falling characteristic, i.e. dVJdl 
is negative. For currents in excess of one ampere the voltage/current 
relation may bo expressed by 

V = A + BI-^ . . . (2~45) 

where A and B are functions of the arc length. According to 
Nottingham the value of n is proportional to the boiling temperature 
of the anode. Where the ambient gas is air, n corresponds to the 
boiling temperature of the oxide of the anode metal. Table 2-2 
gives values of n for a number of metals when employed as anodes. 
It is evident that for sufficiently large currents the second term 
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TABLE 2-2 


Anode Matetiial 

Exponent n 

Tungsten . 

1-38 

Platinum . 

M5 

Carbon 

1-00 

Lead 

0-48 

Copper 

0-67 

Aluminium 

0-65 

Nickel 

0-64 

Silver 

9-625 

Antimony 

9-46 

Bismuth . 

9-445 

Zinc* (oxide) 

9-57 

Zinc 

346 


of (2-45) may be negligible compared with Ay in which case the 
arc voltage is approximately constant and independent of current 
strength. Table 2-3 gives some values of A and B for various arc 
lengths. 

TABLE 2 3 



Cu IN Air 

1 

1 VV IN Air 

Fe IN 

T^ength 






mm. 

A 

B 

A 

B 

A 

1 

— 

— 


— 

19-1 

2 


— 

40-1 

16-0 

21-6 

3 

29-0 

39-2 

43-9 

20-3 

— 

4 

32-0 

43-9 

45-3 

25-8 

24-9 

6 

34-0 

49-9 

47-4 

31-0 

— 

6 

36-6 

52-2 

49-3 

37-0 

25-1 

7 

37-5 

57-1 

5M 

41-8 

— 

8 

38-5 

62-9 

53-0 

46-8 

26-6 

9 

40-0 

66-5 

54-7 

52-0 

— 

10 

41-0 

70-5 

56-0 

58-0 

— 

25 

_ 

— 

— 

— 

50-0 

60 

— 

— 

— 

— 

70-0 


B 

27-7 

35-6 

r> 0-2 

60-8 

72-5 


1170 

1900 


Probes and Probe Measurements 

The distribution of potential in the various parts of the glow 
and arc discharges have so far been discussed without reference to 
any method of ascertaining this distribution. We shall now consider 
the usual method of obtaining such information. If an insulated 
conductor (termed a probe) is inserted in a discharge path, it will 
acquire some potential relative to that part of the discharge in 
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which it is situated. While the eonductor is insulated it follows 
that the net current to it is zero. Assuming it is in the plasma, 
where the eoneentration of ions and electrons is equal, the number 
of electrons arriving at the probe j)er second will initially be greater 
than the number of positive ions because of the greater mobility 
of the former. Hence in oT'dei that the net current to the probe 
may be zero, the probe takes up a negative potential relatively to 
the plasma so that it tends to repel electrons and attract positive 
ions in order that the number of each reaching the probe in a given 



time shall be the same. This condition, of course, corresponds to 
zero current and the probe is said to “float” and possess a “floating ” 
potential. 

If now, instead of allowing the probe to float, a potential differ¬ 
ence is maintained between it and either the cathode or anode, a 
probe current/voltage characteristic may be obtained. It is found 
that this takes the form shown by Fig. 2-17. While the probe is 
largely negative with respect to the plasma, the branch of the curve 
AB is obtained. Here the electrons are repelled and the positive 
ions attracted so that the region AB is that for which only a positive 
ion current exists. This current is mainly due to the random motion 
of diffusion of the ions, which hence arrive at the probe under their 
own natural velocities which, incidentally, follow a Maxwellian law 
of distribution. Because the current is due to random motion, AB 
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is a region of saturation. Now, if wc commence to make the potential 
of the probe less negative, electrons will pass to the probe and the 
difference between the electron and positive ion currents will be 
collected. Hence the true electron current may be deduced from 
the branch of the curve BC by adding the constant value of the 
positive ion current, to the ordinates of the branch BC, At a 
potential equal to the floating potential, equal numbers of electrons 
and ions will be collected with the result that the ammeter in the 
external probe circuit will indicate zero. This, of course, corresponds 
to the point F, As the probe potential is increased beyond F, 
electrons are collected at an increasing rate becjause the electron- 
retarding action of the probe potential with respect to the plasma 
is decreasing. When the probe is at the same potential as the 
plasma, the probe will neither repel nor attract electrons and ions, 
which will diffuse to the probe under the action of their random 
motion. If, now, the potential of the probe is made positive with 
respect to the plasma there will be no further increase in f'Jectron 
current, but a decrease in positive ion current due to repulsion of 
the ions. Hence the only further possible increase in probe current 
is an amount equal to after which a pure electron saturation 
current results for further increases in probe potential. Reference 
to Fig. 2-17 therefore shows that when the probe potential is the 
same as that of the plasma, a point of inflexion occurs in the 
current/voltage characteristic just preceding saturation conditions. 
This point gives the potential of the plasma.* If the probe voltage is 
made more and more positive the main current may transfer to it, 
and the probe then becomes an auxiliary anode as indicated by D. 


Probe Measurements 


We have already seen that by means of a probe, employed in 
the manner described above, the floating and plasma potentials may 
be readily measured. In addition to these, various other quantities 
may be measured. For example, the number of particles which, 
possessing a Maxwellian distribution of velocity, pass through each 
square centimetre of a plane per second, is, from (4-30), 


n 



Thus the random electron or positive ion current density is given by 


= ne 



(2-46) 


♦The exact value of the plasma potential may be obtained from the ordinate 
(/<- where and 1^ are obtained from AB and CD, 
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Now, Jj. is given by If A, where I is the current determined from a 
curve such as that of Fig. 2-17, and A is the probe area. Hence 
we have 



If / 27r7nf 

"" AeS kT 

I g / 27rm^ 

MS kf~ 

where Uf and n,. are, respectively, the positive ion and electron 
concentrations within the plasma, rn, and are the masses of an 
ion and electron, and and 1^, are the positive ion and electron 
currents determined from the two saturated portions of the curve 
of Fig. 2-17. Plasma ion concentrations found in practice vary 
from about 10^® to 10^’ ions per cm.^, depending on the gas pressure. 

Electron Temperature 

On the assumption that the electron velocity distribution within 
the plasma is Maxwellian (and there is evidence that it is) the 
electron “temperature” may be found from probe measurements. 
This temperature is, of course, given by = 3i*T/2. Now 

while the probe potential is negative with respect to the plasma, 
the only electrons penetrating the positive ion sheath around the 
probe are those whose velocity and kinetic energy are such that 
they can overcome potential drop across the sheath. According 
to (1-18) the number of electrons per cubic centimetre having 
velocities between u and u -\r dui^ 

aVn 

and the number of such electrons passing through 1 cm.® per sec. is 

n, , 

aVir 

The number of electrons capable of penetrating the sheath and 
reaching the probe are those the velocity of which is given by 

^nieUs^ = eE, 
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where is the sheath potential difference, i.e. the potential differ¬ 
ence between the probe and the plasma. Hence the electron current 
to the probe is 

1 ^ 00 


d'S/lT^ 


e vdu 

^/ 2eEg 

w, 


an^ 

2V1T 


|£ «‘l 




— f. 

^a/tt 



or J, -- 

where J^ is the electron current density to the probe. When A\ — 0, 
a result which, of course, has already been deduced above. 
Taking the logarithms of both sides of the last expression there 
results 

log Jf. leg ie 

or log /f = log A.Jj-p E 

which is the equation to a straight line having a slope equal to 
— ejkT, The electron current can be deduced from Fig. 2-17, 
in the manner previously described, and hence T determined. The 
fact that a straight line is usually obtained in these experiments 
justifies the assumption of a Maxwellian distribution of electron 
velocities. 


Sheath Thickness 

Corresponding to the branch AB of the curve of Fig. 2-17, a 
practically pure positive ion space-charge exists between the plasma 
and the probe. Through this space-charge pass current carriers of 
one sign only (positive ions), which are derived from a plane where 
the potential gradient is zero (the plasma face of the sheath), from 
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which they start with negligible velocities. These positive ions pass 
freely to the probe because the sheath thickness is normally only 
a small fraction of the ionic mean free path. From these facts it is 
apparent that the conditions are similar to those existing in a 
diode carrying a space-charge limited electron current. Hence the 
space-charge ecpiation (8-5) for parallel planes may be applied to 
the positive ion current density with appropriate modification, thus 

/ __ 

' ' “ Vl839ilf 

wh(‘re s is the sheath thickness, M is the atomic weight of an ion, 
and J, is the positive ion current density. But the latter quantity 
is independent of and equal to Hence 

which determines the sheath thickness. It will bo noted that 
increases with E^ and is zero when the probe is at the potential of 
the plasma. If the probe potential is raised above that of the plasma 
an electron sheath results. In this case must be replaced by 
and VlHZdM by unity. 

In the foregoing theory of the probe it has been assumed that 
the area of the probe is constant. For largo area probes this is 
justifiable, but not for those of small area. In the latter case the 
effect of the sheath is to increase the virtual area. Thus in the case 
of a fine wire, to the wire radius must be added the sheath thickness 
in determining the probe’s effective area. J^ecause of the increase 
in probe area, with an increase in E^, I, increases with E^. Hence 
with a fine wire probe the branch AB of Fig. 2-17 will not be parallel 
to the axis, but will slope downwards. 

Reperen(^es 

Conduction of Electricliy through J. J. Thomson and (i. P, Thomson 

(Macmillan). 

The MeehaniJim of the Electric Spark, L. B. Jioeb and J. M. Mock (Oxford). 

“The Electric Spark in Air,” J. M. Meek, J,I,E,E, Paper, 1942. 



CHAPTER III 


THE ELECTRON 

Cathode Rays 

Reverting to the glow discharge, we shall now consider certain 
phenomena which occur if the gas pressure within the discharge 
tube is continually reduced. Jn previously discussing this discharge 
it was tacitly assumed tliat the gas pr(‘ssure was such that the 
various phenomena, such as the dark spaces, glows, etc., were clearly 
visible. This pressure is of the ordi^r of 1 mm. of mercury. If now 
the pressure is further and continually reduced it is found that the 
])ositive column becomes smaller, receding towards the anode, while 
the Crookes dark space becomes enlarged. When the pressure is 
so reduced that the Crookes dark space reaches the walls of the 
tube, the glass jfluoresces brilliantly, the colour being green for soda 
glass and blue for lead glass. Investigation showc'd that this 
fluorescence is due to something emitted from the cathode to which 
(ioldstein gave the name of cathode rays. The rays were closely 
studied by Crookes and the following summarizes his results as well 
as those of later investigators. 

1. The cathode rays leave the cathode normally to its surface, 
travelling in straight lines, and are negatively electrified. This 
latter property was verified by J. Perrin, who caused the rays to 
pass into a metal cup connected to an electroscope. 

2. The rays behave as if possessed of inertia, being capable of 
deflecting obstacles and of turning a small mica mill-wheel placed 
in their path. 

3. Substances struck by the rays are heated, and, should the 
rays be focused by a concave cathode, they are capable of raising 
small objects to incandescence. 

4. They are deflected both by an electric and a magnetic field. 

5. Their production and properties are entirely independent of 
the nature of the gas employed in the tube. 

6. A substance struck by the rays emits radiation known as 
X-rays. 

Nature of Cathode Rays 

At one time considerable controversy existed concerning the 
nature of cathode rays. In this country Crookes advocated the 
view that the rays consisted of streams of electrified particles 
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projected from the cathode, while the continental physicists sup¬ 
ported Goldstein’s theory that the rays were a form of wave motion. 
It may be noted that (1) and (2) are suggestive of Crookes view. 
The controversy was finally resolved by Sir J. J. Thomson, whose 
remarkable researches proved the rays to be electrically charged 
particles to which he gave the name of negative corpuscles. These 
corpuscles are now known under the name of electrons, the electron 
being one of the most important entities in the realm of physics. 


Mass, Charge, and Velocity of the Electron 

Thomson’s Experiments 

The behaviour of an electron within a magnetic field will be 
first considered. Considering a small current element ids placed 
within a magnetic field of strength the force acting on this 
element is 

Hids .... (3-1) 

But i may be written as dqjdt where q is the magnitude of the electric 
charge. Hence 

Hids^ H^ds = Hdq^ 


or, replacing dq by c and dsjdt by t), we have 

Hids ~ Hev ..... (3-2) 


where e and v are, respectively, the charge and velocity of the 
electron. Now the force on the electron, given by (3-2), will act at 
right-angles both to its direction of motion and to the direction of 
the field. A body which experiences a force always perpendicular 
to its direction of motion describes a circular path, the normal 
acceleration being v^fr where r is the radius of the path. Hence 
the centrifugal force on the body is mv^jr where m is the body’s 
mass. The equation of motion of the electron is, therefore. 



(3-3) 


or 



(3-4) 


If H and r can be determined, then the right-hand member of (3-4) 
may be found. The value of r is obtained by means of a discharge 
tube arranged in the manner indicated by Fig. 3-1. Cathode rays 
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leave the cathode and are concentrated into a narrow pencil by 
means of a disc possessing a small aperture through which a propor¬ 
tion of the rays pass. The pencil is then deflected by passing through 
a magnetic field which is perpendicular to the plane of the paper. 
At the extremity of the tube is a screen coated with material which 
fluoresces under the impact of the cathode-ray pencil. By noting 
the displacement of the fluorescent spot when the field is applied, 
r may be determined. The exact method of doing this will be given 
later.* 

If the electron traverses an electrostatic field, it will experience 



Fi«. 3-1 


a force eX, where X is the electrostatic field strength. By arranging 
this field to be perpendicular to the magnetic field (i.e. parallel to 
the plane of the paper) and to occupy the same part of the path, 
the field strengths may be so adjusted that no deflexion of the 
fluorescent spot results. In such circumstances 

eX = Hev 



Thus, from a knowledge of the field strengths the electron velocity 
may be found. From the first experiment mvie is obtained and 
hence from both experiments the ratio mje is known. 

By the above methods the following results were obtained by 
Sir J. J. Thomson— 


Gas 

V 

1 

m/e 

Air 

2-8 X 10» 

1-3 X 10 7 

>» 

2-8 X 10» 

M X 10*7 


2-3 X 10» 

1-2 X 10-7 


2-8 X 10» 

11 X 10-7 

Hydrogen 

2-5 X 10» 

1-5 X 10-7 

CO 

2*2 X 10» 

1-5 X 10-7 


♦See p. 123. 
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It will be noted that the electron velocity is of a very high order, 
being about one-tenth of the velocity of light. It is also evident 
that the ratio mfe is independent of any particular gas filling. 

Kaupmann’s Determination of ejm 

The apparatus emj)loyed by Kaufmann in his determination of 
ejm is shown by Fig. 3-2. The discharge tube is furnished with an 
anode in the form of a thin wire, of which the cathode rays form a 
shadow on the plate P, which closes the end of the tube. The 
potential difference between C and A is measured with an electro- 
'^tatic voltmeter. Surrounding the tube is a coil which produces a 



practically uniform field perpendicular to the cathode rays. Due 
to the field the cathode rays are deflected and the shadow of the 
anode takes up a different position on the plate P. As in Thomson’s 
method, the electrons tend to follow a circular path under the 
influence of the field, and from (3-4) we have 


mv^ 

r 


= Hev 


(3-5) 


Also if V is the cathode-anode potential difference 


^mv'^ — eV 

From (3-5) and (3-6) 

^__2F 

m 


(3-6) 


V = 


2F 

Hr 


and 
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r is determined from the deflexion of the anode shadow and the 
dimensions of the apparatus. 

In Kaufmann’s experiments V was varied from 3000 to 10,000 
volts by varying the gas pressure in the discharge tube from 0-07 mm. 
to 0-03 mm. The final result obtained was ejm ~ 1-77 x lO*^ e.m.u. 
per gm., a result which differs very little from the now generally 
accepted value of 1*757 x 10"^ e.m.u. 


Tolman and Stewart’s Determination of e/m 

An ingenious and quite different method of determining the 
ratio e/m was devised by Tolman and Stewart, a method which, in 
addition, tends to prove that electrical conduction in metals takes 
place by means of electrons. (See Chapter IV.) The principle of 
the method is that if “free” electrons exist within a conductor, 
then should a conductor be suddenly stopped while travelling at 
high speed, the inertia of the electrons will set up an e.m.f. Now, 
if a potential difference V is applied to the ends of a conductor of 
length Z, the field strength is A = Vfl, We have 

ma — Xe = Ve/l 

and a = , - 

Im 

where a is the acceleration imparted to an electron by the field X, 
Conversely, if a wire of length I is quickly brought to rest, the elec¬ 
trons suffer a negative acceleration a. This produces a potential 
difference between the ends of the wire given by 

y Ima 

~ e 

The electrons, by reason of their inertia, tend to keep moving and 
this movement constitutes a current i. Thus 

V Ima 
Re 

where R is the resistance of the wire. In Tolman and Stewart's 
experiment a flat coil of wire, comprised of many turns, was rotated 
at a high speed about an axis perpendicular to the plane of the coil 
and then suddenly stopped. Wires were taken from the coil via 
slip rings to a ballistic galvanometer. If t is the time the coil takes 
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to come to rest, then the charge q passing through the galvanometer 
is it, so that 

Imat Imv 
^ ^ Re Re 


where v is the original velocity of the coil. Thus 

e Iv 
m Rq 


the value found for copper being 1*6 x lO"^ e.m.u./grn. The direction 
of the throw of the galvanometer was found to bo that required 
by negatively-charged particles. 

In another experiment a metal disc was spun at high speed, this 
causing electrons to be driven towards the periphery of the disc 
by centrifugal action. Thus, electrons collect at the edge of the 
disc, making this negative to the centre, until the field they produce 
just balances the effect of centrifugal force. The force on an electron 
due to the field is Xe, and that due to centrifugal action mv^fr, 
where v and r are, respectively, the velocity and radius of the disc. 

Xe - mv^jr 
Ve mv^ 
r r 


Hence 

or 


and 



where V is the potential difference between the centre and edge of 
the disc. From the last ex})ression 

e 

rn V 

which was found to be the value for the electron. 

So far, only the ratio efm has been obtained and to find the values 
of m and e either one or the other must be directly determined. 


The Wilson Cloud Chamber 

In order to measure the charge of the electron, Thomson em¬ 
ployed a Wilson cloud chamber. The cloud chamber is due to a 
discovery of Aitken that when condensation of water vapour occurs, 
it tends to do so on nuclei of dust or particles in the atmosphere 
rather than on air molecules. The method of operating a cloud 
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chamber as employed by Aitken may be appreciated from Pig. 3-3. 
The globe G is initially filled with ordinary air and a small quantity 
of water to ensure complete saturation of the air. The taps 
being turned off, the pump exhausts R. is now turned on, with 
the result that an adiabatic expansion occurs in O, and the air cools 
and becomes supersaturated at the lowered temperature. The excess 
of moisture condenses in the form of fog or mist, the cloud slowly 
falling on to the floor of the cloud chamber G, If now a fresh supply 
of air is admitted to G through the filter, there will bo fewer dust 
nuclei present. Hence, if a fresh expansion is made, the drops will 
be fewer and larger and the mist less dense. If the process is repeated 



Fig. S-3 


several times the drops become easily visible and move downwards 
at an appreciable speed as a shower of rain. Ultimately, when the 
air is completely freed from dust, further expansions do not produce 
a mist or rain at all. 

An important aspect of the cloud chamber, as we shall presently 
see, is its ability to form clouds or fog tracks on ions and electrons. 

The action of nuclei in condensing vapour is due to the principle 
that the vapour pressure over a surface depends on the curvature 
of that surface. For example, the vapour pressure over a convex 
surface is greater than over a plane one. When water evaporates 
from a plane surface there is no reduction in area and consequently 
no change in the potential energy due to surface tension. For the 
case of a curved surface, such as a water drop, evaporation will 
cause a reduction in the surface area and therefore a reduction in 
the potential energy due to surface tension. Hence surface tension 
will promote evaporation in this case which will go on farther from 
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a spherical drop, than from a plane surface; i.o. the vapour pressure 
will be greater than over a plane surface. 

To further these considerations, suppose a capillary tube dips 
in a liquid contained in a closed vessel (Fig. 3-4) and that no gas 
other than the vapour of the liquid is present 
above the liquid surface. Let and 
vapour pressures of the liqui(i at A and B 
respectively. If h is the height of B above A, 
then 

Pi ^ A> f- 

whore a is the vapour density, assumed con¬ 
stant as h is small. We may express h in 
terms of the surface tension T and the radius 
of curvature of the liquid at B. The pressure 
in the liquid just under the surface is 

iT 
P2- , 


/- 

tf 

h : 

s A 


— 



Fig. 3-4 


and the licpiid pressure at A is therefore 

2p 

P2 - - 1 - 


where p is the density of the liquid. But this is equal to and 
hence 

2T 

Pi Pi- j. f f/M 


and, from (3-7) 


2T 

I- gah ^ Pi- ^ + gph 


or 


2T 

- = gh{p - a) 


2T 

and p^ - Pi = gha = -- 

If the surface at B is convex, then 



Pi-Pi = 


r [p 




It will be noted that the vapour pressure over a curved surface 
differs from that over a plane surface by an amount 

277 a 
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Unless the droj)s are very small the effeet of curvature is inappreci¬ 
able in altering the vapour pressure. When a drop is extremely 
small it will rapidly evaporate in an atmosphere from which vapour 
would condense on a plane surface. Ffence, water drops which 
have to grow from indefinitely small drops by precipitation will 
only do so if nuclei such as dust partic^les are present or the atmo¬ 
sphere is supersaturated. 


Condensation and Formation of Drops on Ions 

C'. T. R. Wilson discovered that ions and electrons may form 
nuclei on which droy)s may grow by condensation. With dust-free 
air no cloud is formed if the exyiansion ratio is less than 1-25. If 
X-radiation is directed on the cloud chamber an expansion of 1-25 
gives a cloud on electrons, but 1-84 is reipiired for a cloud on positive 
ions. The following exj)lanation may show the means whereby drops 
form on ions. The work done, per unit surface area, in iiujreasing 
the radius of a drop by dr, is 

2T , 
dr 
r 

Thus the total work done due to surface tension is 

2T 

4777*2 dr — HnrTdr 
r 


and the ])otential eiungy of the droj) at radius r is 


rr 


HttT 


rdr ~ 


Jo 

If the droj) has a charge c, the potential energy due to the charge 
is e^l2Kr, where K is the specific inductive capacity of the medium 
in which the drop exists. Thus, the total energy is 


E = Attv^T -f 


2A> 


This energy will tend to become a minimum 


i.e. 


or 


dE 

dr 


HnrT- 

02 


2A>2 


= 0 




If a drop commences to form on an ion, the radius of which is, of 
course, exceedingly small, the drop will commence to grow and 
condensation will occur. This will go on until r® = e^jl^irKT, If 
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tends to exceed this value, the effect of surface tension will be 
to cause evaporation. 

The Determination of e. The Electronic Charge 

Thomson’s Method 

The apparatus employed by Thomson is illustrated by Fig. 3-5. 
The gas under experiment is situated in A and is ionized by X- 
radiation from above. The gas in the expansion chamber is shut 
in by a movable })iston P, consisting of the end of a tost tube. 

The joint is made air-tight 
with water, which also serves 
to keep the space A satur¬ 
ated with water vapour. The 
air space within P communi¬ 
cates with B via T, and the 
piston can be raised to any 
desired height by forcing air 
in at C. The vessel X is 
maintained at a low pressure 
and is closed by a valve F. 
On pulling back the valve 
rod P, the space under P is 
rapidly exhausted, and the 
piston falls, producing an 
adiabatic expansion of the 
gas above P. Let tt be the atmospheric pressure, the pressure 
difference of the two arms of an attached manometer, before expan¬ 
sion, and a the water vapour pressure. Then 

7T = P^+p^ + a . . . (3-8) 

where P^ is the gas pressure in A before expansion. After expansion 
and when the temperature of the apparatus has attained the tem¬ 
perature of the laboratory 

P 2 = ^ — P 2 — • • • (3-9) 

From Boyle’s Law, P-^v^ ~ p 2 V 2 > from (3-8) and (3-9) 

^ __ ^ — O ' 

rr — p2 — a 

which gives the expansion. Also 

log^== (y- 



and 





THE ELECTION 


109 


which gives Og* lowest temperature reached during the expansion. 

Now, let Wj bo tlie weight of water vapour needed to saturate 
the expansion cham})er at the initial tcm])erature Oj and that 
to saturate it at Og- Then the weight of water deposited is 


M = Wi— fFg. The drops constituting the cloud fall under gravity 
with a limiting velocity given by Stoke’s Law 


where 


9 




p is the density of water, r the radius of the drop, and rj the 
viscosity of air. ''Fhe velocity is found by observing the rate at 
which the surface of the cloud falls. Knowing this, r is found. 
If n is the number of drops in the cloud 

;{ Ttr^pn — M 


which determines n. The water surface in A is connected to an 
electrometer and thus the charge Q brought down by the cloud is 
obtained. F'inally the charge on an ion or electron is Qln, 

The value of p obtained by Thomson by the foregoing method 
was 3*4 X electrostatic units, a I'esult now known to be some¬ 

what low. The weak points in the method are the assumptions 
that the drops each contain but one ion and that the total mass of 
water in the cloud is that due to an adiabatic expansion. Actually 
the cloud tends to evaporate as the temperature of the air rises, 
with the result that the mass of the drops is not constant. Never¬ 
theless, Thomson’s investigation is justly celebrated and may be 
regarded as the first direct determination of the electronic charge. 


H. A. Wilson’s Method 

A method of determining p which does not necessitate the 
determination of the mass of the cloud and the number of drops 
is due to H. A. Wilson. The velocity of a sphere moving through a 
viscous liquid is proportional to the force driving it, so that a 
vertical field X which exerts a force Xp on the drops will modify 
their velocity. If is rate of fall with A = 0, and the rate of 
fall in the field, then, 

^ mg 

where m is the mass of a drop and the force Xe is reckoned positive 
when its direction is downwards. 

The apparatus employed consisted of an expansion chamber 
containing two horizontal parallel electrodes between which the 
field X was maintained by means of a potential difference of about 
2000 volts. The electrodes were 3*5 cm. in diameter and about 
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5 mm. apart. It was found that without the field the drops formed 
by an expansion all fell at the same rate. With the field applied 
this was not so, several sets of drops being discernible, each set 
falling at the same rate. Three such sets could usually be detected, 
it being found that the charges carried by them were in the ratio 
of 1 : 2 : 3. This shows that the charges are multiples of an atomic 
unit, giving confirmation of the theory of atomicity of electricity. 
The results obtained for e varied from 2 x 10"^® to 4*4 x 10~^® 
electrostatic units with a mean value of v 

As with l^'homson's method, inaccuracy was present due to 
evaporation of the drops. 

Millikan’s Method 

Probably the most accurate determination of the electronic 
charge is due to Millikan, who employed an improvement of Wilson’s 
method. Drops of oil or mercury were employed, which do not 



evaporate, these being produced by a sprayer or atomizer. The 
final form of Millikan’s apparatus is shown by Fig. 3-6. A and B 
are similar circular metal plates, 22 cm. in diameter, 14-9 cm. apart, 
which have optically worked plane parallel surfaces. In the centre 
of the upper plate is a small hole through which drops of oil or 
mercury may pass from the sprayer above. The plates are supported 
in a metal box which is immersed in an oil tank TT, The drops €ire 
illuminated by means of an arc lamp through a window W, and are 
observed by means of a long-focus microscope, in which the image 
of a drop appears as a bright point of light. 

On operating the sprayer, a large number of drops is formed 
above the plates, a few of which pass through the hole in the upper 
plate. X-radiation is passed between the plates, whereupon the 
drops pick up charges and, due to the electric field, either remain 
suspended or move slowly up or down. A drop may be selected 
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and its velocity found by measuring the time its image in the 
microscope takes to pass from one hair line to another in the eye¬ 
piece. As with Wilson’s method, we have 

% ^_ 'rng _ 

2^2 mg ± Xc 


and 


^ ± ■ X 


7n is determined from and Stoke’s Law, and we have 

4770* / 9 


m 


iira / 9 \ ’ , 
3 \2ga)''^ 


which gives 


e -= ± 


477/9V/ 1 V(/., -v,)r 


mi) 


X 


. (3-10) 


From (3-10) it will be noted that the charge on a drop is proportional 
to {V 2 — Vj). It was found that the values of (rg— ?;i) were always 
multiples of some minimum value (^^ 2 ~ ^\)o- This shows that the 
charges on a drop were always multiples of a definite unit, i.e. the 
electronic charge, the charge being varied by the addition of electrons 
or positive ions one at a time. The final result obtained by Millikan 
was 

e = 4-774 X 10 electrostatic units 


The value of e now generally accepted is 4-77 X 10~^® e.s.u. or 
1-59 X 10~20e.m.u. Combining this with the accepted value of 
1-757 X 10^ for ejm gives m — 9-1 X lO'"^® gm. for the mass of the 
electron. Hence the mass of an electron is 1/1839 of that of an 
atom of the lightest known element, i.e. hydrogen. 


Electron Dimensions 

Having determined the charge and mass of the electron, it is 
evidently important to have some idea of its dimensions. As will 
be shown later, it is probable that an electron does not possess what 
is commonly termed inertia or gravitational mass, but owes its 
mass to the electromagnetic field it creates when set in motion. 
In a state of rest an electron possesses a radial electric field only. 
When in motion it behaves as a current element ev with an accom¬ 
panying magnetic field. The energy of the latter is HySn ergs per 
unit volume, and the total energy may be equated to ^mv^, where 
V is the electron velocity. This means that it is assumed that the 
kinetic energy of the electron is entirely due to the electromagnetic 
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field. The field will extend throughout space and, if it be assumed 
that the electron is spherical, will have the radius of the electron 
as a lower limit. Thus the charge of an electron is assumed to reside 
on, or within, a sphere of radius a. Now, according to an original 
assumption of Laplace, the field due to a current element ids is 
ids sin0/r2 where r is the distance from the element and 0 is the 



angle between r and ds. (See Fig. 3-7.) Hence the field due to a 
moving electron is 

ev sin 0 

ti — Q 

and the energy per unit volume at any position in space is 

(er sin6/r2)2 

Taking a volume element dV, the total energy of the field is given 
by the integral 

Et =jEdV 

where this is taken over the whole of space surrounding the electron. 
Referring to Fig. 3-7, the volume-element dV may be expressed in 
spherical polar co-ordinates with the electron situated at the origin 
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and having its velocity directed along the x axis. Thus, from 
Fig. 3-7 

dV = rdd X dr A r Go^0d<f> 
r 2 ^2 

and Ei == mn^rHrdcj) Qo^OdO 


Expressing this as a triple integral with appropriate limits 

(*7rl2 

sin^O cof^OdO 

ttI'I 



3u 

But Et — bnv^, and thus 

^ 2^,2 


2 


which gives 


2_c 
3 m 


Substituting for e and m, a - 1*9 x 10 cm. It may be mentioned 
that, as wo are dealing with an electromagnetic field, c must be 
expressed in e.m.u. 


Electron Dynamics 

It will have been noted that the majority of experiments devised 
to study the properties of ions and electrons depend on the behaviour 
of the latter under the action of magnetic or electric fields or com¬ 
binations of both. Furthermore, scientific and engineering appli¬ 
cations of ions and electrons (i.e. Electronics) in the majority of 
instances de})end for their functioning on the motion of these 
particles under the influence of such fields. This motion may be 
termed electron dynamics, and to this subject closer attention will 
now be directed. It may be found that some of the ground already 
covered in previous chaj)ters will be touched on, but some of this 
matter will be included here for the sake of completeness. The 
simplest exan^ples will be first treated, advancing to others of 
greater complexity. 

Motion of a Charged Particle in an Electric Field 

The force on a charge q in an electric field of strength X is 
given by 

qX .... (3-11) 
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and in the absence of inij)eding forces the charge receives an acceler¬ 
ation equal to 

^ X .... (3-12) 

where m is the mass of the particle. The charge, of course, moves 
in the direction of the force, and after a time f possesses a velocity 


u^^Xt + Un . . . (3-13) 

m * 

where is the initial velocity. Assuming the direction of flight is 
parallel to the x axis, the distance of the particle from the origin 
at time t is 

^ ^ • • • (3-14) 

where Xq is the position from the origin when ^ = 0. The velocity 
of the charge may be expressed in terms of the potential difference 
through which it has fallen. Thus 

lmi7i^—'Uo^} = q{V—Vo) . . . (3-15) 

where Vq is the potential at the position corresponding to Uq and 
V similarly corresponds to u. From (3-15) 




and if Vq and Uq = 0 


u 


M Ti 


m m 

Substituting from (3-16) into (3-14) 


(3-16) 


or, if Uq and Xq == 0, 




(3-17) 


which gives the time of flight. When q and m are, respectively, 
the electronic charge and mass, and F is expressed in volts 

l¥e , 

5-95 X 10^ cm. per volt*/sec. 


V m 


For an ion of atomic weight A 

= 1*39 X 10®A.~* 10*cm. per volt^sec. 
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The foregoing equations are, of course, based on the assumption 
that X is constant. If X is a function of time, then 



du 


di ~ 

and 

u — 

Also 

dx 

df "" 

and 

X — 


«o 

hUo)di 


The expression given by (3-15) is an energy equation and depends 
only on the initial and final states. Hence, if Uq ~ 0, n is always 
equal to \^2qlmV^ and is independent on the manner in w^hich V 
varies with respect to time. The time of flight of an electron, or 
charged particle, must, however, be (expressed differently from 
(3-10). We have 

„=751'i 

yj in 


^ 2q ’ 


V-Hx 


V-Hx 


If X is constant, then V = Xx and 

J V-Ux = j(Xx) -idx - 2{Xx)-h- 


V~^x as before. 


Motion in Two Dimensions 

A case of considerable practical importance is where the initial 
velocity direction of an electron does not coincide with that of the 
field. Referring to Fig. 3-8 (a), let the field be in the direction of 
the y-axis and the electron enter the field at an angle given by 

tan 0Q = vJuq 
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where Vq and are, respectively, the initial velocity components 
of the electron in the y and x directions. As the ;r-velocity component 
remains unaffected, we have 

U ~ Uq 
X =■ uj 

t being reckoned from the moment the electron enters the field. 
Again 



Fia. 3-8 


Assuming X to be independent of i. Eliminating t we have 



(3-lS) 

(3-19) 


which show that the t;-directed velocity component is a linear 
function of x and that the path of the electron is a parabola. The 
angle of flight is given by 


tan 0 X „ 


% 

Uq 


The foregoing equations for two-dimensional motion are based 
on the assumption that the field vector points in the -y direction. 
If the opposite direction is assumed the electron trajectory will 
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have a maximum for a finite value of z. In this case we must 
write 

= — - - + Vq 

m ” 

^ 2in ® 


or 

” ^ m i;+"« 

. (3-20) 


^ 2 m Uq 

. (3-21) 

For a maximum 

^ = +-“ = 
dx m ‘ i/q 

0 

or 

m VrMf. 

^ V 

q X 


and 

1 m 

2 ^ T • 

. (3-22) 

A case of common occurrence is where Vq = 0. In this circumstance, 
the trajectories are identical in form (although opposite in direction) 
whether the direction of the field is positive or negative. 


Variation of Mass with Velocity 

In the treatment of the motion of a charged particle it has so 
far been assumed that the mass of the particle is unaffected by 
its velocity. This assumption is justifiable, provided that the 
velocity is less than that corresponding to about 3000 electron-volts, 
but above this it may be necessary to introduce a correction factor. 
To those familiar with the Special Theory of Relativity it is, of 
course, well known that the mass of a body is related to its velocity 
by the following equation 

mo 

m = —p:—=—^ 

V 1 — (v/c)^ 

where is the rest-mass of the body, v its velocity, and c the 
velocity of light. It is, however, possible to deduce this result 
from electromagnetic theory and this procedure will now be followed. 
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Electromagnetic Momentum 

According to Maxwell’s electromagnetic theory of radiation, an 
electromagnetic wave exerts a pressure on the surface on which it 
falls. If total absorption occurs this pressure is equal to the energy 
of the wave per unit volume. Let E be the pressure (and energy) 
per unit volume of the wave, and consider a volume of area A 
and length x moving with velocity c. If this energy is assumed to 
possess momentum and M is its magnitude, then, from Newton’s 
Second Law of Motion 

/ - -EA ... (3-23) 

because EA is the force exerted when total absorption occurs. Let 
dx be the distance travelled by the wave in time dt. Multiplying 
both sides of (3-23) by dx we have 

dx “ EAdx 
dt 

dx 

or dM -77 EAdx 


But dxjdt 


tlierefore 


EAdx 


Integrating 


EAdx 


M .Ax 
c 


As Ax is the volume, it follows that the momentum of the wave per 
unit volume is 

M = - . . . . (3-24) 


From this result it appears that a field has energy and momentum, 
and as it can travel through space it has some of the essential 
properties of matter. As this momentum is that of the energy of 
the field it may be said that electromagnetic energy in motion has 
momentum. It may be supposed, therefore, that the momentum 
of matter is simply the momentum of the energy it contains. This 
follows because energy can be converted from one form to another. 
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and if electromagnetic energy has momentum it is probable that 
other forms of energy have the same amount and kind of momentum. 

Electromagnettc Mass 

As a field possesses energy and momentum, two essential pro¬ 
perties of matter, it is possible that it possesses a third essential 
property, i.e. mass. Iliis mass may be determined in the following 
manner. Referring to Fig. 3-9, let this represent a radiation-tight 
tube with bodies A and B of equal mass at its ends. Assume that 
A has initially more energy than B and 
that it dischai'ges this excess energy in 
the form of an electromagnetic wave to 
B. As the wave leaves, A exj)eriences a 
backward im])ulse /, and B experiences 
a forward impulse I when it arrives, duo 
to the wave possessing momentum. Let d be the distance from A 
to B. Then during the time dje the system travels tow ards the left 
with velocity 1 jni where is the mass of the bodies A and B. 
The distance the system is displaced during this time is 

I d 

but by Newton’s Third Law the centroid remains in the same place. 
Thus, if the mass m is displaced to the left, another mass must 
be disijlaced to the right. The only thing which moves to the right 
is the wave which travels the distance d. Hence if the mass of the 
wave is m 

rrid 

or w 

But / -= EJe, and hence 

m 

where is the total energy of the wave. From this it will be seen 
that the masfe of the field per unit volume is Efc^, 

From the foregoing it appears that electromagnetic energy may 
be considered to possess mass, and as this energy may be converted 
to other forms it is probable that all forms of energy have mass in 
accordance with the relation expressed by (3-25). It follows as a 
corollary that all mass may possess energy in accordance with 
(3-25), 

5-~(T.289) 



A D 



Fics. 3 9 
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Relation between Energy, Mass, and Velocity of a Particle 

Considering a particle of mass m moving with velocity v, its 
momentum may be written 


M 


Ev 


If a force acts on it in the direction in which it is moving and there 
is no loss by radiation 

dM _ E dv V dE 
^ ~ dt dt ^ dt 

Now fdt -- d]\1 

fdx — dE 
dx = vdt 


from which 
and 


dM - dEjv 
dE Edv t- vdE 

V ~~ 


_ . dE vdv 

Transposing ^ = -,- 3 ^ 

which leads to log E \ log {c^ — v^) + log C 


When V Q, E — Eq. Therefore 


6^ - E,c 


and 


E 


EqC 


Vl — v^jc^ 


. (3-26) 


Prom (3-25) we may write E — mc^ and E^ = m^c^, where is the 
rest-mass of the particle. Substituting in (3-26) 


rn = 


__ 

V\ — v^jc^ 


(3-27) 


a result which is identical with that derived from the theory of 
relativity. The kinetic energy of the particle is 


E — En = Ei 


r ‘ 

LVi — v^jc^ 


. (3-28) 
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If vjc is small (as it generally is), (3-28) becomes 

_ Ey 

2c^ 

and since we liave 

E—E^= \m^v^ 

It is evident from (3-28) that it is only when v is comparable with 
c that a correction must be applied for the variation in the mass of 



a body according to its velocity. If the velocity of a charged particle 
is calculated in the normal manner from the potential through which 
it has fallen, it is apparent that this calculation ignores the effect 
of the increased mass of the particle. Hence the calculated velocity 
is greater than the actual velocity. The latter can be found from 
the former in the following manner— 

The calculated velocity is given by 

= . . . ( 3 ^ 29 ) 


or 


I 2 — 


2eV 

mo 
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Also from (3-28) and (3-29) 


Hence 

and 


which gives 



V being the true velocity and i\ that as calculated above. Referring 
to Fig. 3-10, it will be appreciated that it is only when \\\q exceeds 
about 0-1 that it is necessary to replace by v. At this value, 
F “= 2540 electron-volts. 


Electron Radius 

With the assistance of the foregoing theory of electromagnetic' 
mass the radius of the electron may be calculated. Assuming the 
charge of the electron to be distributed over a sphere of radius a, 
the energy of this (*harge is 

J X charge X potential = 

or y , - ^ 

a 

(4-774 X 10-10)2 

and a = - 2 x ff-1 X lO-^s x (3 x lO^)* 

= 1-4 X 10-13 

which is of the same order of magnitude as the result obtained on 
page 113. 

Motion of a Charged Particle in a Magnetic Field 

If a charged particle is placed within a magnetic field, then, 
provided there is no relative motion between field and particle, 
the latter will experience no force. It will be noted that this is a 
distinctly different state of affairs from that occurring with an 
electric field. If the particle is set in motion it will be equivalent 
to an element of current, for the latter is only a charge in motion. 
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Referring to Fig. 3-11, the force acting on this equivalent current 
element is 

/ = Hids sin 0 

where H is the magnetic field strength, i the current in e.m.u., 
ds an element of length, and 6 the angle between the directions of 
H and ds. Writing i = dqfdt we have 

f ~ H^ds sin 0 


/J' 


= Udq sin d 
— Hqv sin 0 


(3-30) 


FORCe ACTS 

DOWNWARDS INTO PLANC 
OF PAPER 



ELECTRON MOTION. 
DUE TO Vcos 0 


Fia. 3-11 

where q and v are, reKspectively, the charge and velocity of the 
particle. This expression clearly shows the dependence of the force 
on the velocity of the particle and also indicates that when the 
motion is parallel to the field no force exists. The direction in 
which the force acts depends, of course, on the sign of g. Thus, the 
direction for an electron is opposite to that for a positive ion. 

Let it now be assumed that an electron, or positive ion, with a 
velocity v enters a uniform magnetic field at an angle 6. The com¬ 
ponent of the velocity parallel to the field is v cos d and, as this 
does not produce a force, this component will be unaffected and 
the particle will move along the field with velocity v cos 6. The 
velocity component v sin d produces a constant force perpendicular 
to itself, and as this force has no component parallel to v sin 6 
the direction of the particle will be changed but not its s'peed. Now 
a body moving in a circular path with constant speed experiences 
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a constant force perpendicular to its direction of motion, the magni¬ 
tude of this force being equal to mv^Jr, where m is the mass of the 
body and r the radius of its circular path. Hence it follows that 
the velocity component v sin 0 of a charged particle will cause it to 
describe a circular path in a constant magnetic field, the radius of 
the path being given by 

Ilqv sin 0 — mv^ sin^ djr 


i.e. 


mv sin 6 

r ~ TT~ ~ cm. 
Hq 


(3-31) 


If the kinetic energy of the paitiicle is expressed in electron-volts, 
we have 

=z qV 
sill 0 

q 

which, for an electron, is 


and 


r ~ 


(2F)1 


3-36 sin 0 
~U 




(3-32) 


The angular velocity with which the particle describes its path is 

V sin 0 _ Hq 
~ r m 


which is independent of the linear velocity and 0. 
The periodic time is 


27r 27rm 

w Hq 


(3-33) 


Now during the time the particle is traversing the circular path 
the velocity component v cos 0 is translating the particle parallel 
to the direction of the magnetic field. Hence, it follows that the 
actual path traversed by the particle is a helix, the pitch of which is 


Tv cos 0 = 


2Trmv cos 0 

Wq 


(3-34) 


Pabticle Motion in Simultaneous Elbctbic and Magnetic 
Fields 

The motion of a charged particle under the simultaneous influence 
of electric and magnetic fields parallel to each other will first be 
considered. Referring to Fig. 3-12, the fields will be taken to be 
parallel to the ^-axis with the directions shown. If the particle 
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enters the fields without a velocity component in the ir-direction 
it will simply move parallel to the field according to the relations 

V ^ ^ Xt f 

• • • (3-35) 

As no velocity-component perpendicular to the magnetic field 
exists, this field will be without effect. Assuming now that a 
velocity-component, exists in the r-direction, this will give rise 
to circillar motion, the radius of the path being independent of X. 





Frc. 3-12 


The particle will now describe a helix along the y-axis, the pitch 
constantly increasing with time as indicated by (3-35). The value 
of the pitch is obtained from (3-33) and (3-35), and is 

p = \l X[(l, ^ Tf - ^ v,[(t, -i- T) - t,] 

mi lli/ 

X [ ^ 27Tm \ 

or p = + 

where is any instant of time. The radius of the circle is, of course, 
given by either (3-31) or (3-32). 

Particle Motion in Mutually Perpendicular Electric and 
Magnetic Fields 

In this case it will be assumed that the electric field is in the 
— a:-direction and the magnetic field is in the — z-direction, as 
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shown by Fig. 3-13. If the only initial velocity-component is 
then the force on the particle due to the magnetic field will be in 
the opposite direction to that due to the electric field. Hence the 
resultant force on the particle is 


Hqvq— Xq 


and, if ~ X/H\ this is equal to zero. Thus, in this special case, 
the motion of the particle is unaltered by the joint action of the 
fields. 

A case of some importance is when the particle is released with 
zero velocity, i.e. 21 q = Vq ~ Wq ~ 0. At any instant after release 
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the X velocity component is dx/dt. The force on the particle due to 
this component and the magnetic field is in the ^-direction and is 
given by Hq dxjdl. Hence 

dx 


m 


df^ 




(3-36) 


The force on the particle due to the electric field is Xq and acts in 
the u"-direction. In addition to this force is one created by the 
magnetic field and the y-directed velocity component of the particle. 
This acts in the — x direction, and hence the resultant force along 
the X axis is 


d'^x dy 

. (3-37) 

Differentiating (3-36) and (3-37) 


d^y d^x 

dt^ ■ 

. (3-38) 

d^x dhj 

. (3-39) 
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From (3-39) 


dh^ m d^x 

df^' ^ ■" IJq dt^ 
and substituting in (3-36) we have 

d^x dx 


or 


Let dxfdt — Z. Then 


„ d^x ^ dx 

-f HYZ ■= 0 


and 


Z 


A sin f + B cos t 
m m 

m , Hq m ^ Hq 

— ^ A cos < + „- J? sm T -V C 
Hq m Hq m 


where A, B, and C are constants. 
When f = 0, 0 " 0, dxfdt = 0. 


Therefore 


and 


W! 

5 = 0 and (7 - A 
Hq 

X — ^ (1 — cos pt), where p — ^ 

p\ I /y J ^ 


In order to obtain A it may be noted that for < = 0, dyjdt = 0. 
Referring to (3-37) we have 

d^x dy 






or 


mpA 


Hence 


and 




Xq when t 
X 
H 


0 


mp 


COS pt) 


(3-40) 


In order to obtain y we differentiate (3-40) twice and substitute 
in (3-37), obtaining 


mpx , V u 
-JJ- cos pt = Xq — Hq 


and 

where Z> is a constant. 


dt 

y 


X 

H' 

X 


mpX 

H^ 

mX 


H" mq 


cos pt 
sin pt + D 
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When / = 0, y ~ 0, therefore I> == 0 
, X mX . 

^ y ^ 

Collecting (3~40) and (3-41) we finally have 

X 


(3-41) 


(3-42) 


{pt — sin pt) . 


. (3-43) 


These last two equations are those of a cycloid, i.e. the curve gener- 
I ated by a point on the circumference of a 

/ circle of radius r which rolls along a straight 

/ line, the ^-axis. Referring to Fig. 3-14, the 

/ position of the point P represents the posi- 

/ tion of the electron at any instant. Assum- 

ing this to have been initially at the origin, 
then its co-ordinates may be expressed in 
terms of 0, i.e. the angle through which the 
N. circle has rolled. The distance OA is equal to 

\ rO, this being equal to the length of the arc 

\ PA. The distance y is 
\ rd — PC sin 0 


Also X is equal to 


r{0 — sin 6) 
OC-PB 
r—r cos 6 


( A Hence x == r(l — cos 0) 

T^KAy ) y = r(9 — &m6) 

_ y which is identical with (3-42) and 

o 3-— ( 3 - 43 ) ii 0 ~ pt and r = XfpH. 

^ ^ It will be appreciated that 

the particle will describe a path 
® similar to that of a point P on a 

Fig. 3-14 rolling circle and that its distance 

from the y axis cannot exceed the diameter of the circle. Hence 


Fig. 3-14 
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where is the maximum distance the particle can travel in the 
X direction. 

The cycloidal motion described has been employed to determine 
the ratio mje for the electron. To effect this, a zinc plate takes the 
position of the ly-axis and is exposed to ultra-violet light which 
causes it to emit electrons by photo-electric action. If a second 
plate is placed parallel to the zinc plate, no charge will be received 
by the former until the distance between the plates is 

, 2X m 

Thus mje may be determined. 



Fig. .3 15 


The velocity of a charged particle un^Ubing cycloidal motion 
is given by 


V = V (dxldt)^ + (dyldt)^ 



or 



(1 — cos pt) 


2X . pt 
~H 2 


Thus, when pt = 277, i.e. after one complete period, the velocity 
of the particle is zero. 

In addition to the various motions already considered, and 
referred to cartesian co-ordinates, we may consider one further and 
final case before passing to motions referred to a polar co-ordinate 
system. This case is where the directions of the electric and magnetic 
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fields make an angle with each other. The plane determined by 
the fields will he taken as the n plane, the conditions being shown 
by Fig. 3~15, whore 0 is the angle between the field directions. 
The electric field may be resolved into two components, one, X cos 6, 
parallel bo the magnetic field and the other, X sin 0, perpendicular 
to the magnetic field and having the — x direction. It follows that 
the conditions are similar to those of Fig. 3-13, with the exception 
that X in (3-42) and (3-43) must be replaced by X sin 0 and that 
now a 2 :-co-ordinate exists due to X cos 0. Thus, the projection of 
the motion of the ])article upon the xy ])lano is still a cycloid, but 
the motion now occurs in three dimensions instead of the former 
two. The co-ordinates as a function of i are 


X sin d 

X sin 6 
gX cos 0 ^ 

it being assumed that the particle starts from rest. 


~pH 


y=r 


Cylindrical Symmetrical Systems 

The foregoing analyses of charged particle motion have been 
effected with the use of rectangular co-ordinates. However, in 
cases where cylindrical symmetry exists, such as, for example, 
between concentric cylinders, it is preferable to employ cylindrical 
polar co-ordinates. As an instance, consider a long straight filament 
surrounding which is a coaxial cylinder. If a potential difference 
is maintained between these, the cylinder being positive, a purely 
radial field will exist which will be cylindrically symmetrical. 
Should electrons be emitted from the filament, they will be acceler¬ 
ated by the field and travel radially to the cylinder. The electron 
acceleration is not constant because the field strength is a function 
of r, i.e. the radial distance from the filament axis. The value of X 
as a function of r may be found in the following manner. Let a 
charge Q exist per unit length of the filament. Then the charge 
density is Qf27rrf and the field at any radius r is 477. Ql27rr = 2Qlr, 
Hence 


X = 2Qlr 
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The force on a charged particle at radius r is 


qX^ 


2qQ 

r 


and the work done in translating the particle a distance dr is 


qXdr — 


2qQdr 

r 


If g is a unit charge, then the potential difference between the 
filament and cylinder is 


V 


= 2Q 


dr 

r 

J}f 


- 2Q log ^ 

Dividing both sides by r 


V 

r 



and 


X 


V 

r 



e.s.u./cm. 


(3-44) 


From this result it will be noted that, unlike Y)revious]y considered 
cases, the field is not constant, but is a function of r. 

We shall now^ consider the ease where a radial electric field 
exists simultaneously with a uniform magnetic field, the latter 
being parallel to the filament axis. Electrons emitted from the 
filament will possess radial and transverse motions due to these 
fields, and the motions will bo considered with the assistance of the 
cylindrical co-ordinate system of Fig. 3-16. At any point P the 
force acting on an electron in the y direction is fy == may, where ay 
is the ^/-directed acceleration. The y-directed velocity is, of course, 
dyjdt. The radial and transverse velocities are, respectively, drjdt 
and rdOjdt. The radial acceleration may be considered to consist 
of two components, one due to the electron’s purely radial motion, 
given by dhjdt^, and the other due to the transverse motion, 
given by — rw^ or — rl{dOJdt)^. The signs of these two components 
are opposite in character, because the first acts radially outwards 
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and the other is always directed inwards towards the centre of a 
circle of radius r. Hence the total radial acceleration is 

Uf = — r{dOldt)^‘] 

Now the effect of the magnetic field is to produce a torque on the 



electron at right-angles to its direction of motion. As torque is 
equal to rate of change of angular momentum, we may write 

where fo is the tangential force, Iw the angular momentum, and I 
the moment of inertia. Differentiating 

- dirnrho) 

!•'=- it 


or 



m 


/sr + S’- 


dt’ dt) 
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Collecting results we have 


(3-46) 

(3-46) 


(3-47) 




, rdh- fdoyi 
Idt^ ~^\dt) i 


f — -- 
Jo — ^ 


^ dr do 

^ ^’^di'di 


(3-48) 


(3-49) 


(3-50) 


In the case under consideration fy — 0 and fo — Hqdridt. The 
radial force acting outwardly on the electron is Xq and in addition 
to this is a radial inwardly directed force due to the magnetic field 
and the transverse velocity component given by (3-47). Hence 
the resultant radial force is Xq — Hq rdOfdt, and we may write 

• • ■ —> 

and ■ ■ <*-“) 

Integrating (3-51) 


d\r^-^\^Hq\rdr 


which leads to 




(3-53) 


where the suffix / denotes corresponding values of r and dO/dt. 
Substituting (3-53) in (3-49) results in 


-r 7 
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Now for practical purposes this expression may be simplified 
by the assumptions that Tf is negligible com])ared with r and that 
the electrons arc emitted with negligible velocities. In these cir¬ 
cumstances (3-54) reduces to 



2m 


Multiplying througliout by drjdt and integrating 


dh 


dr — 


m ^m'^ 


rdr 


or 


Tt) ~U/J 


m Hm'^ ^ ^ ' 


where V = 


Xdr 


Again, assuming (drld()f and Tf to be negligible, we have 

drV 2rq_HY ^ 
dt) m ^ 

A matter of particular interest in connexion with this last 
equation is that if 1" IPqr^lSrn, drjdt is imaginary. Physically, 
this means that electrons will never reach the cylinder, but will be 
subsequently returned to the filament. Hence the smallest value 
that V may have in order that electrons may arrive at the cylinder is 

8m 


Under these conditions drjdt == 0 , the electron trajectory just 
grazes the cylinder and is tangential to this thereat. 

The foregoing type of electron motion will again be referred to 
in dealing with the magnetron in Chapter XII. 


Electron Theory of Physical Constants 

By means of the concept of the electron it is possible to give an 
explanation of the principal electrical and magnetic properties of 
matter such as specific inductive capacity, susceptibility, conduc¬ 
tivity, etc. The present chapter will be concluded with an account 
of the first two mentioned properties, while the third property will 
be dealt with in the ensuing chapter. 
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SPEcmc Inductive Capacity. Refractive Index 

Imagine a lamina of non-conducting material in which an electric 
field has been produced. '’Fhe electron shells of the atoms are not 
rigidly attached to their nuclei, so that it is probable that the field 
produces a relative displacement of the two. As the electronic 
charge is negative, it follows that the displacement of the shells is 
ill the opposite direction to that of the field. A result of this dis¬ 
placement is to produce a number of dipoles within the material, 
the moment of a dipole being equal to the 
magnitude of the charge disjilaced multi])lied 
by the amount of displacement. As a conse¬ 
quence of the dij)olcs, opposite eleetiic 
charges appear on the two opposing surfaces 
of the lamina, the amount of the charge dis 
placed per unit area being termed the 
polarization and denoted by the vector 
If, initially, it is assumed that the atoms, or 
molecules, constituting the material are 
sufficiently far apart to be without electrical 
influence on each other (this is the case with materials of low 
density), and, further, that the molecules possess no inherent dipole 
moment, the field within the material is 

X-^X,^4.7rPa . . . (.V55) 

where Xq is the field in the absence of the material. Referring to 
Fig. 3~17, which represents the conditions, it is evident that the 
dielectric polarization sets up a field which opposes that of the 
original field. Now the specific inductive capacity, or dielectric 
constant, of a material is defined as the ratio of the field strength 
due to a given charged system, where there is no material substance 
(i.e. a vacuum) to the field strength due to the same charge in the 
same region when occupied by that material. Hence 


where K is known as the dielectric constant. 

It will now be assumed that when the field displaces an electron 
it brings into existence a restoring force proportional to the electron 
displacement. The force on an electron being Xe, we have 

Xe = cfjx 

where x is the displacement and a is a constant. If Na is the number 
of electrons displaced per unit volume of the material and has the 


X 
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same value for all of these, then the number per unit area on the 
surface of the lamina is N^x and = Naf^x. Hence, dividing 
(3-55) by X, 

Aq _ A' = 1 + . . . (3-56) 

ow 

e 

= 1 

a 

In the case of a gas, is proportional to the density, p, of the 
gas. Thus, 

A" — 1 oc p 

and this relation has been found to hold very accurately. 

The refractive index of a medium is given by n -= c/v where c 
is the velocity of light in vacuo and v its velocity in the medium. 
According to Maxwell’s electromagnetic theory 

c = / - - and V =- — 

V A>o V Kf^i 

and n — ~ 

V 

where K and fx are, respectively, the specific inductive capacity 
and permeability of the medium and Kq and //q are those for a 
vacuum. For most dielectrics ^ is practically equal to po taking 
Alq as 1 

n = VK and = K 
Thus 1 == ^TTNaC^foL 

Refraction and Dispersion 

The foregoing treatment of specific inductive capacity and 
refractive index has been carried out for the case of a steady field. 
The circumstances will now be considered when an electromagnetic 
wave falls upon a dielectric material. The electron is now subjected 
to an alternating electric field which for a given frequency may be 
written X sin pt, where p — 27r/, / being the frequency. Assuming 
the nuclei to remain at rest, the electrons will execute forced 
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harmonic vibrations, the equation of motion being 
d^jc doc 

m ^ ^ + ca: — eX sin pt . . (3-57) 

where ^ is a damping coefficient. The general solution of (3-57) is 

X = e 2 /« (A sin ./-, „ f I- B cos ./-; „ H 


X = e (A sin J - f I- B cos J -' () 

y m 4m^ y 7)1 47»2 • 

+ - sin (pt — <A) where tan 6 = —r ^ 

The first term of this represents a damped oscillation having a 
frequency approximately equal to the free vibration of the electron, 
i.e. Pj ~ Voilrn. where — 27r/i, being the natural frequency. 
This term ultimately dies away. The second term represents a 
forced harmonic vibration and hence, after the transient has dis¬ 
appeared, we may write 

^X. 

X — - —-sin (pi — (f>) . (3-58) 

\/w2(p^2_^,2)2_|_^2^2 ^ f 

the amplitude of vibration of the electron being 

/ — . . . (3-59) 

Vm^(pi^—p^)^ 1 ^^p^ 

Now, if Pi is very large, the amplitude of vibration of the electron 
duo to the incident wave is correspondingly small and, thus, it 
scarcely affects the propagation of the wave. This also tends to be 
the case when p is large compared with Pj. If p p^ a condition of 
resonance results and the energy of the wave is completely absorbed 
and scattered in every direction.. If p is very large it will be noted 
that the amplitude of vibration is again small, but in this case 
P^p^ is large and the energy of the wave is now largely employed in 
heating the dielectric.* 

The influence of the electronic motion on the dielectric constant 
and refractive index may now be considered. Writing X sin p/ and 
Xq sin pt instead of X and X^ in (3-55), also (3-58) for x in the 
term containing we liave 

v • 'tr . ^TtN fie^X . 

X sm pt = Xn sm pt — —,— -r::^ sin (pt — 6) 

^ ^ \/m2(iV - p2)2 + 

and, if <f> is small, this leads to 

»2 == ij: = 1 + . (3_60) 

Vm^(p^ — p^Y + 

* This, of course, is the principle of H.F. Dielectric Heating. 


(3-60) 



138 


ELECTRONICS 


This last result indicates why light is dispersed when it enters a 
refracting medium, for the index of refraction depends on the 
frequency of the incident wave. When p is small, (3-60) reduces to 
(3-56), which is the refractive index for low frequencies or long 
waves. As p increases towards p^, the refractive index increases, 
becoming a maximum for p ~ Pv If V increases beyond p^ 
the refractive index may suddenly change sign.* If p is continually 
increased, the refractive index will, for some value of p, be positive 
and less than unity and ultimately tend to unity for very short 
waves. A value of less than unity indicates that long waves are 
refracted more than short ones, and this phenomenon has been 
observed and termed anomalous dispersion. 

The foregoing theory of sj)ecific inductive capacity and refractive 
index has boon based on the assumption that the molecules arc 

sufficiently far apart to be 
without influenc<e on each 
other. In the case of dense 
substances, however, it is 
necessary to take into con¬ 
sideration the mutual inter¬ 
action of the dipoles. Pre¬ 
viously it was assumed that 
the field at an atom or mole¬ 
cule is the macroscopic field X, 
Due to the influence of neigh¬ 
bouring electrons and nu(?lei, the field at a molecule may differ from 
X and the actual field is termed the microscopic field. It is the latter 
which wo must now determine. In order to calculate this, the small 
space surrounding a molecule, in which there are no other charges, 
may be regarded as a small spherical cavity within the medium with 
the molecule at its centre. Now the medium may be regarded as con¬ 
sisting of two volume densities of charge -\- p and — p which, in the 
absence of the macroscopic field X, coincide, giving an electrically 
neutral condition. When X is applied, the positive electricity is dis¬ 
placed relatively to the negative in the direction of the field through a 
distance x such that — px. The condition of two spheres of positive 
and negative electricity within the medium, initially coinciding and 
corresponding to the cavity above, may now be represented by 
Fig. 3-18, the distance between the centres of the spheres being x. 
It will be appreciated that surface charges now appear on the walls 
of the cavity and that the field resulting from those is in the same 

♦Providing /? is zero. 
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direction as that of X. If the displacement x is small, the surface 
density of charge is given by px cos 0. The field within the cavity 
resulting from its surface charges is simply that due to the two 
spheres of positive and negative electricity. At any ])oint P the 
field due to the former is ^ Trr^p/r- — ^TTprfW, and, similarly, duo to 
the latter, — 47r/or/3. The resultant of these will be seen t(> be 
^TTpxfS, i.e. the field is constant in magnitude and direction through¬ 
out the cavity. Hence the microscoi^ic field is 

X -f* ^TTpx/W = X 

and ^X -} — car , . . . (3-01) 

From (3-56) we have 
K~ 1 

and, substituting for x, 


But 47TPrf/X — K — 1, so that 
X — I 

K~+ 2^ ' “3^ “ 

Hence for denser mediums, the dispersion formula of (3-00) becomes 

— 1 _ _ _ ^TrNg e^ _ 

2 3aA/m2(pj^ — p^)^ -f- 

Paraelectricity 

So far it has been assumed that the polarization of a dielectric 
medium is due to the relative displacement of the electron shells 
and the nucleus. In addition to the dipoles produced by this dis¬ 
placement, it is possible for a molecule to possess an inherent dipole 
moment. Such moments are possessed by molecules only, since 
(in the absence of an external field) for atoms the centres of gravity 
of the positive and negative charges coincide. Under the influence 
of an external field, the permanent dipoles tend to become oriented 
with their axes in the direction of the field, the orientation being, 
however, opposed by the thermal agitation of the dielectric. The 
theory of this paraelectric effect, as it is termed, is exactly similar 
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to that of paramagnetism described on page 144. We may thus 
apply the results obtained from a study of paramagnetism to 
electric dipoles and have, therefore, for the paraelectric contribution 
to the polarization 




UT 




where p is tlie electric dipole moment. The quantity Nj^p^SlcT is 
knowm as the ]>araelectri(* susee])tibility of the dielectric medium. 
As the dielectric and paraelectric polarizations have the same sign, 
tlie total polarization is 

P ~ ^ (I P V 


Taking the mutual interaction of the permanent dipoles into con¬ 
sideration, both these and the dielectric dipoles will contribute to 
the microscopic field, which will be given by 

^ ^ + Pp) 

Hence we have 

X = (X,- 4nP) ==Xo-4n T 


Substituting for x from (3~fil) and dividing throughout by A", there 
results 


1 - K- 



1 Pv) 


h 


U-T , 


3 1 - 


5 (P,+ />,)]) 


But 47r(P^y f- Pp)IX ~ K - 1, so that 

K — \ \ ^TT fN 

K 2 ~~~ n^\ 2"^ TV ^ ^kf) 


In this expression it will be noted that the paraelectric contribution 
is temperature dependent. Thus, by measuring as a function of 
r, both N^e^lcx. and N^p^fSk may be determined. It may be men¬ 
tioned that the paraelectric contribution is responsible for the 
high value of the dielectric constant of water. 


Magn etlsm 

As an electron in motion constitutes a current element and 
associated with the latter is a magnetic field, it is rational to believe 
that the magnetic properties of materials are due to electron motions 
within the atom. These motions may be either due to electrons 
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describing orbits, spinning upon axes through thoir centres, or 
combinations of both. 

Consider an electron describing an orbit of radius r in time T. 
We have 

ids — ev 


Assuming the orbit to be circular, the distance once round the orbit 
is 27 rr. Hence v = 27 rr/r and 

., e'lTTr e ^ 

ids — y . ^7TT 

Thus the motion of the electron in the orbit may be considered to 
constitute a current of magnitude e/Te.m.u., "lirr being, of course, 
equivalent to ds. If the orbit is elliptical the result is similar, for 
the mean velocity of the electron is still given by dsjT. Now the 
magnetic moment of a plane current-carrying circuit is ecjual to 
the product of the circuit area and the current. Thus the magnetic 
moment of an electron describing an orbit of area a is eajT and is 
perpendicular to the plane of the orbit. 

Diamagnetism 

Substances which, when placed in a magnetic field, produce a 
moment opposite to that field are said to be diamagnetic. Obviously 
the permeability of such substances is less than unity. Diamagnetic 
substances are composed of atoms whose resultant magnetic moment 
is zero; i.e. such atoms possess several electrons and orbits and the 
magnetic moments of these mutually compensate each other, 
resulting in the magnetic moment of each atom being zero. The 
cause of diamagnetism arises from the fact that when an atom 
with its system of orbits is placed within a field H, the whole system 
undergoes a precession about the field axis. Following Lenz’s Law, 
this precession must create a current whose magnetic moment is 
such as to oppose H, thus decreasing fx below unity. 

To consider this phenomenon in detail, let an electron rotate in 
a circular orbit of radius r with angular velocity w, the plane of the 
orbit being resident in a uniform magnetic field H, as shown by 
Fig. 3-19. Here ABCD is the orbit and DC the field axis. As the 
moment of the electron in the orbit is eajT, the torque produced 
by the field on the orbit is HeajT or eawHj^TT, as IjT = wl'lir. 
Now this torque is equal to the reactionary torque of precession, 
the value of the latter being Ivrw', where I is the moment of inertia 
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of the precessing body (i.e. the el(‘ctron) and w' the angular velocity 
of precession.* Hence 

eawB 


and 


eTTrht'iIi 

277 



mrhvw' 


(3-62) 


as a = and 7 mr-. Thus, the electron orbit processes about 



is the radius of the processional 
the mean value of is 


the axis DC with an angular 
velocity given by w' = e///2m. 

Because of the processional 
motion the electron will, when 
viewed along DC, appear to 
pursue an orbit of periodically 
varying area. For example, if 
the electron were stationary at 
^ or ^ the area of the orbit 
would be equal to If the 
electron remained at D the 
area would be zero. Thus, the 
magnetic moment of the orbit 
whose axis is parallel to H is 
continually varying and it is 
necessary to determine the 
average value of this. 

Referring to Fig. 3-19, if 
orbit as viewed along DC, then 




1 

r 


'r 

r^Hy 


*j() 


(r* — 


= |r2 


Thus the mean area of the processional orbit is 
ITW* = I a 


• The General Properties of Matter, Newman and Searle, p. 79. 
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and the moment due to this is 


^du = — § ecr 


2tt 


the negative sign indicating that opposes H. 
w' = eHI2m, and hence 


^dli ~ — 


6m 


H 


But, from (3-62), 


The average diamagnetic moment for the orbit per unit field strength 
is then 


M, = ~ 


6m 


r 


2 


This result is, of course, for a single orbit only, 
number of orbits, then 




6m 


Sr,2 


If an atom has a 


Where Sr,2 represents the sum of the squares of the radii of the 
1 orbits. 


" Now 


^ (Jill = — 


I 

N 


KH 

N 


where / is the intensity of magnetization, i.e. the magnetic moment 
per unit volume, N the number of atoms per unit volume, and K 
is the susceptibility per unit volume. Thus 


K 

N 





Sr, 


2 


where x is termed the atomic susceptibility. 

It must bo mentioned that diamagnetism is present in all atoms. 
However, when paramagnetic moments are present, the diamagnetic 
moment is almost completely masked. This may be demonstrated 
at once by comparing the diamagnetic and paramagnetic moments 
for a single orbit. As we have already seen, the paramagnetic 
moment is eaJT or 




ewTrr^ 

277 


and 


g2y.2 

Ma — (ignoring the negative sign) 
MJMj, == ejZmw 


Hence 
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and, from Bohr’s theory, putting w — nhl2TTmr^, 

Mj, ” nh 

_ 1-4 y 10-10 
~ n 

for unit field strength. As the diamagnetic moment is proportional 
to H, the last expression must be multiplied by H if H differs from 
one. However, even if H ~ 10,000, with n — I, MJMj, is still only 
1-4 X 10-6. 

Paramagnetism 

Paramagnetism may be explained on the assumption that atoms 
have permanent magnetic moments. The magnetic moment of an 

atom is the vector sum of the mag¬ 
netic moments due to the orbital and 
spin motions of its electrons. In the 
absence’ of an external field, a sub¬ 
stance is paramagnetic when this 
vector is different from zero, and 
diamagnetic when equal to zero. 
According to Langevin’s theory of a 
paramagnetic gas, each gas molecule 
is supposed to possess a constant mag¬ 
netic moment M and the distance 
between molecules to be such that 
their mutual influence may be neglected. The presence of an ex¬ 
ternal field tends to orient the magnetic moments in the direction 
of the field, this orientation, however, being opposed by the thermal 
agitation of the gas. If 0 is the angle which the magnetic axis of a 
molecule makes with the direction of the external field, then SAf 
cos 0 is the resultant magnetic moment per unit volume, the sign 
S indicating the summation of the values of cos d for all the mole¬ 
cules in unit volume. It is desired to find 'EM cos 6 as a function of 
H and T, where the latter are, respectively, the external field strength 
and absolute temperature. 

This problem is approached by first considering the potential 
energy of a gas in a gravitational field. If y is the vertical ordinate, 
then 

dp = — pgdy 

where p and p are, respectively, the gas pressure and density at y. 



Fio. 3-20 
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The negative sign denotes a fall in pressure with increase in y. 
We have ^ ~ — P9 • • • • (3-63) 


- A'!/ • • . . 

From Boyle’s law PPo~ PVo .... (3-64) 

where and are the values of p and p when y = 0. From (3-63) 


and (3-64) 


dp po . 

— = — (jdu 
P Vo 


and p z= Ce 

where C is a constant. 

When y =z 0^ p = p^^ from which 


p -= p^ 


From the kinetic theory of gases 

p n 

po 

^ 

p. ~ 

Hence — ^ kr 

n 

o 

where n is the number of molecules per c.c., m the mass of a molecule, 
T the absolute temperature, and k is Boltzmann's constant. Now 
gmy is the potential energy of a molecule at y and, writing this as w, 

n -E 

f IcT 

n 

o 


Thus, as is constant, it follows that the number of molecules 
having potential energy te in a medium consisting of molecules 

having kinetic energy i! kl\ is proportional to b 

Referring to Fig. 3~20, it will be seen that the potential energy 
of an elementary magnet of moment ml, the axis making an angle 
0 with H, is 

2mH ^ cos 0^ 

= MH{1 — cos 0) 

this expression giving the work done in turning the magnetic axis from 
a position parallel to the field to that shown. It follows by an analogy 
with the gravitational potential of molecules in a gravitational field, 
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that the number of molecules having magnetic potential energy 
MH( \ — cos 0) in a magnetic field is proportional to 

- MU{1 - 0) 

C kT 

MH COB 0 

Hence ^ Ce sin Odd . (3-65) 

MH __ ME, 

where C is independent of 0 and contains e kT 

KI 

Putting cos 0 X, dx ~ — sin OdO. 


Substituting and integrating 

• 

MFJjt 

n C 


F kT (jx 
J - 1 


from which 




-nMH 


It follows tliat 

Silf cos 0 ~= I — — 


f* 


cos 0 sin OdO 
TcT(^^^ ikiY~ 


Jo 


where I is the intensity of magnetization, or magnetic moment per 
unit volume. Integrating 


nM 


(pMHikT irz~mr[kf\ 

MH a- X 

MH) 


~ nM ^coth 


kT' 

M~H^ 


when MHjkT is large, at very low temperatures or high values of 
H, for example, I = nM — /q 

This corresponds to a condition of saturation when all the atomic 
magnetic moments have the same direction as the field. Again, 
considering the case when MHjkT is small, we may write 


I 

nM 


P f-r 


— f“ 


(3-66) 


where a = MHjkT. Expanding as a power series and neglecting 
powers higher than a, gives 


from which 


_mh 

nM 3 “ 3kT ’ 
_ n^H 
SkT 


. (3-67) 
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and 




where k is the magnetic* susceptibility per unit volume. This result 
is in accordance with ex])eriment. 

In developing the foregoing theory of paramagnetism the mutual 
influence of the magnetic dipoles has been ignored as initially was 
that of the electric dipoles in dealing with refractive index. In 
the magnetic case, / corresponds to P in the electric case. Thus, 
the interaction of the magnetic dipoles may be taken into account 
by putting the microscopic field equal to tlie macroscojnc fic'ld H, 
plus a second quantity pioportional to the magnetization L E\])eri- 
ment shows, however, that 477/3 gives incorrect results wlien taken 
as the coeflicient of 1 and so a general empirical constant b is taken 
instead. Hence 


/ - 


rtM^ 

likT 


bl) 


Solving for I we obtain 

I - 


3 /’ 


nMHl 
ImM'^ 
3A 


(r- 




or ■ ■ ■ ■ (3-8») 

The temperature <f) is knowm as the Curie }>oint. 

The relation expressed by (3-69) shows that if (f> is ])ositive 
there should be some temperature at wliich the susceptibility attains 
an extremely large value (theoretically, infinite). This is the case 
for a small group of substances, namely the ferromagnetic metals. 
However, in this case a may not be small, and hence the appropriate 
formula is (3-66) rather than (3-69). The value of cr, however, in 
(3-66) must be taken as mH'IkT where H' = {H -f- bl). A further 
important point concerning ^ is that below this temperature a 
substance may be magnetized even if H = 0. To determine / in 
these circumstances we have the three equations 


(coth a — 

h \ «/ 




H 


a = 


b 

MH' 

IcT' 


(.V7()) 


(3-72) 
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From (3-71) and (3-72) 

akTjM - H 
^ ~ ' h 

and if W = 0 


akT 
" bM 


or 

But from (3-(iS) 


7 akT 


lo 

h 


bnM^ 

n3P 



O a Pi 


.(^^- 73 ) 

Plotting (3-70) and (3-73), Fig. 
3-21, the latter intersects the 
former at 0 and P. Hence IJIq 
may have either the value zero 
orPPj. In the event of the latter 
value obtaining, the substance is 
spontaneously magnetized to an 
amount given by P from which 
it is evident that what is known 


Fia. 3-21 as remanence (or residual mag¬ 

netism) is due to the molecular 
field originating from the magnetic dipoles. There is no spontaneous 
magnetization unless the line OP lies below the curve, and this 
only occurs when the slope of the line is less than that of (3-70) at 
the origin. From (3-67) it will be seen that the slope must be less 
than 1/3, i.e. 

T 1 


^ 3 


or 


T 


which result has already been indicated by the approximate formula 
of (3-69). Above the temperature <ji, ferromagnetic substances 
become paramagnetic, and hencp^ denotes a transition temperature. 




CHAPTER IV 


ELECTRONS IN METALS 

Classical Theory of Conductivity 

That outstanding class of substances known as metals is particu¬ 
larly distinguished by reason of high thermal and electrical con¬ 
ductivity and reflexion of radiation. The explanation of such 
properties was difficult, if not imy)ossible, y)rior to the discovery 
of the electron, but with the advent of the latter not only could 
these properties be explained, but many other ])heuomena associated 
with the metallic state. The initial clarification (3f this important 
subject took place principally at the hands of Drude and Lorentz, 
who introduced what may be termed the electron theory of metals. 
This theory followed classical lines in that the electrons, etc., within 
a metal were considered to act in accordance with Newtonian Laws. 
Subsequent investigation has shown that the state of electrons 
within a metal is not in accordance with classical theory, yet, 
nevertheless, the results which may be derived from classical 
assumptions yield, in many cases, information which is closely in 
accordance with fact. Hence, initially, the electronic state of a 
metal will be considered according to theories initiated by Lorciytz. 

The relatively high electrical and thermal conductivities of 
metals may be explained on the suy^position that within a metal is a 
number of free electron^ These may bi^supposed to possess a ran- 
motionT^ipii^ to the molecules of a gas and, as as many move 
in mie”^ection as in another, the average current, in the absence 
o fa ^fieTd> is zero. On^a pp lying a potential difference between the 
ends of a conductor~an electric field is produced and the electrons 
are set in motion in the direction of the field. The atoms (or ions) 
(Jdnslifuting the metal are bound within the lattice structure, and 
hence, except perhaps for a small initial displacement, remain at rest. 

Assuming the electrons to behave as a gas, each, on the average, 
will travel a distance 1, the mean free j)ath, between collisions. It 
may also be assumed that, as after a collision with an atom the 
probability of an electron having any direction is the same, the 
average velocity of a large number of electrons which have just 
experienced a collision is zero. Under the influence of the electric 
field, X, each electron will experience a force eX and will be acceler¬ 
ated by this force for a period equal to that necessary to describe 

149 



150 


ELECTBONICS 


the mean free path 1. This time is given by IjC, where G is the 
mean random velocity of the electrons. Hence the electron velocity 
added by the field at the end of this time is 


eXL 


and the mean velocity is 


mC 


eXl 

V ~ — 

2mC 


The charge conveyed by the electrons ])er unit cross-section of the 
conductor ])er second is 

ne^Xl 
nev - -=- 

27n(^ 

where n is the number of electrons per unit volume. But this is 
the current density J. Thus 

./ - .X 

2mC 


As none of the factors composing a depends on X, J cc X and we 
have an explanation of Ohm’s Law. 

The expression for the current density may be put in a different 
form. According to the law of equipartition of energy 


and thus 


,kT 

TTueHC 


(4-1) 


Now n is likely to be independent of temperature, while it is known 
from experiment that the conductivity of all pure metals is inversely 
proportional to the absolute temperature. From this it may be 
concluded that 1C is independent of temperature. Qualitatively it 
may be seen that temperature affects each of these two quantities 
oppositely. An increase in temperature causes the lattice elements 
to vibrate with greater amplitude, this increasing the collision 
frequency between atoms and electrons and causing a reduction in L 


Thermal Conductivity 

Consider a plane AB in a conductor and two others, C, D, 
parallel to it and at distances from AB equal to the mean free path 
of the electrons, Fig. 4-1. The number of electrons passing through 
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unit area of each side oi AB per second, is, according to the kinetic 
theory, 



If the teinj)erature is everywhere the same, these two groups carry 
the same energy and thus the not energy transfer across AB is zero. 
Now let the temperature at C be and at D, 7^, and 
In these circumstances there will be an energy ^ * rv 

transfer across AB from C to D. The energy 
transferred ])er second from C to 1) is 

IT 

"lirm 


and from D to G 


n 


Jii. 




kT 

^Trni 


'U-T, 


Therefore the net energy transfer jier sec*ond 
across A B from C to D is 


8 


: nk 




B 

Fig. 4-1 


where T is the temperature at AB, 

The temperature gradient at AB is (7\ — ^ 2 ) 72 / and, if L is the 
coefficient of thermal conductivity, the quantity of heat transferred 
across unit area oi AB per second is 

/ kT 




or 

/ kT 

L= SnklJ^ 

y 27Tm 

Now 


and 

L = 


ikT 

\nklC 


(4-2) 


Again, we do not know the manner in which the separate factors 
of (4~2) depend on temperature, but dividing (4-2) by (4-1) we have 




T 


i.e. the ratio of thermal to electrical conductivity is proportional 
to the absolute temperature, which is the law of Weidemann-Franz. 

6—(T.889) 
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This law is well substantiated by experiment, the factor of propor¬ 
tionality agreeing with 12/7r. 


Electromagnetic Induction 

The phenomenon of electromagnetic induction may be readily 
explained by the supposition of free electrons within a metal. For 
example, let a-wire of length I move with velocity v in a direction 
normal to a field of strongtli U, The positive ions within the lattice 
structure of the wire being in motion constitute a current element 
equal to ev and consequently experience a force, at right angles 
both to V and //, of magnitude Ileo. Because of the restraint imposed 
by the lattice, tlie positive ions undergo a small initial displacement 
only. The electrons experience the same force, but in the opposite 
direction. Being free to move through the lattice structure, the 
electrons tend to accumulate at one end of the wire until the electric 
field, X, which they create ])roduces a force on them which just 
balances that due to H. The potential difference between the ends 
of the wire is V ^ XI and thus X ^ VII. The force on an electron 
is Xe = Vejl and for equilibrium we have 

Hev = Vejl 

or F - Hvl 


But vl is rate of change of area A normal to H, and thus 


F = 


H 


dA 

dt 


Also HdA = where d(f) is the change of flux in time dt, therefore 



i.e. the rate of cutting lines of force. 


Thermionics 

If the temperature of an electrically charged body is raised 
suffTcIently, it is found that the charge is lost more rapidly as the 
temperature increases. This phenomenon is particularly noticeable 
when the initial charge is a negative one. To such phenomena 
Richardson applied the term thermionics. For the study of ther¬ 
mionics the simple apparatus of Fig. 4-2 may be employed. It 
consists of a loop of tungsten or platinum wire suspended within 
a metal cylinder, the whole being enclosed in a highly-evacuated 
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glass bulb. The loop is heated by the passage of an electric current 
and its temperature found from its resistance or by means of an 
optical pyrometer. The cylinder is connected to one side of a source 
of d.c. potential, via a galvanometer or microammeter, while the 
other side of the supply is connected to one end of the wire loop. 
On raising the temperature of the loop it is found that a current is 
registered by the galvanometer when the loop is negative, but not 
when positive. Hence the apparatus functions as a valve, permitting 
a flow of negative electricity only from loop to cylinder, when the 
latter is at a positive potential with regard to the former. 

The magnitude of the current obtainable in tlie foregoing experi¬ 
ment depends on the temperature and the potential 
difference, tending to increase with an increase in 
either of these. If the temperature is maintained 
constant while the potential of the cylinder is 
continually raised, the current at first rapidly in¬ 
creases but ultimately attains a constant maximum 
value. This value is known as the saturation cur¬ 
rent and increases with an increase in temperature. 

The negative electricity emanating from a hot 
metal consists .of electrons. This was first established 
by J. J. Thomson, who measured the ratio ejm and 
found it to be that for the electron. AcfiixcdiD^JiO 
^he classical theory of thermionic emission, it is 
considered that the electrons within the heated 
metal share in its thermal agitation and that the 
more energetic electrons are evaporated in a similar 
manner to molecules from the surface of a liquid. A 
matter of obvious importance is the relation between 
the thermionic current and emitter temperature. A number of 
methods of deriving this have been found and we shall first (jonsider 
those based on the classical theory and afterwards those based on 
thermodynamics tad the quantum theory. 

Suppose a large metal plane surface to be raised to such a tem¬ 
perature that electrons escape from it. The space above the surface 
will be filled with electrons which will behave as a monatomic gas 
of small molecular weight. The electronic gas pressure is given by 
P = kTug., where k is Boltzmann’s constant and the number of 
electrons per unit volume at distance x above the plane. Equilibrium 
will be attained when the number of electrons per unit volume 
has reached such a value that the number of electrons which strike 
the plane and are absorbed by it is equal to the number emitted by 
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it in the same time, 
area per second is* 


The number of a;-directed electrons per unit 



(4-3) 


this being the number of electrons omitted by unit area of the 
plane per second. 

Nc»w to separate an electron from the surface of the metal 
requires work to be done. Let X be the force (the nature of this 
force will be discussed later) on an electron at a distance x from 
the surface of the metal. This force is zero inside the metal and 
becomes zero at some distance above it. Due to the force tending 
to draw the electrons towards the surface, there will be an outward 
pressure gradient in the electron gas, the force ner unit volume o f 
electrons being equal to the pressu re gradient The 

attraction of the plane will produce a force on unit volume of the 
electrons outside the metal equal to Xn, For equilibrium these 
forces must balance and we have 

dP ^ 

-j- = Xn 
dx 


or 

Hence 

and 


. ^ dn 

kT — — Xdx 
n 

/•rilog, nil' 

kT 


_ ^ 

= ne 

where Xj is a distance from the plane at which the force on an 
electron is zero and <^e is the work done in removing an electron 
from the metal surface. 

Substituting for from (4-3) 




kT - 


27rm 


- e 


4 

= AT^e fcsr 


<t>e 

kT 


Since each electron carries a charge c, the thermionic current density 
is The quantity is termed the thermionic work function 
and is measured in electron-volts. Consequently, is expressed 
in volts. 


♦ See p. 172. 
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A thermodynamical method of deriving the thermionic current/ 
temperature relationship is as follows. Consider an enclosure fitted 
with a piston, and let the base of the enclosure be the metal emitting 
electrons. The result of taking the electron atmosphere round a 
Carnot cycle will be considered. The cycle is started with an infini¬ 
tesimal adiabatic ex])ansion, the absolute temperature and pressure 
falling from T and P to T-dT and P-dP. This is followed by an 
isothermal compression, the volume decreasing by dS, during which 
operation ndS electrons are driven into the metal. An adiabatic 
compression follows, and then an isothermal oxj)ansion until the 
pressure is again P. As the final temperature and pressure are the 
same as at the commencement of the cycle, r? is also the same. 
Further, if the cycle is v(^ry small it will have the form of a parallelo¬ 
gram. During the isothermal ex])ansion at T the work done is 
ndSE 4" PdS, where K is the work done in oxtra(‘ting an electron 
from the metal; i.e. E is the thermionic work function. Now, from 
the second law of thermodynamics, 

work for cycle T — (T — dT) 
work absorbed at T ~ T 


or 

and 


dSdP dT 
ndSE + PdS^' T 

TdP = nEdT ^PdT 


The electron gas pressure is 

P = knT 

Differentiating (4-4) 


and thus 
from which 


dP^kvdT \-kTdn 
knTdT 4 kTHn -- nEd^T h PdT 



E 

kT^ 


dT 


(4-4) 


Integrating 

and 


log. n = j 


n 


kT^ 

(A. 

= AehT‘ 


dT 


dT 


(4-r.) 


The number of electrons striking unit area of the base of the en¬ 
closure per second is 

I kY 

W 2 
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and hence 


no = A 



dT 


which, if K is constant, becomes 

r . ( 4 _ 6 )* 

the thermionic current density being n^e. 

It will be noted that by the assumption that E is constant, the 
same result is obtained as by the first method. If the kinetic energy 
of an electron within the metal be taken as negligible, then E is 
the work done in extracting it, plus tho“ work done in giving it 
kinetic energy IwC^ in the space outside the metal. Now 
I mC^ - j hT 


and hence E — Eq 1 ; IcT 

where Eq is solely the work done in extracting the electron from the 
metal. In this case 



dT ^ 



dT + 


3 CdT 
2] T 




and 




kV^ 


dT 


_ JU ^ 
f. kT 


which leads to = A^Th = A^Th . . (^7) 

A further way of regarding thermionic emission which, however, 
is similar to the previous thermodynamical treatment, is as follows. 
Regarding the emitter and electrons as analogous to a liquid and 
its vapour when in equilibrium, we may apply the latent heat 
equation, viz. 

dP 

L = T^{V,-V,) . . . ( 4 - 8 ) 


where L is the energy absorbed when one mol of electrons evaporates, 
F, and V 2 are the volumes of one mol of electrons in the space above 
and in the metal itself, P the electronic gas pressure, and T the 
absolute temperature. As Fj is small compared with F, (4-8) 
reduces to 


TV, 


dP 

dT 


♦ (4>-'6) is sometimes referred to as Richardson’s Equation. 
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L is absorbed in two ways, (a) in eflPecting the escape of electrons 
through the emitter surface, (6) in overcoming the electronic gas 
pressure into which the electrons evaporate. The former energy 
is equal to NE and the latter to PV, where N is Avogadro’s number. 
As PV = kNT we have 

L-^NE \ I NT 
dP 

and, from (4-8), TV - N{E + kT) 

or, writing V — kNTfP, 

T^dP 

kN-p^^ = N(E t LT) 

dP_E I JT 
^ p rpz 

P = 

fJL- (^7’ 

and, as P = knT, n ~ . . . (4-9) 

where K and c are constants. As (4-9) is identical with (4-5) it 
obviously leads to the same result as given by (4-6) and (4-7). 

The Fenni-Dirac Theory of the Electron Gas 

The classical viewpoint of a conducting solid is that of an equi- 
potential volume. In the present book this view])oint has, so far, 
been adopted, but it is now necessary to inquire more closely into 
the conditions existing within conducting solids, such as metals, 
particularly as these constitute one of the most important sources 
of electrons. As shown in Chapter V, metals are crystalline in 
structure and consist of a lattice work of ions which is founded on 
the constant repetition of a unit cell in three dimensions. Because 
of the RTTiall distance separating atoms in metals^^the 

outer s hell, or valance, electrons are no more closely associated with 
one atom than another, with the result that the e-ttachment of such 
electrons to any particular atom is practically negligible. T he re sult 
of this is that at least one, and sometimes two or three, electrons 
per atom are free to move throughout the interior of the metal, 
particularly w^hen under the influence of an applied electric field. 
These electrons are termed free electrons and are responsible for the 
elecfrtesl" anSt^fEermal conductivities of a solid as previously ex- 
plained . ^ 

Due to the lattice structure of ions within a metal it cannot be 
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considered as an equipotential volume, but rather as one in which 
exist intense local variations in potential. At any given point the 
potential is that due to the sum of the potentials produced at this 
point by all the ions. Considering the effect due to one ion, the 
atomic numbe^r of wdiich is Z, the positive charge on the nucleus is 
Zc and this is surrounded by an approximate!3" spherical cloud of 
electrons. The potential at a distance r from the nucleus, when r 
is within the electron cloud, is that due to the charge on the nucleus 
and is Ze/r. Hence the potential energy of an electron situated at 
r is — Ze^jr, tlie negative sign being due to the electron having a 
negative charge. When r lies outside the electron cloud the potential 



due to an atom from which a planetary electron has become detached 
is [Zc— (Z— l)e]/r ■= ejr. The corresponding potential energy is, 
of course, — e^jr. Thus the potential energy of an electron close 
to the nucleus is given by — Ze^jr and remote from the nucleus by 
e^Jr, 

Considering now the potential energy of an electron due to two 
adjacent ions in the metal lattice, the conditions may be represented 
by Fig. 4-3. Here a and b represent the nuclei of the two ions, and 
OjUg and their respective potential energy curves. Ignoring the 
effect of other ions, the resultant potential energy curve is given 
by the sum of the ordinates of these two curves as shown by a^cb^. 
The distance from the nuclei is measured horizontally and the 
potential energy vertically. Hence the curves relating to the latter 
are plotted below the abscissa as the potential energy of the free 
electrons within the metal is negative. It will be noted that in the 
vicinity of the nuclei the resultant potential energy curve is prac¬ 
tically coincident with the component curves, but is lower and 
possesses a smaller radius of curvature between the nuclei. Con- 
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sidering a row of nuclei, shown in Fig. 4-4, the potential energy 
distribution may be rei)resented as indicated, the tops of the curves 
being somewhat flatter tlian those of Pig. 4-:i due to the influence 
of other ions. The diagram indicates that the ]jotential tends to 
be constant over large regions because the volume of mailer consists 
principally of space, that occupied by the nuclei being extremely 
small. 

Passing to a consideration of conditions existing at the surface 
of a metal, indicated by the line /SVS\ it will be noted that no ions 
exist to the right of this line. Hence, proceeding towards the surface 
from the last ion of the lattice-structure, there is no depression of 


S 



the potential-energy curve, as between ions within the metal, but 
a continual rise in the curve until the surface is reached. Thus it 
will be appreciated that what may be termed a potential barrier 
exists at the surface of a metal and that this is independent of any 
potential that we may choose to give to the metal as a whole. 

Considering electrons in the vicinity of an ion, these will rebound 
from the potential walls ah and thus be restricted in motion. Such 
electrons do not contribute to the conductivity of a metal and are 
termed bound electrons. Electrons remote from an ion, such as at 
BA, are free electrons capable of moving freely through the metal. 
An electron in this category, moving close to the surface, will collide^ 
with the potential barrier at B, at which point its kinetic energy is 
entirely converted into potential energy. Hence it will rebound 
from the potential barrier and no escape from the metal is possible. 
On the other hand, an electron the kinetic energy of which is greater 
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than that of the potential barrier will make no collision with the 
latter and may thus escape from the parent metal. 

The Specific Heat Dilemma 

It was originally considered that the free electrons within a 
metal behaved as a monatomic gas obeying gas laws. This view 
appeared to be supported by the fact that electrons emitted by a 
hot body possess a Maxwellian distribution of velocities. Now, 
although the concept of an electron gas accounts for certain pheno¬ 
mena of metallic conduction, some of its consequences nevertheless 
lead to contradiction of experience. IMncdpal among these is the 
effect of the contribution of the electrons to the energy content, 
and hence the specific heat of a metal. According to the kinetic 
theory of gases, the average kinetic energy of a molecule is \l:T 
for each degree of freedom. Hence the energy per gram-mol. is 
\nRT where n is the number of degrees of freedom. For a monatomic 
gas, n — 3, and thus the specific heat per gram-mol. is, in this 
case, ^^RTJT = .j R, In the case of a solid (which in a gaseous 
state is monatomic) the total energy of the molecules is half kinetic 
and half potential, as will now be shown. 

Consider an oscillator of mass m undergoing a simple harmonic 
motion and subject to no losses. Its energy may be written 

\mS?‘ + = E = constant . . (4-10) 

where is the force for unit dis])lacement. The mean energy over 
a cycle is 

(*T !*T '*T 

\mxHt\fAxHt^ Edt, . . (4-11) 

*/0 Jo Jo 

where T is the periodic time. Putting 

X = A sin pt 
0-2 = sin2 pt 
X = Ap cos pt 
x^ = A^ cos2 pt 

where A is the amplitude of the oscillation and p = 27r/. Substituting 
in (4-11) 

\mA^p^ cos2 ptdt -f ^pA^ sin^ ptdt = E 
Jo Jo 

and \mA^^ + ^ 

But from (4-10), when ^ = 0 

\mA^p^ = E 



Also when pt = wf 2 

Hence 

and 
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IfiA^ = E 
\mA^p^ — \fiA^ 

= \pA^ = ^ 

or the mean value of the kinetic energy is ecjual to the mean value 
of the potential energy. 

Now according to the Law of Equipartition of Energy the energy 
associated with each degree of freedom is iW 72 ergs, and thus for 
the X, y, and z components of the oscillator the energy is 3ETI2 ergs 
or 3T calories. Similarly for the y, and z components we have 
3T calories or a total of i\T calories for the total kinetic and poten¬ 
tial energies. The heat energy per degree, therefore (i.e. the specific 
heat), should be 6 calories. This is found to be, a])])roximately, 
the case. 

Now, if we take into consideration the effect of the free electrons 
and assume that their number is of the same order of magnitude as 
that of the atoms, the energy content of the metal should be increased 
by y ET per gram-moL, corresj)onding to the three components of 
translatory motion of the electrons. Consequently, the specific heat 
of a metal should be 9J?/2 instead of 3E/2 which, however, is not 
the case. This suggests that in some manner, as yet unexplained, 
the free electrons contribute little or nothing to the s])eoific heat of 
a metal. 

The Fermi-Dirac Theory'" 

A way out of the foregoing difficulty may be found by assuming 
that the free electrons within a metal are quantized, i.e. that they 
are in stationary states. In these circumstances, providing they 
do not change from one state to another, their energy will be inde¬ 
pendent of the temperature of the metal. Now, whether an electron 
gas obeys gas or quantum laws, the energy of the electrons will be 
distributed according to some law, and it is this law and its conse¬ 
quences which it is desired to find. For a gas having a Maxwellian 
distribution of velocities the energy per molecule is E = \mc^ and 
from (1-19), (1-26), and (1-34) we may find the number of molecules 
having energies lying within the range E and E + dE. We have 

c2 = 2Elm 
dc 2 

differentiating, 

dE dE 
me \/ 2mE 


and 


(4-12) 
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From (]-26) and (]-:34) 



hence 



( 4 - 13 ) 


Substituting from (4-10) and (4-11) into (I-IO), we have 


y 




JL 

AT 


/ ^ V ~ 

[I'Tj kT 


(4-14) 


= / t~"'w^‘dw . . . (4-15) 

V TT 

where y is the number of molecules witli energies lying between 
E and M clE and — EjkT. 

The electron gas cannot conform to this law because, as wo 
have already seen, its contribution to the specific heat of a metal is 



Fia. 1-5 


negligible. Furthermore, (4-14) indicates that the energy of a 
molecule can assume any value, whereas in the case of a gas governed 
by quantum conditions only certain energy states are ])ossible. 
On the assumption that the electron gas is quantized, the conditions 
may bo indicated by the energy-level diagram of Fig. 4-5, where the 
various horizontal lines represent different energy levels. They 
indicate that the free electrons within the metal possess a great 
variety of kinetic energies from zero up to the normal maximum 
level and that energies intermediate to these are impossible. 

In considering the quantum state of the free electrons within 
a metal, certain distinctions from previously considered quantum 
states must be noted. For example, in contrast with the linear 
oscillator, a free electron is in a region of practically uniform potential 
and thus its state is not defined by a position vector. Also such 
electrons are not undergoing periodic motion and hence are not 

governed by the phase integral fpdg where this is taken over a 
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})eriod of the system. Those conditions are, of course, also true for 
the molecules of a perfect gas, but, in the case of a gas, the molecules 
may possess any energy and momentum values. In the ease under 
consideration the state of each electron is solely represented by three 
momentum vectors 7 ;,. 7 ;^, which can be combined to form a 
single vector given by 

This vector will terminate in a volume-element, or cell, in the phase 
space of magnitude clpj^dp^dp didifdz, or dp^dpydpJv From (l-TT)) 
we have 

dpdq - h 

and, as (in the ])resent case) the motion of an electron along each 
of the three co-ordinates must be se])aiateV quantized, we may 
write 

dpplx — h 
dpydfj — h 
dpzdz = h 

Multl])lying, 

dppJpydp/ixdydz == A® . . . (4-16) 

from which it is evident that the volume of a cell in the phase 
space is equal to h^. 

We shall now consider an electron gas within a metal with n 
electrons per unit volume. Let the momentum vectors of an electron 
bo py. Pa, and consider the electrons with momenta between 
p and 7 ; H- dp which lie in a spherical shell of volume 4:TTpHp in 
the momentum space. If there be ^1, possible states for the electrons 
within this shell, it may be regarded as divided into cells, or 
volume-elements. Now, according to Pauli's exclusion jirinciple, a 
given combination of quantum numbers can occur but once in 
each atom. This principle may be extended to an electron gas, in 
which case it means that no two electrons may simultaneously 
possess the same amounts of action along their respective co¬ 
ordinates. Thus, each of the Ag cells can contain only one electron 
or none at all. From (4-16) the volume of a cell in the momentum 
space is 

dp^dpydp^ = h^/dv 

and hence the number of cells in-the spherical shell ^npHp is 




4^pHpdv 


(4-17) 
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Of the A, cells, let contain no electrons, and A,i one electron, 
so that -4, = + A,i. Then, from (1-52) the number of different 

micro-states, or comiilexions, is 

AJ 

.4.1! 

From the approximation formula of Stirling, log vl = n log n — 
we may write 

log == log ^ J — log A,q ! 

= A, log A,~ 4s — log 4so f 4 , 0 - 4si log 4,1 f- 4,i 
== A, log 4^ - 4,0 log 4,0 — 4,1 log 4,i 

The energy of an electron within the shell is and thus 

the total energy within the shell is 4,i^/,. The entire volume of 
the momentum space may be regarded as divided into concentric 
shells 4i, 42 , 43 , . . . , 4^ . . . , so that if w is the total number 
of different micro-states, then 

log te = S log w, ^ S(4, log 4, — 4,o log 4,o — 4,i log 4,i) 

Again — S(4,o f 451 ) = constant 

also == 

and = S 4^1 — ,, 

A state of equilibrium is attained when le is a maximum. Hence 
for equilibrium we must have log w a maximum, subject to the 
conditions exyjressed by the three equations immediately above. 
Regarding Wg, Ag^E^ and 4^1 as quasi-continuous functions of 
position and, applying the Calculus of Variations, we have, after 
multiplying the last three equations by the undetermined multipliers 
—a, —jS, and —y, respectively, 

(1 -f log 4,1 + a 4 - iSi;, H- y) = 0 
(1 + log 4^ + a) =0 

Hence log 4^^ = — (1 + a + ^Eg + y) 

log 4,0 = — (1 -f a) 


from which 
and 


log (4,o/4,i) = y -f 

430 = 4,ie>' + ^^. 
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The number of electrons in the shell s is given by 

A i ^ y| ^ 


-= A 


From (4-17), 


and, therefore, 




.^s 


^TTpHpdv 


7?, — - 


^TrpHpdv 


1 


7/3 • f.y i fih, I I 


Writing y = — the number of electrons per unit volume, the 

momenta of which lie between p and p ^ dp, is 

4c7TpHp 1 

/;„) _|_ 1 • • 

So far we have not taken electron spin into consideration. The 
effect of this is to allow two electrons per cell, instead of one, 
because for every possible momentum value an electron has two 
possible states. Thus we must write (4-18) 

- - . ,( 4 - 19 ) 






+ 1 


The constant /? may be shown to be equal tojkT, where T is the 
absolute temperature and k is Boltzmann’s constant. 

From (4-17) the number of cells in the spherical shell 4i7TpHp 
is 4t7TpHpdvlh^, and from (4-17) and (4-19) the number of electrons 
per cell is 


2 

E,,)/kT I 


(4-20) 


When T is very small, or zero, (4-20) is equal to zero when Eg > E^ 
and equal to 2 when Eg < E^. This means that, at very low tem¬ 
peratures, each coll of the phase space for which the energy Eg, 
or p^l2m, is less than E„, contains two electrons, while cells for 
which the energy is greater than are empty. If we write 
E^ = Pm is the maximum value the momentum may have 

for all the cells to be filled. The volume of a sphere in the momentum- 
space of radius p„^ is I Trp^^ and the number of cells per cubic centi¬ 
metre within this 
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In each of these cells are two electrons, and hence 

I 3 

n ~ 2 , 


‘TrPn 


where n is the number of electrons ])er cubic centimetre. Thus 

_ ^ 

"* 2m 

which shows that when T ^ 0 the maximum energy an electron 
can possess is proportional to Expressing in electron-volts 


and 



i 


11 

i; 

2m \ 

Stt 

( 



^ ~ 2me V 

8 ^j 



(4-21) 


(4-22) 


where (f> is the potential difference necessary to give an electron 
energy E^. On giving values to the various terms in (4-22), the 
following results are obtained — 


n 



0*38 

1022 

1*76 

1023 

8*2 

1024 

38 

1025 

176 


The number of free electrons per cubic centimetre in metals is of 
the order of 10^3, so that E.^ is relatively large. A result of this is 
that the momentum distribution law expressed by (4-19) varies 
but little with temperature, even up to the melting point of a metal. 

From the momentum distribution law of (4-19), velocity and 
energy distribution laws may bo derived. The velocity of an electron 
is given by 

p == me 

also dp — mdc 

Substituting in (4-19) we obtain 

Snin^cHc 1 

= p Ej/kTZ\:~i • • (4-26) 

Again, the kinetic energy of an electron may be written 

E = py2m 

from which p^ = 2mE 

and 2pdp = 2mdE 

or dp == mdEf's/ 2mE 
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Substituting in (4-19) 

8iTV2m-'l- VEdE 1 

/j3 f • (4-24) 


where rij^j is the number of electrons ])er cubic centimeti-e having 
kinetic energies lying between E and E | dE. 

For the case when E c E,,, and T is small, (4-24) become-; 


- /,3 - 


(4-2/5) 


from which it will be noted that the energy distribution follows a 
quadratic law. The energy distribution curve for tungsten is plotted 



for T — 0 ill Fig. 4-b, the abrupt termination of the curve, of course, 
occurring for E — 

As previously stated, variation of T has little effect on the 
distribution laws, and the energy distribution curve for tungsten 
at 2500° K is shown in Fig. 4-6, the appropriate equation in this 
case being (4-24). When E E,^, in both (4-24) and (4-25) 
have the same value. Hence, for all temperatures all curves must 
have the same ordinate for E = E^, i.e. 

H7TV2md- VEdE 

"2A3 

The areas under the curves are, of course, the number of electrons 
per cubic centimetre of metal. Thus, the areas of all curves are 
the same no matter what the temperature may be. Referring to 
the curve for 2500° K., it will be seen this curve approaches the 
abscissa asymptotically, indicating that a small number of electrons 
possess large energy values. It is these electrons which are involved 
in thermionic emission. 
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Average Electron Energy 

Prom (4-25) the total energy of the electrons per 
metre is 


n^E - 


HttV 


E^'^dE 


Jo 


cubic centi- 


2 SirV2m 
5’ *3 


E 3/2 

" w/ 


The number of electrons per cubic centimetre is 


SttV 2m-^/‘^ 


2 8,rA/2m3_/3 3,2 

3 • A* 


Hence the average energy per electron is 

2 HnVhn^l^ 
5- ^/t3 


jE 5/2 


2 SttV 


3 * 

Un 

5 


A* 


EJI^ 


The subject of thermionic emission will now be considered in 
the light of the distribution law of (4-19). For this purpose the 
number of electrons having X-directed momenta between and 
Psr + dpsr must be found. Referring to Pig. 4-7, we have 

= pT^ 4- Pv^ f Pz^ 

r 2 = 2),2 + 

and the number of electrons having momenta betweeli pa: and 
Pa; + dpa. will lie within an annulus of width dr and height dpa.. 
The volume of this is 27rrdrdpxy and as the number of electrons per 
cell in the momentum space is 2 lh^(e^^»~ ^rn)lkT i), the number of 
electrons in the ai^nular volume is given by 

27Trdrdpji . 2 
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and the total number of such electrons per cubic centimetre by 

. (4-26) 




Jo 


27rrdr 


Now the electrons involved in thermionic emission are those the 



energies of which are in excess of Thus, if Eg is much larger 
than E^, (4-26) may be written 




g{E,n-E)lkT 27 rt'dr — ^ 

A® 


Jo 


/» 00 

e ~ 2iTrdr 

0 


Putting £ = (r2 f pj^)l2m, this becomes 


^ 00 


47r 


gEjhT g- p/limkT 


dpx 


Jo 


r*l2.mkT 


Integrating [see (1-16)J, we have 


477 

TF 


sEjkT fyi]cTe~ ^^x*/2wArT 


which is the number of electrons per cubic centimetre with momenta 
lying between p^, and p^. + dp^^. The number of electrons per second 



]70 


ELECTKONICS 


passing through 1 cm.^ perpendicular to the x direction with 
^’-directed momentum greater than Pq is, therefore, 




mkT 


f- lh‘IMT ?jE 

m ■* 


If all these escay)C from the metal, the thermionic current density is 


,7 =- 


(k-T 




ATTfmh^T'^ 
“ 7^3 


- E,„)lhT 


(4-27) 


where Eq — p^l2m. Jt wiJl be noted that this result agrees with 
those found from classical theories provided ~= (Eq — E^,^), Thus, 
the minimum energy for escape is not 0c but 0c -j E^. As we have 
already seen, 0 may have any value up to about 7 volts, and, as 
E^i is about 10 electron-volts, Eq must lie between 10 and 17 electron- 
volts. 

Returning to the energy-level diagram of Fig. 4-5, this may 
now be clarified. What was formerly termed the normal maximum 
level is now seen to correspond to the maximum energy which an 
electron can possess at low temperatures. The quantity E^ has 
been termed the “inner work function” and Eq the “outer” or 
“gross work function.” The difference in the two quantities is 
termed the “net work function,” or, more commonly, the work 
function. The number of electrons per level has been shown to be 
2 , and because the number of electrons the energy of which lies 
between E and E + dE oc VE, \t is evident that the levels must 
lie closer together as E increases. 


Velocity Distribution of Emitted Electrons 

Although the energy and velocity distributions of the electrons 
within a metal follow the Fermi-Dirac Law, electrons emitted 
thermionically follow Maxwell’s Law. In order to study the condi¬ 
tions prevailing among the electrons emitted from a hot body, we 
shall consider a heated wire surrounded by a concentric cylinder. 
The wire is assumed to be straight and of small diameter, and the 
number of electrons emitted from it sufficiently small for space- 
charge effects to be negligible. The electrons are emitted with a 
certain velocity which can be resolved into two components, one 
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parallel to the wire and the other radial. As the former contributes 
nothing to the thermionic current it may be neglected. In order 
that an electron may cross the gap from tlie wire to the cylinder 
it must possess a certain amount of energy. The energy a^ssociated 
with the radial velocity component is ImVr^, Now if a voltage is 
applied to wire and cylinder so that the cylinde^r is negative, this 
will constitute a retarding potential which will tend to prevent 
electrons from reaching the cylinder. In oi'dor that an electron 
may cross the gap it is evident that 

— . . . (4-28) 

where V is the potential difference between wire and cylinder. 
— eV is, of course, the energy necessary to make the crossing. 

Now the probability of an electron liaving energy lying between 
E and E 1 - dE mf{E)dE, and hence the number of electrons having 
energies between these limits is 

dn = nf{E)dE 

where n is the number of electrons emitted per second. The sntura- 
tion current is ne = Iq and hence the current is given by 

00 

i = io S{E)dE 
J- eV 

Substituting — eV for E, we have 

^ - v/(- ^V) 

and if i is found for different values of T, dijdV may be determined, 
and hence f{E). Experiments give i/iQ — so that 

from which f(E) = 

Thus the number of electrons with radial-associated energy lying 
between E and E 4- dE is 

dn = ^ e-^1’^^ dE . . . (4-29) 

and the fraction of electrons having this energy is 

n ¥r ® 


( 4 - 30 ) 
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Now according to Maxwell’s Velocity Distribution Law the number 
of molecules per cubic centimetre having velocities between u and 
u + du in 

n % 

. e ^ du 
aV 77 


and the number of these passing through 1 cm.^ perpendicular to 
u per second is 

” r'«‘udii. . . . (4-31) 

aVn 

The total number passing per second is 



udu 


na 

~ 2Vir 

and thus the fraction passing per second is 

2 — 

udu 


. (4-32) 


(4-33) 


Putting 


Also 



WM ~ V2mE 


1 m 
^ 2kT 


Substituting in (4-33), the fraction is 


1 

kT 


e-ElkTdE 


which is identical with the result given by (4-30). Hence the energy 
and velocity distributions of the electrons outside the metal is 
Maxwellian. 


flmission Constants 

It is customarj^ to write (4-7) in the form 
J = ATh" ^ . 


■ (4-34) 
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where A and h are constants. Actually, however, h may vary 
slightly with temperature. As the expression for A contains only 
universal constants, it follows that it should be the same for all 
metals. Substitution of the numerical values gives 

A — 120*4 amp./cm.2 per deg.^ K. 

Also h = {Eq — Ejn)lk — ^efk = 11,600 deg. K. 

In practice, A is found to have a value about one-half of that 
derived above, i.e. 60 amp./cm.^ No satisfactory explanation has 
yet been given of this, but it has been suggested that a reflexion 
coefficient of 0*5 would account for the discrepancy. Some values 
of emission constants for pure metals are given by Table 4-1. 


TABLE 41 


Metal 




Mrltivo Point ‘ K 

Calcium 

60-2 

26,000 

2-24 

1,083 

Cesium 

16-2 

21,000 

1-81 

299 

Carbon 

60-2 

46,500 

3-82 

3,773 

Molybdenum 

602 

51,500 

4-43 

2,893 

Platinum . 

60-2 

59,000 

5*08 

2,028 

Nickel 

26-8 

32,100 

2-77 

1,725 

Tantalum 

602 

47,200 

406 

3,123 

Tungsten . 

60-2 

52,400 

4-52 

3,643 

Thorium . 

60-2 

38,900 

3-35 

2,118 

# 






Figures such as those given are obtained with metals of a high 
degree of purity, outgassed, in the best vacuum obtainable. In 
spite of this, however, considerable variations are shown between 
various experiments and experimenters. 

Determination of Emission Constants 

In order to determine emission constants the arrangement of 
Fig. 4-8 may be employed. This consists of a filamentary cathode 
surrounded by a concentric cylindrical anode with guard rings to 
eliminate end effects. This arrangement is placed in a high vacuum 
and the temperature of the filament measured by means of an 
optical pyrometer sighted on the filament through the hole H. 
The anode-cathode potential difference is raised to such a value 
that all the electrons are drawn to the cathode and the saturation 
current results. Hence the value of this current may be measured 
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for various values of cathode temperature T. Dividing (4-34) by 
and taking the logarithm of both sides 

logic ^ ^ ^ logic ^ • • (4-35) 

From this it follows that a plot of experimental values should give 
a straight line when arranged as indicated by (4-3.5). The slope of 
this line is given by - 0-4346, from which 6 may be derived. The 
intercept of this line on the ordinate gives logig A and consequently 
A. This value can be obtained only by producing the line, for 



interception occurs for T — oo, A result obtained with a ftngsten 
cathode is shown by Fig, 4-9. 

In practice, considerable difficulties are experienced in obtaining 
accurate and consistent values of emission constants. As an indica¬ 
tion of the relative importance of the measurements, the ratio of 
the percentage change in current for a given percentage change in 
temperature will be found. Differentiating (4-34) 

f] T _ h 

— = Ae-T(b 4 2T) 

Multiplying by T/J we have 

dJjJ _ <6 
dTJT “ r + ^ 

If a practical value of about 23 is taken for 6/2\ it is evident that 
the measurement of temperature should be 25 times as accurate as 
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that of the measurement of current in order that the derived value 
of A shall be as precise as the measurement of J. 

It has already been stated that a high vacuum must bo employed 
in the determination of emission constants. In addition, all absorbed 
and occluded gases must be removed, this necessitating baking of 
the glass envelope and outgassing of the electrodes, etc. In ])ractice, 
although the range of temperature over which investigation may 
be made is not largo, the thermionic current range is relatively 



enormous. Thus, for tungsten, if the temperature range is from 
1000 ° K. to 3000° K., the current ratio corresponding to these limits 
is of the order of 10 ^^ 

Cathode Temperature 

When the cathode is not visible it is, of course, impossible to 
employ an optical pyrometer for the determination of its tempera¬ 
ture. In such circumstances it is possible to obtain the temperature 
with the aid of the Stefan-Boltzmann Law. When the cathode is in 
a state of temperature equilibrium, the rate at which energy is 
supplied to it is equal to the rate at which it is parting with energy 
in the form of heat. As the cathode is situated in a vacuum, con¬ 
vection losses are negligible and the bulk of the loss occurs through 
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radiation. A small amount of heat is lost by conduction through 
the cathode supports and a smaller amount by the emission itself. 
The latter is due to electron evaporation and corresponds to the 
cooling effect experienced with an evaporating liquid.* In order 
to form an idea of the heat-loss due to emission, the energy carried 
off from the cathode by the electrons must be found. As we have 
already seen, the energy and velocity distribution of the electrons 
passing through the surface follows the Maxwellian Distribution 
Law, and hence we must find the average energy of an electron 
outside the cathode in accordance witli this law. If is this energy, 
then the total energy p'ossessed by an electron before escape is 
Eq + Ea, this being reduced to after escape. As before, Eq is 
the outer or gross work function of the metal forming the cathode. 

Now E^ will consist of three parts: the x-, y-, and ^-associated 
energies of an electron. As it is the :r-associated energy which is 
responsible for electron-escape, we shall cjonsider this first. According 
to (4-32) the number of electrons per unit volume which have 
j;-directed motion and pass through each square centimetre per 
second is 


an 

2A/'7r 


(4-36) 


the result being for positively directed motion only. Transforming 
(4-31) into an energy expression, as on page 161, we have 

n — 

-— £ rna^dE 

may tt 

which gives the number of electrons having energies lying between 
E and E + dE passing through each square centimetre per second. 
The energy carried by these is 

n _ 


and hence the total energy of all such electrons is 

n 


maV TT 


€ EdE 


nm^a^ 
4maV77 


* The principle of the wet-bulb thermometer, of course, depends on this 
phenomenon. 
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Dividing by (4-36), the average energy per electron is 

it 

AmaV Tran 
ma^ 

T' 

But — 2kTlm, which finally gives the .^-associated energy as JcT 
per electron. Now the y- and 2 ;-associated energies of an electron 
do not contribute to escape and thus these energies are the same 
outside the cathode as inside. They are governed by the J^aw of 
Equipartition of Energy, according to which each electron has an 
average energy equal to iT/2. Hence, the total average energy 
with which an electron leaves the cathode surface is 

kT -f- kTI2 \~ kTI2 
= 2kT 

Of the minimum energy needed for electron-escape, i.e. E^^, we 
have already seen that is always present. Thus, the minimum 
energy which must be supplied by the cathode heating source for 
escape is Eq — ~ ^e. As, in addition to this, the electron escapes 

with an average energy 2kTy the total energy which must be supplied 
is (^e -4 2kT), If e(f>r is the electron-volt equivalent of kT, then the 
power loss due to electron emission is J{(/) f 2<^^) watts/cm.^ of 
cathode surface. It will be immediately evident that this quantity 
is virtually negligible compared with radiation losses. 

Cathode Temperature Determination 

, Assuming that there is little heat shielding from neighbouring 
surfaces, the rate of energy radiation from a heated cathode may 
be expressed by the Stefan-Boltzmann Law 

p = ayT^ 

where a has the value given on page 31 and y is the emissivity 
coefficient of the cathode surface. This coefficient is always less 
than unity and is the ratio of the power radiated from the surface 
to that radiated by a black body at the same temperature. It is 
also the fraction of incident radiation absorbed by a grey surface. 
Hence we must regard a cathode as a grey-body radiator. In 
practice y is not strictly constant, but varies slightly with tempera¬ 
ture. If P above is expressed in watts, then the right-hand member 
must be divided by 10*^. This gives 

P = 5-75 X watts/cm.2 . . (4 37) 
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In the event of the cathode being heat-shielded, heat will be reflected 
and the temperature of the surroundings may be appreciable. In 
these circumstances (4-117) must be replaced by 

P ^ 5-75 < 10 watts/cm.2 

where is the surrounding temperature. However (apart from 
special heat-shielded cathodes described in Chapter TX), is 
usually negligible compared with T^, and hence (4-37) may be 
employed. 

Taking the logs of both sides of (4-37), wo have 

logio ^ = logic (5-75 X lO-^V) I- 4 login ^ 

which, if y is constant, gives a straight line with a slope equal to 4. 
In practice the line is slightly curved, indicating that y is not con¬ 
stant. Hence y must be experimentally determined for various 
temperatures. For example, for what is known as Davisson’s 
combined-type coated cathode, (4-37) must be written 

P 5-75 X 10-12 [0-4 + (2*5 X 10~^T)YP^ 

where y = [0*4 x (2-5 x 10-'*T)] 

If the cathode input watts are measured, then 



where W is the input watts and S the cathode area. The cathode 
temperature is then determined from (4-37) by writing 


or 


yr4 

T : 


5*75 X 10-^2y 

pi 

1-55 X 10-V 


(4-38) 


Again, if the thermionic saturation current density is known, T 
may be determined. From (4-35) 

logic logic 1' == logic ^ - 0-434 ^ . (4-39) 


Rearranging, there results the transcendental equation 


T 


0-4346 


2 logic T- 


logic^M 


which may be solved by successive approximations. 
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If the value of T given by (4-38) is substituted in ( 4 - 39 ), J 
may be determined for any value of P. Thus, we have 

logic- 2 logic = logic ^-0-434 “ pi~ 

A further method of determining the cathode temperature is in 
terms of the hot and cold resistances of the cathode. The resistance 
of most conductors may be expressed as 

R R^(\ + aT j /5T2) . . (4-40) 

where Rq is the resistance at O'" C., R that at temperature T, and 
a and /? are constants. Solving for T, 


T 




2/1 


the result, in this instance, being in degrees centigrade. If, as is 
more customary, the initial resistance is taken at some other tem¬ 
perature than 0 ® C., say, then calling the resistance at R^, 
(4-40) may be written 

i2 = 2?i[l + ai(7’-2’i)H /Si(r-Ti)2] 

which leads to 


T-Ty = - 


«i fyai 2 - 4 A(l -fj 


2 A 


If T and are expressed in ° K., and is taken as 293"^, then 

— «1 + J — 4/Si^ 


T = 


2^1 


-f 293 


Fig. 4-10 gives RfR^ plotted against T,* the values of and being 
respectively 4*7 x lO'^and 5*2 X 10“^ for the case shown (tungsten). 


Emission Efficiency 


The electron-emitting efficiency of a cathode is expressed as 


Thermionic Current Obtainable 
Cathode Heating Power 


(4-41) 


and it is evidently desirable that this should be as high as possible, 
consistent with other requirements. In general, a cathode with a 

* °K 
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low value of 6, i.e. a low work function, provides a relatively large 
emission at a low temperature. However, the value of b is by no 
means the only criterion of the quality of an emitter. As the heating 
power and temperature of an emitter are raised, (4-41) rapidly 
increases, with the result that the most suitable operating tem¬ 
perature of a cathode is the highest ])ossible temperature compatible 
with a rate of evaporation of cathode material that results in a 
reasonable cathode life. Tungsten, for example, because of its 
low va])our })ressure and high melting point, can be operated at a 



sufficiently high temperature to give a greater emission than any 
other pure metal, although, as will be seen from Table 4-1, its 
value of b is higher than that for most other metals. Thus many 
materials, although having a low value of 6, are unsuitable as 
emitters, because rapid evaporation prevents their being raised to 
a temperature at which efficient emission occurs. 

This subject will be further discussed in Chapter VIII. 

Contact Potentials 

If two dissimilar metals, i.e. metals with different work function s, 
a re placed in contact at one point only, a potential difference ma y be 
observed at the tree ends. --(*^ee Fig. 4^11.) This poten tial difference, 
however, cannot be detected witkanjordiaary^dectroniagnetic volt¬ 
meter for-peasons which will be ap parent later^ 3Ieasurement of this 
potential difference shows that it corresponds to the difference of the 
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work functions of the two metals. When the two metals are joined it 
may be taken as an experimental fact that the work done in passing 
electrons from one to the other is very small. This means that the 
potential barriers of the metals disajipear at the ])oiiit of contact 
and that electrons flow freely from one metal to the other by virtue 
of their kinetic energies.*^Actually, a small amount of work is done 
(should electrons pass from one metal to the otlier) corrcs])onding 
to a potential difference of the order of millivolts, known as the 
Peltier effect. Ignoring this, however, it may be taken that on 
first connecting two metals at one point only electrons initially flow 
from one to the other until their potential is the same. This means 
that the metal receiving electrons acquires a negative charge which 


A B 



reduces its potential and sets up a field which finally reduces to 
zero the tendency of electrons to flow in its direction. When a 
state of equilibrium is attained, as many electrons flow in one 
direction as in the other during a given time. In the equilibrium 
state, and at low temperatures, it is evident that the energy 
levels of the two metals are aligned at the point of contact. Now, 
if an electron is taken round the circuit, i.e. through each metal 
and across the air space between the free ends in turn, the work 
done will be zero, i.e. 

“ b • • • (4—42) 

where <^2 respectively, the voltages corresponding to the 

work functions of the two metals and is the contact potential 
difference, i.e. the potential difference between the free faces of the 
metals. Dividing (4-42) by e, we have 

<f)c — ^2 — volts 

It has previously been stated that when the metals are placed 
in contact, electrons initially flow from one to the other. The direc - 
tion of flow is from the m eta l of lo wer work function to that of 
higher work function and, consequently^, if Is the latter which 
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acquires a negative charge. After an equilibrium state is attained, 
as many electrons ])ass from one side as from the other in a given 
time. Those that pass to the metal of higher work function, i.e. 
the one with a negative charge, must have work done on them to 
urge them towards this charge. Hence, in this respect their potential 
energy increases. However, as previously stated, joining the metals 
aligns their energy levels and thus there is no change in the energy 
of an electron as it passes from one metal to the other. This means 
that as an electron passes across the junction to the metal of higher 
work function, its kinetic energy falls, and vice versa when it passes 
in the opposite direction. Thus, if a:-associated kinetic 

energy of an electron in the metal of lower work junction and 
that of an electron in the other metal, then, 

^ e(j>' , . . (4-43) 

where e(f>' is the difference of the kinetic energies in the two metals. 
Now, from page 1G9 we have 

^ mkTe-dj,^ 

^ 

which give the numbers of electrons within ranges and -f- dp^.^ 
and also Pj :2 4' metal. The numbers of electrons 

per second passing through unit area of the junction of the two 
metals is, for the ranges given, 

^ ~ p^dpa:^ . . (4-44) 

and ^ p^^dpf ^2 • • (4-45) 

When a state of equilibrium exists (4-44) and (4-45) are equal, 
also, from (4-43), Pxidpxi = Px^Pxz- Substituting for p^y2m in 
(4-44), from (4-43), (4-44) and (4-45) can only be equal for 

Emi - Px2^l^rii - e(f>' = — Px2^l2m 

or = . . (4-46) 

Thus an electron, in passing from the metal of lower work function 
to that of higher, experiences a change of kinetic energy equal to 
the diflference of the normal maximum energy levels of the two 
metals. Or, we may say that the change is equal to the difference 
in the respective inner work functions of the metals. It is, of course, 
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possible to express (4-48) in terms of the electron densities of the 
two metals. From (4-21) we have 



where % and /?2 are respectively the numbers of electrons per cm.^ 
in the two metals. 

From the foregoing results it is now possible to draw the potential 
energy diagram for two metals in contact. Referring to Pig. 4-12, 
it will be noted that tJie potential barriers have been drawn as 
vertical lines instead of curves as shown by Fig. 4-5. This may be 
taken as permissible, as the distance between the free surfaces is 
large compared with the atomic dimensions over which the curve 



of Fig. 4-5 holds. As the maximum-energy levels are aligned at the 
point of contact of the metals, it is evident that the difference in 
the zero-energy levels is as shown. As previously stated, the energy 
difference between the free surfaces is equal to the difference of the 
work functions of the metals. 

In the event of a third metal being inserted at the junction C\ 
this has no effect on the conditions in the space between the metals 
A and B. On the diagram it is only necessary to insert the energy 
levels of the third metal in such a manner that its normal maximum 
level coincides with the other two. It follows that if any number 
of dissimilar metals are connected in series, the contact potential 
of the combination corresponds to the difference of the work func¬ 
tions of the pair of metals which terminate the combination. 

Should a pair of metals be connected via a source of potential, 
such as a battery, then the potential difference between the free 


7 —(T.a89) 
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faces is equal to the algebraical sum of the potential of the battery 
and that corresponding to the difference of the work functions of 
the metals. 


Field or Auto-Electronic Emission 

Although the previously given equations for the thermionic 
saturation current indicate a definite limiting current corresponding 
to a given cathode temperature, it is found in practice, that the 
thermionic currcmt does not truly saturate, but continues to increase 
slowly as long as the anode-cathode potential is increased. An 



Fra. 4~18 


exj)lanation of this phenomenon was first givcui by Schottky, the 
phenomenon now being known as the Schottky effect. According 
to electrostatic theory, the attraction between a negatively-chargec^ 
body and an equi])otential surface is due to the positive charge 
induced by the body on the surface; alternatively, it is said tlmf 
the body is attracted by its “image” in the surface, the attractive 
force being termed the i mage force^ . According to Schottky, che 
potential barrier, or work function, is solely due to this image force, 
and he calculated the modif^dng effect on the work function of an 
electrostatic field at a metal surface. 

Assuming the surface of a thermionic emitter to be a perfect 
plane, the conditions due to an electron at a distance x from the 
surface may be represented by Fig. 4-13, where (a) shows the actual 
condition and (6) that when the image hypothesis is employed. 
The force between plane and electron is 


(4-47) 
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where K is the specific inductive capacity of the space and may be 
taken as unity. This ecj j uation is not applicable at distances very 
close to the surfac e, the law changing as the crystal lattice is ap- 
proached. The actual value of the force for very small values of 
X depends on wliother the electron approaches an atom or the space 
between the lattice j:)oints. Should an electric field exist at the 
surface of the emitter, the force on the electron will be modified 
from that given by (4-47). Olose to the surface the image for(;e will 
[uedominate, while at large values of x the field force, ~ pX. will 



be the dominating influence. At some distance the two forces 
are equal and opposite, and at this position the electron experiences 
no force. Beyond x^^ the field force tends to remove the electron 
from the influence of the emitter, and the electron will escape, 
providing it loaves the surface with sufficient kinetic energy to 
reach As it is unlikely that fields can be produced of such 
strength as to render x^ less than that at which (4~47) is applicable, 
wo may write 




eX 


and 



. (4-48) 


Reference to Pig. 4-14 will show the image force, the field force, 
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the potential energy in the absence of a field, and that in the 
presence of a field, all as functions of x. The reduction in the energy 
needed to remove the electron to infinity, i.e. E — corresponds 
to a lowering of the potential energy barrier or work function. This 
reduction may be considered in two parts: that needed to translate 
the electron from the metal to and that to remove the electron 
from Xjn to infinity. The reduction in work, due to the field, for 
the first part is 

eXx^ 


Regarding the second part, when the electron reaches in the 
presence of an applied field, it is free to escape. Hence the reduction 
in work is equal to that needed to remove the electron from x^ 
to infinity in the absence of the field. This work is 


and thus we have 


00 

g2 

4x2 ^ ~ 4x„ 


E - El = eXx^ f ~ 


where E is the work in the absence of a field and that in its 
presence. Substituting for x,n from (4-48) 

E-Ei = 

— eV eX 


Expressing this in terms of the change in the work function 
dE = E-Ei = eVeX 

and El — E— cV eX . . . . (4-49) 

where Ei is the work function in the presence of the field. It will 
be noted that the reduction in the work junction is directly propor¬ 
tional to the square root of the field strength. 

Considering now the effect on the emission current, let Jq be 
the current density in the absence of a field and J that in its presence. 
Then, from (4-34) 

_ 3 , 

Jq=:^ATH 

E 

J = ATH~ 


and 
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From (4~41)) J ^ ATh g ki 

e^eX 

or e/ ™ J^E 

Substituting for e and h and expressing X in volts per ceiitiinotre, 
we have 

J .... (4-50) 

Multiplying both sides of (4-50) by the cathode area gives the 
emission current, viz. 

j .... (4-51) 

Now X is proportional to the anode voltage, with the result that, 
in practice, the relation between 1 and anode voltage may be shown 



in the manner indicated by Fig. 4-15. In order to determine the 
true saturation current as expressed by (4-51), we have 

log I = log /q + 4-4\/ XjT 

or log I = log Iq + 4*4X\/ VfT 

where V is the anode voltage and X is a constant. At some value 
of F, /q becomes constant and thereafter log / is a straight line 
the slope of which is 4*4if/T. The intercept of this line on the 
ordinate then gives log Iq in the manner shown by Fig. 4-16. 

Photo-Electricity 

Reference has already been made to the photo-electric effect 
in Chapter II and its influence in reducing the statistical time lag 
of a spark-gap. In general it is found that the influence of radiation 
on metals is to liberate electrons from the latter. That this is so 
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was originally demonstrated by J. J. Thomson, who measured ejw 
for the parti(3les liberated and found it to be that for the eleetron. 
The kinetic* energy of the e^rnitted eloetrons can be determined by 
the potential difference required to arrest them. 

Suppose a metal plate at a potential V is emitting electrons 
under the influence of radiation. An electron will experience a 
force attracting it back to the plate, and by th(3 time it reaches a 
situation of zero })otential it will have lost energy equal to Ve. 
If its original energy at tlie plate were E, then the energy is now 
E ~ Fe. If this quantity is equal to or greater than zero it will 
escape being drawn back to the plate. If v is the initial velocity of 
the electron, then, for escape, 

^ Ve 

and 0 ^ > 2V ^ 

m 

If a plat;(' is enclosed in a highly-evacuated glass vessel with another 
conductor at zero potential, illumination of the plate, with, say, 
ultra-violet radiation, will cause the emission of electrons. The 
plate will slowly acquire a positive ])otontial which will increase 
until it is just sufficient to prevent the escape of the fastest electrons. 
This maximum potential is a measure of the maximum kinetic 
energy of an electron. It is found to* be of the order of 1 volt, and 
thus the energy of escape is 

Ve - X 4*774 X lO' 

™ 1-591 X W-^^ergs. 

i.e. 1 electron-volt. It is found that the velocity and energy of the 
omitted electrons are independent of the intensity of the incident 
radiation, but depend on the frequency of the latter. 

Millikan’s Expekiments 

There have been many experimenters in the field of photo¬ 
electricity, but probably the best results have been obtained by 
Millikan, whose experiments alone will be described here. It is 
found that alkali metals emit most readily and that oxide films, etc., 
on the metal sm face modify and eomjjlicate results. In view of this, 
Millikan’s experiments were carried out on a block of alkali metal 
supported within a highly-evacuated glass vessel. In order to 
obtain a perfectly clean surface the metal was scraped inside the 
vacuum by a cutter operated from outside by means of an electro- 
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magnet. The clean surface of the alkali was situated in front of 
an oxidized copper-gauze cylinder, the potential difference between 
the two being adjusted until no electrons could escape from the 
former. The purpose of employing copper oxide for one electrode 
is that the photo-electric effect occurs at lower frequencies for the 
alkali metals than for copper oxide. Thus, Millikan was able to 
employ radiation of frequency which would affect the alkali but 
not the copper oxide. 

If V is the positive potential of the alkali metal necessary to 
prevent the esca])e of electrons, and / the frequency of the incident 
radiation, then it was found that 

F:^A7-Fo . . . ( 4 - 52 ) 

where Vq depends on the nature of the substance, but K has the 
same value for all substances. Multiplying by e and transposing, 
we have 

Ve -I V^e = Kef . . . (4~53) 

Fc is the energy with which the fastest electron escapes and, as 
FqC has also the dimensions of energy, it must bo interpreted as 
the work done by the electron in escaping from the metal. Hence, 
FqC should be identical with the thermionic work function and 
this is found, approximately, to be the case. K was found from 
the slope of the curve given by (4-52), being equal to 4*128 X 10““^® 
when V is measured in volts. The left-hand member of (4-53) is 
the energy with which an electron commences its flight and thus 

\mv^ = hf 

Where h is constant, independent of the nature of the substance, 
and equal to Kc. 

4*128 X 10“"^^ 

Therefore h = 4*774 x 10-i« X - - - 

= 6*56 X 10~2^ erg. sec. 

which is equal to the value of Planck’s constant. 

Einstein’s Theory: Light Quanta 

The quantity A/has been termed by Einstein a ‘"light-quantum,” 
who put forward the theory that radiation travels in bundles of 
this magnitude. Referring to (4-53) we see that if / is equal to a 
certain value /q then 

V^e ~ Kefo . . . (4-54) 

and below this value there will be no emission, /q is known as the 
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critical or threshold frequency, and is evidently proportional to the 
work function of the metal. From (4-53) and (4-54) 

Ve I Kefo --- Kef 

or Ve::=h(f^f,) 

which is Einstein’s equation. When A — 4000 A, i.e. the shortest 
wavelength of visible light, the threshold condition is — 3 volts. 
It follows that metals with higher work functions than 3 electron- 
volts will respond only to ultra-violet radiation. Hence, common 
metals, which have work functions of about 4 to 5 electron-volts, 
are useless as ])hoto-electric cathodes for visible liglit. 

According to Einstein’s theory, when radiation falls on a metal 
the electrons receive quanta of value hf so that escape is ])ossible, 
providing hf However, when an explanation of the photo¬ 

electric eflFect is sought in terms of the classical wave theory, grave 
difficulties arise. For example, a photo-electric effect can be observed 
when the energy falling per second ]>er square (‘(^ntimetre of a 
substance is less than 1 erg, which is equivalent to a standard 
candle at a distance of 2 metres. Under these circumstances the 
energy of each electron liberated can be greater tlian 10 erg. 
On the wave theory an electron cannot absorb more energy tlian 
falls on the area of the molecule in which it is contained. The area 
of a molecule is of the order of 10-^^ cm.‘‘^ and thus with 1 erg per 
cm.2 per sec. the energy received by a molecule per second is 10 erg. 
Thus, for an electron to acquire an energy of 10 erg would require 
about 10,000 sec. or 3 hours, and this time should elapse from the 
moment of applying the radiation until the })hoto-electric effect 
commences. Actually, however, the effect appears to oc^cur simul¬ 
taneously with the application of the radiation. This is (piite 
possible according to Einstein’s theory, for if radiation travels in 
quanta, and an electron can absorb a whole quantum instantaneously, 
there can be a photo-electric effect, resulting in the emission of a 
single electron as soon as the total energy of the light emitted is 
equal to one quantum. For the source considered, the rate of energy 
emission is 47r x 200^ = 5 X 10® ergs per sec. Therefore, only 
2 X 10 sec. elapse before a quantum is emitted, which explains 
the almost instantaneous photo-electric effect. 

Photo-electric Effect in Non-metals 

The photo-electric effect occurs with non-metals, but here the 
threshold frequency is much higher than with metals. In the case 
of non-conductors there are no free electrons, and lienee a quantum 
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has not only to extract an electron through the surface of tlic 
substance, but also from its parent atom. Now hf^ = or 

Vq — A/o/^> and thus Vq must exceed the ionization potential of 
the atom by an amount equal to the work function. Observations 
on non-conductors are difficult, as it is not possible to conduct the 
charge away from the substance by means of a wire. Hence the 
charge collects on a non-conductor until it terminates the electronic 
emission. 

In the case of gases the photo-electric effect takes the form of 
ionization, as the ejection of a photo-electron leaves the gas molecule 
with a positive charge. There being no surface effect, it may be 
anticipated that ionization should eommen(‘(' for hf^ — VqP where, 
in this case, Vq is the ionization potential. The maximum wave¬ 
length should also be A — hcfVQe. Actual1;y, however, it is found 
that radiation of longer wavelengths than this may cause ionization 
in gases. This it appea;rs that the effect is associated with the 
excitation rather than ^e ionization potentials of the molecules. 
Possibly two excited molecules may collide and their joint energy 
may be sufficient to projfiuce a ])hoto-electron from one of them. 

Secondary Emission 

In dealing with gaseous electrical discharges it was shown that 
the discharge is probably maintained by the omission of secondary 
electrons from the cathode. In general, electrons tend to bo omitted 
from a metal surface whenever it is subjected to bombardment by 
electrons, positive ions, or metastable atoms. The motion of the 
latter does not constitute a current and hence knowledge of secondary 
emission due to this cause is slight. However, far more important 
are the emission processes due to the two first-mentioned causes. 

Secondary Emission due to Ele(^trons 

When a stream of electrons strikes a metal surface, reflexion 
of the impinging electrons may occur, due to collisions of electrons 
with atoms. Cumulative reflexion may occur up to angles of OO"". 
In addition to this, electrons may be released from the metal, due 
to energy transfer from the electrons in the primary beam. It is 
electrons emitted in this manner which constitute secondary emis¬ 
sion, the electrons being termed “secondary” electrons. In practice 
difficulty is experienced in determining the ratio of the secondary 
to primary electrons, as there is no precise method of distinguishing 
between electrons belonging to each class. It appears that the ratio 
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is much less when a metal is freed from gas. Some figures, due to 
Petry, for pure metals are given in Table 4-2.* 


TABLE 4 2 


Metaii 

Maximum Ratio 

Velocity of Primaky 
Electron : Volts 

Fe 

1*3 

348 

Cu 

1*32 

240 

Mo 

1-30 

356 

Ni 

1-3 

455 

W 

1*45 

700 

Au 

M4 

330 


The practical importance of secondary emission will appear in 
dealing with valves where metals have been sought with low secon¬ 
dary emission. In certain apparatus, however, such as the electron 



ELECTRON VOLTS 
Fig. 4-17 


multiplier, high secondary emission is desirable and may be obtained 
from materials usually employed as photo-electric cathodes. 

For example, the ratio of secondary to primary electrons is 
greatly increased by the presence of an alkali or electro-positive 
metal on the surface of a pure metal. For such composite surfaces, 
secondary emission ratios as high as 15 have been found. This 
ratio for a surface which may be described as Cs-CsO~Ag (that of 
♦ Phya. Rev. 20 (1926), p. 346; 28 (1926), p. 362. 
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tlic electron-multiplier shown by Fig. 18-18) is shown as a function 
of the energy of the j)rimary electrons by Fig. 4-17. It is possible 
to give some explanation of the character of this curve. When the 
primary ele(*trons arrive at the surface with low energy, the energy 
which they can transft^r to tlie secondaries is small, with the result 
that few of the latter can <)vercom(‘ the surface })otential barrier 
and escape. Increasing the emugy of the primaries at this stage 
results in more (mergeti(; secjonclaries and an increase in the secondary 
emission ratio. As the eiHTgy of the incident electrons is continually 
increased, however, they j)enetrate deeper into the metal and the 
secondaii(\s produced must travel further in order to reach the 
surfac e. In doing so, the number of (*ollisions made by the secon¬ 
daries increases, with the result that their random velocity is 
increased at the expense of their .r-directed velocity. Thus, as the 
energy of the primaries is increased, the secondary emission ratio 
must pass through a maximum as shown. 

The energy of the majority of the sc^condary electrons is usually 
not more than about 3 elecjtron-volts. This is, perhaps, to be ex- 
j)e(*ted, for a high-enc'rgy secondary within the metal should be 
able to a(*t in a similar maimer on other electrons as a primary, and 
thus gradually lose its (‘iiergy. 

Secondary Emission Duk to Positive Ions 

In practice, secondary emission due to jiositive ion bombardment 
is usually far more important than that due to primary electrons. 
This is because the field at the cathode, where the positive ions 
im])ingo, is in such a direction as to remove the secondary electrons, 
whereas the field at the anode restricts the escape of electrons. As 
we have already seen, according to one theory, secondary emission 
at the cathode is essential to a self-maintamed discharge. 

A positive ion on arrival at the cathode possesses two forms of 
energy: potential energy equal in amount to its ionizing potential, 
and kinetic energy due to its velocity. On neutralization of its 
charge the energy of an ion may be absorbed in various ways. Thus, 
energy is necessary to extract the neutralizing electron from the 
cathode and if, in addition, secondary emission occurs, energy will 
be needed to extract the secondary ekuitrons. Heat is also produced. 
Suppose the total current at th(' cathode is 1 amp. and of this 
a? amp. is duo to positive ions and (I — a;) amp. to electrons. Let 
V be the potential difference between the cathode and its surround¬ 
ings, Vi the ionizing potential of the gas, and <f> the work function 
voltage of the cathode. If the kinetic energy of the ions corresponds 
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to a fall through a potential difference V', then, assuming the 
secondary electrons have negligible initial velocities, 

J^otential energy of ions ^ x T, 

Kinetic energy of ions ~ xV' 

Energy for extraction of neutralizing electrons =-- x<f> 

Energy for extraction of secondary electrons ~ (1 — x)</> 
Therefore balance of energy ])(>ssessed by ions is 
E^-x(V' I F,- (^)~(}-x)<^ 

~--x(r i- .... (4-55) 

If, after neutralizing, the ion is devoid of energy, then (4-5r)) is 
the rate of heat production at the cathode in watts per ampere. 
Hence under suitable circumstances x may be determined. In 
some experiments, due to 01i})hant,* conditions were arranged so 
that T^' was equal to V and ^ and were relatively small. In this 
case ( 4 - 50 ) becomes 

E =:xV . . . . (4-50) 

X was determined from (4-50) by measuring the additional heat 
needed to maintain the cathode at a constant temperature as F 
was reduced. It was found that x was approximately constant for 
values of F between 40 and 600 volts. Some values of x for various 
gases are given by Table 4-3. 

TABLE 4-3 


Gas 

X 

He 

0-7 

A 

0-8 

Ne 

0-55 

R, 

0-7 

Hg 

0-75 


Conduction in Metals, Insulators, and Semi-conductors 

In view of the Fermi-Dirac theory of the metallic state it is 
necessary to reconsider the subject of electrical conductivity. It 
appears that electrons with energies well below the normal maximum 
level cannot take part in electrical conduction. When an electron 
is under the influence of an electric field it tends to change its energy 
state. As the states adjacent to those of electrons having energy 
* Proc , Roy . Soc . A. 132 (1931), p. 631. 
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less than are full, it is apparent that such electrons cannot take 
part in electrical conduction. However, those relatively few elec¬ 
trons with energy equal to or above may be forced up into an 
unoc(;upied state or level, such states being 
known as rvnming states or levels. This 
term is emplo 3 "e(i because it is probable 
that the How of electrons within a con¬ 
ductor takes place principally by means 
of the motion of electrons in these levels. 

If a ]Jotential difference is applied to 
two opposite faces of a conductor, this has 
the elfect of tilting all the energy levels 
into an inclined })osition. Thus, con¬ 
sidering Fig. 4-1S, if the right-hand side 
of the conductor is made negative 
relatively to the left, the energy of the electrons to the right will 
be increased. This increase in energy is initially potential, and the 
electrons can now move to the left, passing into higher kinetic- 

energy states at the expense of 
potential energy. Obviously the elec¬ 
trons below Ejn cannot move because 
the levels immediately above them 
are full. The energy of a conducting 
electron does not remain constant 
because it collides with the lattice 
structure, thus losing energy in the 
form of heat. Such losses constitute 
the resistance of the conductor. 

Insulators and Semi-conductors 

Within an insulator the electrons 
reside in definite kinetic-energy levels 
exactly as within a conductor. How¬ 
ever, unlike a conductor, the elec¬ 
trons within an insulator are firmly 
attached to their parent atoms and 
T*c hence cannot readily accept addi- 

Fio. 4-19 tional energy to force them into 

unoccupied levels. Thus, an applied potential may steeply tilt the 
energy levels without electrons being able to pass from one level to 
another, this resulting in an absence of conduction. 

The terms “conductor” and “insulator” are, of course, only 
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relative, for it is doubtful whether a perfect conductor or insulator 
exists. Most insulators have some slight conductivity which tends 
rapidly to increase with an increase in temperature. Reference to 
Fig. 4-19 shows this property for red fibre in a dry state. The 
effect of heat on an insulator is to increase the kinetic energy of its 
electrons and so force some of them into running levels, thus leading 
to an increase in conductivity. 

A semi-conductor may be regarded as a composite of a conductor 
and an insulator. The conditions may be illustrated by Pig. 4-20, 
in which it will be seen that running levels exist above a thin layer 
of filled levels, the latter in turn residing above a no-level band. 
The thin layer is said to consist of ‘‘impurity’’ levels, as it is believed 
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Fio. 4-20 


to contain electrons belonging to impurities within the substance. 
Typical important examples of semi-conductors are cuprous oxide 
and selenium. In the former it is believed that the impurity levels 
are associated with an excess of oxygen, i.e. oxygen beyond that 
demanded by the chemical formula of cuprous oxide. Certainly the 
semi-conducting properties are due to oxygen excess, for pure 
cuprous oxide has a specific resistance of the order of 10® ohm per 
cm.®, while that with an excess of oxygen has a specific resistance of 
the order of 10® ohm per cm.® 

The conductivity of a semi-conductor is limited by the com¬ 
paratively few electrons in the running levels. This is probably 
due to the lack of depth of the impurity levels which supply the 
running levels. The conductivity of a semi-conductor is extremely 
susceptible to temperature variations, the explanation of this being 
the same as for an insulator, i.e. an increase in temperature forces 
electrons from both the impurity levels and those below the no-level 
band up into running levels, the first of these two ejBFects having 
much the greater result on the increase in conditctivity. 
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X-RAYS 

It has already been stated in Chapter III that if a gas-discharge 
tube is exhausted to the degree that the Crookes dark space fills 
the tube, a radiation, termed X-radiation, is emitted from wherever 
cathode rays (or electrons) strike. The discovery of this form of 
radiation was due to Rontgen, and the first indication of its exist¬ 
ence may be said to be evidenced by the fluorescence of the glass 
tube when this is sufficiently exhausted. By covering the tube with 
black paper, Rbntgen found that fluorescence could still be excited 
in a barium platino-cyanide screen placed at some distance from 
the tube. From this he concluded that some hitherto unknown 
form of radiation existed, capable of penetrating opaque substances 
and producing effects at distances remote from its point of genera¬ 
tion. The capability of X-rays to penetrate solid bodies is, of 
course, a fact of the greatest importance, and this is further enhanced 
by the fact that they are capable of affecting a photographic plate. 
From these two phenomena arise the science of radiography. 

Methods of Production 

The original tube with which ROntgen made his discovery of 
X-rays was not such as is used for their production to-day. This 
was in fact what is usually termed a Crookes tube, the rays from 
such a tube being “soft” in character. X-rays are classified into 
“soft” and “hard” according to their capacity for penetrating 
substances, the hard rays being relatively more penetrating than 
the soft. In order to produce harder rays than those obtainable 
from a Crookes tube, early X-ray tubes took the form shown by 
Fig. 5-1. This possessed a concave cathode, the purpose of which 
is to focus the electrons on to a metal target T, The rays arise 
from T in the manner shown. That the rays originate from where 
the electrons (or cathode rays) strike may be demonstrated in the 
manner shown by Fig. 5-2, where R is a photographic plate and A 
a metal plate possessing a number of holes. If an exposure is made, 
B developed and replaced in its initial position, then, producing the 
lines backwards from the images through the holes, it will be found 
that they converge on a common point on the target, thus showing 
that the.X-rays arose from this point. 
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Secondary Radiation 

When X-rays fall on any material, further rays are produced, 
termed secondary radiation. This radiation is complex in character, 
consisting mainly of secondary X-rays. These rays may be classified 



under two headings, namely scattered X-rays and characteristic 
X-rays. The former consist of rays similar to those of the primary 
beam, and may be considered as rays which have been deflected 
by the substance upon which they have fallen. The characteristic 



X-rays are so termed because they are characteristic of the substance 
on which the primary rays have fallen. 

Origin of X-rays 

Classical Theory 

The first explanation of the origin of X-rays was due to Stokes, 
who suggested that the sudden stoppage of cathode rays (i.e. elec¬ 
trons) when they strike a solid body causes the emission of electro¬ 
magnetic pulses or radiation of very short wavelength. However, 
earlier than this J. J. Thomson had observed that if cathode rays 
were rapidly moving charged particles (as he afterwards proved to 
be the case) then, in accordance with Maxwell’s theory of radiation, 
they should produce radiation if suddenly stopped. 

In order to pursue this idea we shall consider an electron moving 
along AB, Pig. 5-3, with a velocity v, which is small comp^ed with 
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that of light. The magnetic field due to the electron in uniformly 
distributed around it and, of course, accompanies the electron while, 
and only while, it is in motion. It will now be assumed that when 
the electron reaches 0 a force acts upon it which brings it to rest 
in a short time dt, it coming to rest at O'. (Considering tlu^ field 
distribution at a time i after the electron is at rest, if a s])here of 
radius r = is describc^d about O', a disturbance will have passed 
over the field within this sphere, the field originating from (or termin¬ 
ating on) O'. Now, the field distribution outside a sphere of radius 
c{t -f- dt)y described a])out 0, will be the same as if the electron had 
not been arrested, because the disturbance can only travel outwards 
from 0 with velocity c. If the electron continued to move uniformly, 



the field would have been uniformly distributed about 0" where 
00" = v{t + dt). The disturbance due to the stoppage of the 
electron will accordingly be contained between the two spheres. 
The form of the field in this region cannot be predicted, but it is 
evident that it will possess a tangential component, this travelling 
outwards with the velocity of light and constituting the X-rays. 
If vdt is small compared with cdt, the spheres may be regarded as 
concentric and the disturbance will be confined betwetm two spheres 
of radii ct and c{t -|- dt), the thickness of the disturbance being cdt. 
Resolving the disturbance into two right-angled components, we have 
Tangential Electric Displacement _ vt sin 0 
NormafElectric Displacement cdt 

The normal displacement is el4t7Tr^ and, as r = ct, the tangential 
component is 

e vt sin 6 

* cdt 

ev sin d 
or 

where e is expressed in e.s.u. 


^LirrcHt 


(5-1) 
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As the latter is moving at right-angles to its direction with 
velocity c, it will produce a magnetic field H equal to 47rcfc times 
the tangential displacement,* i.e. 


ev sin 0 
^ rcMt 


(5-2) 


From (5-1) and (5-2) it will be noted that the electric and magnetic 
field strengths vary inversely as the distance from the electron, 
whereas the normal component of the field varies inversely as the 
square of that distance. Hence the intensity in the disturbance, 
except in the vicinity of the electron, will bo large compared with 
the intensity outside it. Thus, a pulse of electromagnetic disturbance 
travels outward from the electron, behaving in some respects like 
ordinary light. The })rincipal differences are, however, that the 
thickness of the pulse is small compared with the wavelength of 
light and lacks that regular periodic character distinguishing a 
train of waves of constant wavelength. 


Energy of Radiation 

According to Maxwell’s theory, the energy in an electromagnetic 
wave is equally divided between the magnetic and electric fields. 
Hence the energy in the pulse is given by either 
»//2 

2x^ or2xQ-- ergs per unit volume, 

OTT 077 


where X is the electric field strength and fx and k the permeability 
and specific inductive capacity of the medium in which the radiation 
occurs. Assuming // -— 1, the energy in the pulse per unit volume is 

1 /ev sin 
477 V rcHt ) 


The volume of shell included in radii making angles 6 and 6 + dO 
with the axis AB is cdt . 27Tr sin 6 . rdd, and the total energy is 
therefore 


[*7rt2 


2 


2777-2 sin Oedi . 


Jo 



ev sin 6 
rcHt 



2 eh)^ 

3 ’ cHt 


* Electricity an ^ Magnetism , p. 421, S, G. Starling (Longmans, Green). 
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But this is the energy radiated in time dt, so that the rate of 
radiation is ^ 90 


It may be noted that {vjdtY is the average rate of acceleration of 
tlie oJoctron. Writing this as /^, the rate of radiation is 

2 e2/2 

. —^ ergs per sec. 

»5 C 


and this is true whether the electron is brought to rest or merely 
undergoes a change of velocity. 


Quantum Theory 

Although the foregoing theory of the origin of X-rays is not 
without merit (as we shall see later when dealing with scattering), 
it is more probable that explanation of X-rays is to bo found in the 
quantum theory. According to this theory radiation could be 
produced by a bombarding electron penetrating an atom with a 
consequent displacement of a planetary electron to an orbit more 
remote from the nucleus. Under such circumstances the atom 
would be in an excited state and, on return of the displaced electron 
to the ground state, radiation would occur. 


Absorption of X-rays 

Reference has been made previously to the variation in the 
{xnietrating power of X-rays and their classification into hard and 
soft rays. The degree of hardness is largely associated with the 
])otential difference through which an electron falls in passing from 
the cathode to the target being greater the larger the potential 
difference. The })enetrating power of the rays is obviously of such 
importance that it is necessary to have some means of measuring 
this quality. In practice this is effected by measuring the degree 
to which the rays are absorbed by a suitable screen. 

Now, if a beam of X-rays of intensity I pass through a length 
doc of any material, the loss in intensity over dx may be written dl. 
For a given material the amount of the absorbed intensity may be 
written iildx, where ^ is termed the absorption coefficient, or the 
fraction of the intensity of the beam absorbed per unit length of 
path. Thm 

Y = -lidx 
log I = — [tx K 


and 
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If Iq is the intensity of the incident beam, then when a; = 0 , / = /q. 

Hence K — log Iq 

and log T ~ — fix + log Iq 

from which J — Ioe~^^ .... (5-3) 

In order to measure the absorption coefficient the apparatus shown 
by Fig. 5-4 may be employed. This consists of an ionization chamber 
before which is placed a sheet of material, S, in which absorption 



is to be produced. The ionization chamber consists of an insulated 
aluminium plate mounted within an aluminium box, this metal 
being relatively easily penetrated by X-rays. A potential difference 
is maintained between the box and plate, sufficient to produce a 
saturation current in the gas when ionization occurs. The magnitude 
of this current is a measure of the ionizing power and thus of the 
intensity of the beam. By measuring the saturation current with 
and without S in position, I/Iq, and thus //, may be found. 

Provided the X-rays being absorbed by a given material are 
homogeneous, the law expressed by (5-3) is found to be true. Where 
the X-rays are heterogeneous, the law is not obeyed, and plots of 
log I/Iq against x do not give straight lines. However, the law may 
be approximated to by adopting a series of straight lines, up to four 
in number. 

As X-rays are classified by their absorbability in different 
substances, it was found that a better measure of the quality of the 
rays than the absorption coefficient is what is termed the mass- 
absorption coefficient, i.e. the ratio of the absorption coefficient to 
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the density of the substance, viz. /y/p. For a sheet of absorbing 
material of area A, volume F, mass m, and density p, we have 

V -- Ad 

m ~ Vp 

from which d mjAp 

Substituting fur x in (5-3), 




f(5) 


whore p/p is the mass-absorption coefficient. Thus, if an absorber 
is described in terms of itiJA, i.e. grams per cm.^, and p cx p, the 
mass-absorption coefficient will be indei)endent of the density of 
tlie substance. 

Jn practice it is found that p/p is not constant, for p increases 
with the atomic weight of the substance more ra])idly than propor¬ 
tionally to the density. In addition, p is a function of the “hard¬ 
ness'* of the rays (the hardness increases with the voltage at which 
the rays are generated), decreasing as the hardness increases. 
Table 5-1 indicates the manner in which p decreases as the X-ray 
tube potemtial increases. 

TABLE 5-1 


Volts 


10,000 

30,000 

60,000 

90,000 


00018 
0-001 
0-0004 
0-00029 


Scattering: Classical and Quantum Theories 

As stated previously, when X-rays fall on a material scattering 
occurs. Although the scattered radiation consists of X-rays be¬ 
longing to the primary beam, these rays after scattering are some¬ 
what modified, usually softened. The modification results from an 
absorption and re-emission of the rays, fluorescent radiation* and 
what is known as Compton scattering being produced. Thus, the 
measurement of absorption includes true absorption (i.e. conversion 
of X-ray energy into heat) and scattering. Different substances do 
not produce the same degree of scattering, those of high atomic 
weight producing a greater effect than those of low atomic weight. 

* See Chapter Vll. 
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If an electromagnetic disturbance due to an accelerated elecjtron 
falls on another electron, the latter will be subjected to an electric 
field X and will thus receive an acceleration 

Xe _ e^f sin 6 
~ m mre^ 

The electron will, therefore, give out radiation, which (since is 
proportional to/) will have the same quality as the radiation exciting 
it. If there are n atoms per cm.^ of a substance on which an X*ray 
beam falls, and there are Z loosely bound electrons per atom, then 
the possibility exists of setting in vibration the Z electrons. The 
latter will then scatter by re-radiation a fraction of the original 
energy in all directions, with maximum intensity in a plane per¬ 
pendicular to the direction of electron oscillation. As the rate of 
radiation of an accelerated electron is | then 1 crn.^ of a 

substance on which an X-ray beam falls will radiate energy at a 
rate 

^ nZ ergs per sec. 


this being in the form of scattered radiation. The rate at which 
energy is being received per square centimetre from the incident 
X-ray beam is 

P ~ ^ ergs per sec. 


But X = m//c, and hence 

P ^ 

‘47re2 


Thus 


S Stt ^ 

D “"2 4 

P 3 


Now SjP = /i, the absorption coefficient. If instead of ji the mass 
absorption coefficient is employed, then 

p 8 Stt 

p pP 3 pm^c^ ^ 

But p = nrrijjA, where is the mass of a hydrogen atom and A 
the atomic weight of the scatterer. Hence 

p 3 nmjiAm^c^ ^ 3 A ^ A 
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where K has a value of about 0*4. Thus 



Experimental measurements of fijp for the lighter elements from 
H to A1 give 0*2. Hence 

AI2 

which indicates that the number of electrons within an atom is 
about one-half of its atomic weight. Refereiuie io a table of atomic 
weights shows that this is approximately true.* 

Quantum Theory of Scattering 

According to the classical theory of scattering given above, the 
frequency of a scattering electron should be the sanu^ as that of the 



V 

Fig. 5-5 


(ilectric field under whose influence it oscillates. However, as 
previously stated, the scattered rays are usually softened, which 
means that they are of longer wavelength than those of the primary 
beam. The change of wavelength was investigated by A. H. Compton, 
who found that it could be explained by an application of the 
quantum theory. 

Compton considered X-rays as light quanta or photons which 
collided elastically with electrons within the atom. The photons 
were considered to have momentum, thus setting in motion the 
electrons upon collision. According to (3-24) and (3-25) the momen¬ 
tum and mass of the incident photon are respectively hfje and 
As a result of a collision between a photon and an electron the 
latter emits a quantum hf of scattered rays, making an angle 0 
with the direction of the incident rays, as shown by Fig. 5-5. Also, 
the electron, known as the recoil electron, is set in motion with an 
initial velocity v in a direction making an angle ^ with that of the 


Physical and Chemical Constants ^ Kaye and Lahy (Ijouginans, Green), 
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incident rays. Now, according to (3-28), the kinetic energy of the 
electron is 

“•'’[vrzTv?-'] 


and from the law of conservation of energy we have 


hf = hf -1- w 

- 11 

• (5-4) 

. y/l — v^fc^ J 

Also from the law of conservation of momentum 


M hf 
— — — cos 0 \- 
c c 

7n„v cos (f) 

a/1 — 

■ (5-5) 

0 =•- — Kin 0 — 
c 

mgV sin <j> 

Vl — v^Jc^ 

• (5-6) 


these two equations, respectively, referring to the x components 
along the beam and the y components normal to the beam. The 
mass of the electron is given by (3-27). From (5-4), (5-5), and 
(5-6), wc have 

r=^ = A +^“^(1-00.6) 

3 ' 2 ^ n\ 2 ^- 0 ® 

or X — k — — (1 — cos 0) — — sin^ 

7HoC ' ' rrioC 2 

0 

cot- 

Also tan <f) —-^ 

1 ~f" ~2 

nioC^ 

These results indicate that A' is greater than A unless 0 = 0. The 
difference (A' — A) is evidently a function of the scattering angle 
0 and is independent of A. Thus, the percentage change in wave¬ 
length is large for small wavelengths, but small for large ones. 
Substituting for A, m„, and c, we have 

A'—A = 0-0242(1-cos 0) 

The foregoing results are confirmed by experiment and appear 
to indicate that in some respects X-rays behave as particles of 
energy hf and momentum A//c. However, in other respects X-rays 
behave as radiation of extremely small wavelength, this apparent 
inconsistency being as yet unresolved. A similar anomaly has, of 
course, already been found in Chapter III in dealing with photo¬ 
electricity. 
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Secondary Corpuscular Radiation 

Jn addition to recoil electrons, a beam of X-rays incident on a 
substance also liberates photo-electrons. The latter are not emitted 
e(|ually in all directions, but in the case of a thin scatterer, such as 
gold leaf, considerably more electrons (or corpuscular radiation) 
are emitted from-the emergence side than from the incident side. 
Thus, the electrons are projec.ted from the atoms with a component 
velocity in the direction of the primary beam. The electric field 
and for ce in the primary beam arc at right-angles to the direction 
of j)ro|)agation and hence the electrons tend to be ejected in a 
diniction ])e‘rpendicular to that of the beam. However, because of 
the magnetic; field in the beam the ele(;trons after ejection will be 
acted on by this and the resultant motion will then be in the direction 
of the beam. 

If V is the velocity of electron projection and u the comixment 
velocity along the beam, then, if the electron absorbs a ])hoton hf, 

M 

mu — 
c 

-- hf 


and 


u V 
V ~~ 2c 


For photo-electrons projected by X-rays, v is of the order of 10^® cm. 
per sec. Hence ujv = 1/6, which is approximately the value found 
from experiment. 


Characteristic X-rays 

Of the two kinds of secondary X-rays produced when a primary 
beam falls on a scattering substance, one of these, the characteristic 
or fluorescent radiation, depends on the nature of the substance 
and not on the quality of the primary beam. However, to produce 
any characteristic X-ray, the primary X-rays must be at least as 
hard as the characteristic X-rays produced. This means that the 
atomic weight of the anticathode in the X-ray tube must exceed 
that of the scatterer and also that the potential of the tube must 
exceed a certain value. These facts indicate that the characteristic 
X-rays are due to some electronic conditions within the atom. 

Employing absorbing screens of aluminium, Barkla measured 
the mass absorption coefficient for the characteristic X-rays arising 
from a variety of materials when placed in a beam of X-rays. The 
characteristic rays tended to fall into two distinct groups, as shown 
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by Fig. 5-0, where log ////> is plotted against the logarithm of the 
atomic weight of the scattering element. These two groups were 

termed the series K and series 
L fluorescent radiations, the 
former being more penetrating 
and less absorbed than the 
latter. 

If an absorbing material is 
irradiated by a beam of homo¬ 
geneous radiation insufficiently 
hard to excite the characteristic 
L radiation of the absorbing 
material, it is found that the 
ahsor])tion coefficient dimin¬ 
ishes rapidly with diminishing 
wavelength* of the homo¬ 
geneous radiation, the relation 
being expressible by fj/p = 

1liis is shown l)y the branch M 
of the curve of Fig. 5-7. As the 
wavelength is continually decreased, a value is ultimately reached 
at which the absorption suddenly rises to a relatively high value. 
At this wavelength the L 
radiation of the absorbing 
material is excited and the 
energy of this characteristic 
radiation is abstracted from 
that of the primary beam. 

Beyond L, Fig. 5-7, the absorp¬ 
tion again decreases in accord¬ 
ance with a third power law 
until the wavelength is such 
that the K radiation is excited. 

For elements of high atomic 
weight an M discontinuity 
exists as well as those of the 
L and K series. The absorp¬ 
tion curve for varying wave¬ 
lengths may be written 



Fm . 5-7 



f + . . .)P 

* See p. 210. 
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where Kj, etc., are constants for a given absorbing 

material, eaeli of which becomes effective when tlie incident wave¬ 
length is less than that corresponding to the K, L, M, etc., absorption 
limits. 

A similar curve to that of Fig. />-7 occurs if ///p is plotted against 
atomic weight for a given quality of radiation. As the atomic 
weight increases the absorption also increases, while tlu^ atomic 
weiglit is su(;h that the it, L, and M radiations can be absorbed. 
Beyond the element of the same material as that res]>onsible for 



the radiation, radiation can no longer be absorbed by the K struct,ure 
of the elements. Hence from this point the K absorption ceases, 
and only the L and M absorptions for tlie elements of increasing 
atomic weight occur. As the atomic weight increases, the absorption 
coefficient again increases until the hardness of the L radiation of 
a certain element exceeds that of the incident radiation. At this 
point the L absorption will abruptly cease, as shown by Fig. 5-8. 

The foregoing phenomena indicate that each element possesses 
a series of X-ray characterivstics designated by the letters K, L, 
M, N, etc. These characteristics differ in the hardness of the rays 
required to excite them, the hardness diminishing with the advancing 
position of the letter in the alphabet. The series can be invoked 
for all elements, but the higher the atomic weight the greater must 
be the hardness of the primary exciting beam. Thus a beam which 
may be adequate to produce the K series in a light element may 
only be able to produce the M series in a heavier element. In fact, 
the L and M series in some of the lighter elements arc not X-rays, 
but far ultra-violet radiation. Contrasting A1 and W, an X-ray 
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tube with electrons having an energy of 1500rF may excite the 
K series for Al, but 00,00()eF are required to excite the same series 
for W. 

It is evident that characteristic X-rays are closely connected 
with atomic weiglit or number, and hence with atomic structure. 
The K series first af)pears in elements of low atomic weight. As 
the atomic weight increases, the L series next appears, and later 
tlie M series, and so on. On page 2(n it was briefly suggested that 
the most probable explanation of the origin of X-rays was to be 
found in the quantum theory rather than in the classical theorj^ 
"fhis suggestion is adequately supported by the fact that when 
means were found for measuring the frequencies of X-ray spectra, 
the latter were found to be connected with the accelerating potential 
of the X-ray tube by the relation 

Ve - hf 

where V is the accelerating ])otential anrl / the frequency of the 
corresjionding series produced. 

Let it be assumed that for the most firmly bound electrons within 
the atom (i.e. those with the principal quantum number n — 1) Ej^ 
is the work necessary to displace one of those from its normal orbit. 
The lowest frequency which incident radiation may have to effect 
this displacement is — Ej^fh, When an increasing frequency 
reaches this critical value, absorption by the K electrons commences 
with a marked increase in the absorption coefficient. Hence the 
K absorption discontinuity indicates the point at which the K 
shell electrons are capable of abstracting energy from the incident 
beam. From the atomic theory given in Chapter I it should now 
be clear how the various X-ray series arise. Thus, the K series 
corresponds to n ~ 1, the L series to n ^ 2, and the M scries to 
n ■= 3. Also the comparatively few series indicate that only a few 
energy levels or electron orbits exist within the atom. 

Let it be supposed that an electron has been ejected from the 
K shell. The vacancy created will be filled by another electron, 
generally coming from one of the outer shells. If this electron 
originates from the level, energy will be liberated equal to 

Thus, / should be the frequency of a line in the K series of the 
element. For tungsten the values of the K and L discontinuities, 
respectively, occur at wavelengths of 0-1785 A and 1-2136 A. 



Writing / = c/A 
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he he he 

^TA 
^K^Ll 
^lA ~ 

0*2086 A 

Measurement shows the line to have this value 

It will have been noted above that subseripts are attached to 
K and L. This is because the X-ray spectral lines of any element 
can be arranged in scries or groups of lines, each line having a 
slightly different wavelength from the others. The series having 

Ni- 

Nz--- 




the shortest wavelengths is the K series, that with the next shortest, 
the L series, and so on. The K series usually consists of four lines 
known as and K^, Table 5-2* gives the wavelengths 

of the lines of the K series for several elements. It will be noted 
that the higher the atomic number the shorter the wavelengths 
become. The various lines are associated with the different electron 


TABLE 5-2 


Element 

Atomic 

Number 

Kaa 


Kfi 

1 

Ky 

Na 

11 


11-883 

11591 


K 

19 

3*738 

3-733 

3-446 

— 

Fe 

26 

1-932 

1-9324 

1-754 

1 1-736 

Br 

35 

1-040 

1-035 

0-929 

i 0 914 

Rh 

45 

0-616 

0-612 

0-545 

0-534 

Cs 

55 

0-402 

0-398 

0-352 

— 

W 

74 

0*2134 

0-2086 

0-1842 

0-179 


* For fuller data see Physical and Chemical Constants^ Kaye and Laby, p. 90, 
(Longmans, Green). 
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orbits within the atom and may be represented by the energy level 
diagram of Fig. 5-9. It is found that there is only one K level, but 
there may be three L levels, and seven N levels. From Fig. 5-9 
it appears that the aiid occur when an electron falls 

from the L levels to the K level. Also the and K, lines occur 
when electrons, res]>ectively, fall from M and N levels. For the 
L level, 72 — 2 and, as shown on l)age 4S, for this number there 
are two possible orbits, one circular and one elliptical. It may be 
presumed, therefore, that the and linos originate from 
electrons which fall from these two orbits into the K orbit, for 
which 7^ = 1. 

X-ray Diffraction 

It has been stated that X-rays consist of electromagnetic radia¬ 
tion of extremely short wavelengths and the method of mea'suring 
such wavelengths must now be considered. The discovery that 
X-rays may be diffracted by crystalline substances is the origin of 
the method employed and hence some attention must be given to 
crystal structure. Crystals are homogeneous solid substances which 
are bounded by plane surfaces termed the faces of the crystal. 
Certain angles exist between crystal faces, these angles being of 
constant value and independent of the size of the crystal. A crystal 
grows by the deposition of uniform layers upon its faces, and hence 
it may become larger without the angles between the faces changing. 
The regular structure of a crystal is due to regularly spaced geo¬ 
metrical arrangements of atoms or ions which form unit cells from 
which larger crystal aggregates are developed. The atoms or ions 
lie in regularly spaced planes, the distance between such planes 
being of the order of 10~^ cm. As we have already seen, when X-rays 
fall on a substance the latter transmits part of the rays and scatters 
or re-radiates the remainder. According to the classical theory of 
scattering, re-radiation is due to electron acceleration within indivi¬ 
dual atoms of the scattering substance. If scattering occurs from 
a regular geometrical arrangement of atoms, it appears possible 
that at some position beyond such an arrangement the scattered 
radiation should exhibit some orderly pattern. This is so, the 
waves of radiation uniting crest to crest at some places and crest 
to trough at others. Hence in the first case a point of maximum 
intensity occurs, and in the second case a point of zero intensity. 
By directing a fine beam of X-rays into a crystal and placing a 
photographic plate at the back of the latter, the plate, after suitable 
exposure and development, shows a regularly spaced number of 
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spots arranged round a large central spot. The latter is, of course, 
due to the eflect of the directly transmitted radiation. The image 
received by the photographic plate is termed a diffraction pattern. 

Crystal Stkik^ture 

Crystals may have a large variety of shapes, but for the purpose 
of illustrating tlieir appliccation to X-rays it is convenient to consider 
one of the most simple and important crystals, namely rock salt. 
This substance (*rystallizes on what is known as the cubic system, a 
typical crystal being represented by.Fig. 5-10. Referring to this, 

A* 


Na 


Cl 


O 

B 

Fifj. 5-1(1 

it will be noted that the crystal is made up of a number of unit 
cubes at the corners of which are Na^ and Cl” ions placed alternately. 
The ions may be regarded as lying in planes, and one set of planes 
may be taken as those lying parallel to the top plane. Thus the 
plane 1234 is one of this set. Another set of parallel planes may be 
taken through the diagonals of the elementary cubes, as shown by 
AA'B'B. 

The various sets of planes are designated by numbers known as 
Miller indices, the different faces of the crystal being specified by the 
intercepts cut oJBF from three axes by the faces. As axes, lines are 
taken which are parallel to the three edges of the crystal, and which 
do not lie in one plane. Except for cubic crystals, the angles bettv^een 
the axes, x, y, and z, are different, as are also the unit lengths a, 6, 
and c along the axes. Regarding a given plane within a crystal, 
this plane will have intercepts on each of the axes, x, z, at, say, 
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f, /, g. The lengths of these intercepts from the origin in terms of 
a, 6, and c are given by numbers j, k, and L Thus, e — ja^ f = kb, 
and g ^ Ic, The values of the numerators of the reciprocals of the 
numbers, k, /, when expressed with their least common denom¬ 
inator, are the Miller indices. Thus 

I 

j ~ 

1 Ji 

k jkl 

1 

I jkl 

and the right-hand members give the Miller indices of the (kl) (jl) (jk) 
plane. For example, if e = 2a, f = lb, and g = 2c, then j — 2, 
fc = 1, and 1 = 2. Hence 

1 _ 1 

1 _ 1 
k^ 1 

I I 
I 2 

Th(‘ L.C.M. being 4, we have 

1 _ 2 
i 4 
1 4 

k 4 
1 2 
4 

and the plane is designated as the 242 plane. 

In the case of cubic crystals, the axes are the rectangular co¬ 
ordinates, X, y, z, the unit lengths a, b, c being equal. For a plane 
at e == a and parallel to the yz plane, / = oo, g = co. Hence, 
j =: k = CO, I = CO, and the Miller indices are 1, 0, 0. Hence 
this plane is designated as the 100 plane. For a diagonal plane, 
similar to that shown by Fig. 5-10, with c = a, / = 6 = a, and 
g CO, the Miller indices are 1, 1, 0. Hence this plane is designated 
as the 110 plane. Again, the plane shown by 567 has intercepts 
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e = f = g — a. The Miller indices are therefore 1, 1, 1, and this 
plane is designated as the 111 plane. 


(tBating Space 

The distance between equally spaced parallel planes of atoms 
within a crystal is usually denoted by d, which is termed the crystal 
grating space. The spacings between the various sets of planes are 
simply related. I'hus, referring to Fig. 5-10, it is evident that if 
d is the distance between two adjacent 100 planes, 
the distance between two adjacent 110 planes is 
dfV^. For the 111 planes the angles at 0 are 
leproduced by Fig. 5-11. From this, 




x_ V2dj2 
d ~ 


1 


and 


J- 

X = djVs 


3 ^ Vs 
2^ 



Tzd/z 

Eia. 5 11 


Thus the ratio of the grating spaces of the 100, 110, and 111 planes 
are as 

1 1 


1 : 


V2 ■ Vs 


From Fig. 5-10, it will be noted that each atom constitutes the 
junction of eight cubes and that each cube has eight atoms, one 
at each corner. If this structure is continued indefinitely in every 
direction then there will be one atom per cube, or half a molecule 
per cube. The mass of a cube is Mm/2 where M is the molecular 
weight of the salt and m the mass of the hydrogen atom. Hence 


Mm 

~2 


== pd^ 


and 



where p is the crystal density. 

Substituting for M, m, and p, d = 2*81 x 10“® cm. 

In order to consider the effect of a crystal on X-rays, let a 
narrow beam of rays be incident upon a crystal plane as shown by 


8—(T.289) 
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Fig. 5—12. Asjjie wavefront AH meets tlie atoms in the j)lane, each 
atom may be considered as the origin of a spherical wave. Thus, 
when B reaches a spherical wavelet will arise, with C as centre, 



and spread out with the velocity of light. When the wavefront 
reaches D the radius of any wavelet will be proportional to the 
distance of its atomic centre from D. Hence DE will be the reflected 



wavefront moving in the direction indicated by the arrow, the angle 
of reflection being equal to the angle of incidence. 

A crystal, of course, consists of a series of planes, and hence 
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the eflbets of all pianos must be considered with i*es])eet to the 
defraction of an X-ray beam. Let a series of ])lanes, be 

taken, each d cm. apart, as shown by Fig. 5-13. The line 
represents a wavefront approaching the crystal ])lanes, A^^A^A^Aj^ 
being a second wavefront one wavelength, X, behind the first. When 
the wavefront arrives at it is scattered l:)y an atom in the 
plane to C. Similai'ly, the portion of the wavefront at A^ strikes 
the P 2 plane at and is scattered along B^j^B^C. It is evident that 
the wavefront at is scattered from earlier than is the wavefront 
at Ai from B^. Also, there is a difference in the patli lengths AJi^C 
and A^ 2 ^iC, The difference in these lengths is, of course, the 
difference in the distances A^B^ and A^B^^B^. From the geometry of 
the figure tii(i^ differences of the ])ath lengths is 

— {A.N ~B.,N + B^B,)--A^B^ 

-- B,B^-B^NI2 

_ (J^N B,N \ . 

\sin 20 tan 20 

— 2d cos 0 20 ) 

— 2e/ sin 0 . . . . . . (5-7) 

Now, in order that the intensity of radiation along B^C shall be a 
maximum, it is necessary that the rays reflected from the various 
planes shall all be in phase at B^. This means that 2d sin 0 must be 
a multiple of the wavelength A. Hence for maximum reflexion we 
must have 

nX — 2d sin 0 . . . (5-S) 

If the intensity of the reflected radiation is measured by an ioniza¬ 
tion chamber, then, when a homogeneous beam of X-rays is directed 
on a crystal which is slowly rotated, a series of maxima and minima 
will be found for various values of 0 corresponding to n. Thus, if 
= 1, 2, 3, 4, etc., maximum intensity of ionization will occur for 

0^ = arc sin A/ 2 d 
O 2 = arc sin Xfd 
O 3 = arc sin 3A/26Z 
etc. 
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W. H. Bra(3g’s X-ray Srkctrometer 

Ill order to measure the wavelengths of X-rays and also to 
study crystal struetun^ tlu^ X-ray spectrometer due to Bragg is 
^ generally employed, the principles 

of this instrument being shown by 
I Fig. 5-14. X-rays from a suitable 

_^ f_ source are directed through the 

I slits in the metal screens A and 

I B on to the face of a crystal at 

y crystal is mounted upon a 

* rotatable table, the angle of rota- 

l f fioii being measured with the 

I I iC 1 I vernier F. After reflexion the 

\ \ N./ I X-rays ])ass through the slit IJ 

then through a thin alumin- 
^ ^ ium window into the ionization 

^ \ chamber E. The ionization cham- 

\ ber and the slit D can be rotated 

\ about the crystal axis, the angle 

\ rotation being measured by the 

second vernier The chamber 
y E consists of a cylindrical lead 
Eig. 5 -14 containing an insulated elec¬ 

trode, the latter being connected 
to a sensitive electrometer. The chamber is raised to a potential 
of about 100 volts by a battery, and the conductivity of the gas 
in the chamber is measured in the manner described on page 59. 


Eig. 5 -14 


z 

o 

5 

N 
Z 

o 

O 5® lO® 15® 20® 25® 30® 35® 

Fio. 6-16 

In order to operate the spectrometer, X-rays are directed on to 
the crystal through the slits A and By the angle between the crystal 
and the incident rays being one-half of that between the incident 
rays and the axis of the ionization chamber. The crystal and 
chamber are rotated and the ionization measured for various values 
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of 0. A curve may then be plotted similar to that shown by Fig. 
5-15, the various maxima, etc., being termed first, 

second, and third order n^flexions. For X-rays derived from rhodium 
and reflected from a ro(;k salt crystal A^, Ag, and A3, occur at angles 
which are approximately 11*8®, 2:b5°, and 36°. Taking the sines 
of these angles we have 

sin 11-8° : sin 23-5° : sin 36° -- 0-204 : 0-04 : 0-63 -=1:2:3 

which is in accordance with (5-8). For the 100 i)lanes in rock salt, 
d = 2*81 X 10~^ cm. Hence for 0 = 11-8° 

A — 2 X 2-81 X l0-« X 0-204 
— 1-15 ^ 10 8 cm. 


X-rays and Atomic Number 

Following the development of the X-ray spectrometer, it was 
found that tlie frequencies of the characteristic X-rays of the 
elements are simply related to tlicir atomic numbers. Thus, if the 
square root of the frequency of, say, the K series is plotted against 
atomic number a straight line is obtained. Hence- if / is the 
frequency, we have 

Also -- cR{Z — df 


where a is found to equal 3/4, c, 5/36, and R is equal to the Itydberg 
constant. 


Now 


and 

Substituting, wo have 
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36 


1 

1 




12 " 

^2 




1 

1 





32 




B{Z 

-h)^( 

' 1 


• (5-9) 

B(Z 

-dr\ 

f 1 

122 

-h) • 

. (6-10) 


For the series, b is found to be 1, while for the L series, d is 7*4. 

Now, according to Bohr’s theory of the hydrogen spectrum the 
frequencies are given by 


/= 


RZ^ 




1 


) 
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Comparing this with (5-9) and (5-10) it appears that Z in the latter 
two equations is the atomic number of the element concerned, 
h and d occurring due to the presence of other electrons in th(^ K and 
L shells. Thus the effective value of the nuclear charge for the 
K series is (Z— 1) and for the L scries {7j— 7-4). This indicates 
that one electron of tli(^ two electrons of the K sh(‘ll is radiating 
while the other neutralizes one of the ])ositive chai ges c^f the nucleus. 
In the case of the L series, the value [Z — 7*4) indicates that about 
7 to 8 electrons in the K and L shells neutralize the same number of 
positive charges of the nucleus. 

From the foregoing it is evident that the relation between 
frequencjy and atomic number tends to confirm the theory of atomic 
structure outlined in Chaf)ter I. 

X-ray Tubes 

As stated previously, early A-ray tubes were of the tyi)e indicated 
by Fig. 5-1, this being termed a gas tube. This means tliat gas is 
introduced into the tube in order to produce electrons from the 
cathode by positive ion bombardment. 'J'he gas tube has several 
disadvantages, among which are clean-up* and the impossibility of 
varying independently of each other the intensity and wavelength 
of the X-rays. Nevertheless, good results may be obtained with 
gas tubes, as is shown by Figs. 5-17, 5-18, 5-19, and 5-20, which 
were obtained by the author with a tube of this type. 

The majority of tubes now in use produce the electrons ther- 
mionically. The cathode works at saturation and hence variation 
of the anode (or target) voltage will vary the wavelength of the 
rays without altering their intensity. Again, variation of the cathode 
heating current (and hence cathode temperature) will vary the 
intensity of the rays without affecting their wavelength. Tubes of 
this type will, of course, act as rectifiers, and hence may be employed 
with a.c. supplies without further rectifying equipment. However, 
in this case only comparatively low target voltages may be employed, 
for otherwise the high temperature of the target focal spot may 
cause the tube to pass current during the inverse half-cycle. For 
voltages in excess of 100 kV it is usual to employ a separate rectifying 
circuit of the form shown by Fig. 13-14. 

The Target 

In order to produce X-rays the electron stream is directed at a 
target. The latter consists of a piece of metal of high atomic number 

♦ See p. 625. 
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and melting-point embedded in a massive copper member. The 
purpose of the copper member is, of course, to cool the target. 
From the medical view])oint it is desirable that the focus of the 
tube and the time of exposure of a subject shall be as small as 
possible. A fine-focus lube, i.e. one having a small focal spot, results 
in radiographs possessing high definition, while a short exposure 
circumvents the effects of any motion on the part of the subject. 
Unfortunately, these two requirements are in op])osition to cacli 
other. If the tube loading is increased with the object of shortening 
the exposure time the increased rate of energy dissipation at a small 


/I 



- - . 
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focal spot may result in melting and destruction of the target. 
This will be readily appreciated when it is stated that the efficiency 
of an X-ray tube is only about 1 to 2 j)er cent. 

In order to prevent damage to the target, various methods are 
employed for maintaining this at a relatively low temperature. One 
method has already been stated as embedding the target material 
(usually tungsten) in a block of copper. In addition to this, cooling 
fins may be added to an extension of the anode external to the tube. 
A further method is to pass a continuous stream of water up a 
hollow anode stem and across the under surface of the target. 

If the area of the focal spot is increased in order to increase the 
target life, not only is it necessary to increase the exposure time, 
but the radiographs lose definition. These shortcomings have been 
overcome to some extent by the employment of what are known as 
line focus tubes. Such tubes employ a long cylindrical spiral filament 
of very small diameter and produce a focal spot rectangular in form, 
the length of which is about ten times the breadth. 

A method of obtaining a focal spot of minimum area in a high- 
energy tube is to employ a target rotating at high speed. The 
target may either be driven mechanically through vacuum-tight 
joints or by the rotor of an induction motor enclosed within the 
tube. The motor stator is fitted outside and over the tube, and 
drives the rotor by virtue of its rotating field. The anode consists 
of a disc of tungsten with a bevelled edge as shown by Fig. 5-16, 
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the electron bombardment being concentrated on the bevel. Thus, 
from the heating viewpoint the target length is 27rr, where r is the 
anode radius. 

Applications of X-rays 

Apart from the evident a})plications of X-rays to the study of 
tlui structure of matter, numerous other applications exist. Only 
the shortest account of these can be given here, and for further 
information the reader is referred to works dealing specifically with 
this subject.* 

Radiography 

As already stated, the fact that X-rays are capable of penetrating 
solid bodies is the basis of the science of radiography. The degree 
of penetration depends on the “ denseness ” of the body, the '‘denser 
the body the less the penetration. Hence, if a substance of varying 
denseness is placed over a i)hotographic plate and then irradiated 
by an X-ray beam, a shadow picture may be obtained of the interior 
of the substance. This arrangement is, of course, analogous to that 
of obtaining records of the structure of small bodies under the 
microscope by transmitted light, or, again, corresponds to the 
practice of obtaining a ‘‘skeleton” picture of a leaf by exposing it 
to sunlight while in close contact with a sheet of sensitized photo- 
grai)hic paper. The importance of radiography in medical diagnosis 
is, of course, so im]:)ortant and obvious that it is universally known. 
Practically any part of the body where there is sufficient variation 
in denseness may be studied, either by means of photography or a 
fluorescent screen. The tube voltage and current and the exposure 


TABLE 5-3 


Locality 

kV 

Milliamp 

Seconds 

Distance 

Inches 

Olios t— 

Posterior-anterior 

88 

600 


72 

Lateral 

94 

400 

— 

60 

Gastro-intestinal tract— 
Stomach 

75 

300 

0-25 

30 

Colon 

76 

300 

0*6 

30 

Spine 

20 

100 

2*0 

40 

Head .... 

70 

100 

2-0 

25 

Extremities . 

45 

200 

0-06 

40 


♦ Applied X-raySt G. L. Clarke (McGraw-Hill). Metallurgical and Industrial 
Radiology^ K. S. Low (Pitman). 
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time naturally depend on the part of tin* body undei going examina¬ 
tion and, to some extent, on the age of the ])atient. Some typical 
values of these quantities are given by Table 5-3. 

Figs. 5-17 and 5-lH, respectively, show a male adult’s hand and a 
rat, and were obtained by the author ^^ith a gas tube operated by an 
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induction coil. The figures given by Table 5-3, of course, refer to 
hot cathode tubes. 

Industrial Radiography 

In addition to animal bodies, most objects may be radiographed 
with the purpose of studying their structure and determining any 
defect or the presence of unhomogeneity. A particular application 
is the study of metals, particularly castings. In this case a variety 
of defects may be detected without affecting or destroying the 
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specimens. The various defects that may be radiographically 
detected are as follows— 

(а) Blow-holes, or gaseous occlusions. 

(б) Inclusions, such as sand, slag, oxide, etc. 

(c) Porosity. 

(d) Shrinkage cavities. 

(c) Cracks. 

{/} Segregation. 



Fia. 6-18 

In the case of blow-holes, porosity, and cracks, regions exist 
within the metal having little or no absorbing power. Hence corre¬ 
sponding to such regions the radiograph will show localities which 
are darker than the surrounding unaffected parts of the metal. If 
X is the thickness of a sound specimen, then the transmitted intensity 
may be written = IqB~ For a specimen containing a cavity of 
thickness d, Hence 

From this result it is evident that, if d is small, difficulty will be 
experienced in recognizing the presence of blow-holes, cracks, etc. 
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In practice, for aluminium, iron, or copper, the dimension of the 
cavity in the direction of radiation must be not less than 5 per cent 
of the total thickness of the metal in that direction. 

Numerous other industrial applications exist, in addition to the 
examination of metals. Among these may be mentioned the study 
of the position of metal inserts in bakolite and other mouldings. 
Fig. 5-19 reveals the internal structure of two well-known makes 
of fountain pens. This radiograph was obtained by the author 
with the gas tube already mentioned. A further application is the 
inspection of instrument assemblies, etc., enclosed within some case 
which it would, perhaps, bo inconvenient to remove. In this con¬ 
nexion the radiograph of Fig. 5-20 may be considered, which shows 
a D’Arsonval galvanometer enclosed within a wooden box. 

For further applications and appropriate technique the reader 
is referred to the works already mentioned. 
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ELEcmoN on^irs 

The ability of electric and magnetic fields to direct tlie paths of 
electrons and the fact that the latter are able to excite luminescence 
or affect a photographic film indicate the ])ossibility of an analogy 
between certain forms of electron behaviour and geometrical optics. 
Thus a field may act upon a beam of electrons in a similar manner 
to a lens on a beam of light and, because of this formal analogy, such 
phenomena are termed geoweirical electron opiicfi or, more shortly, 
electron optics. Electron o])tics has impoilant applications in elec¬ 
tronic devices, such as cathode-ray tubes and electron microscopes, 
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where the surface (ioncentiution of electrons emitted from one 
plane, such as a cathode, must be reproduc/cd on a distance plane 
with a magnification either larger or smaller than unity. In the 
case of the cathode-ray tube the magnification is usually smaller 
than unity in order that a small brilliant spot may be formed on a 
fluorescent screen or a sharp fine trace on a photographic film. In 
an electron microscope the magnification is desired larger than unity 
for exactly the same reason as it is in an optical microscope. 

Refraction of Electrons 

In order to illustrate the refracting power of an electric field on 
an electron beam, Fig. 6-1 may be considered. Here and 

V 2 V 2 , represent two equipotential surfaces at an infinitely small 
distance apart. The potentials Vi and arc assumed to be positive 
to, and measured from, some point at which electrons subsequently 
passing through the surfaces have zero velocity. At the point P 
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of the surface V^Vif at which an electron passes through, the electron 
velocity may be resolved into two components sin 0^ and cos 0^, 
the former being perpendicular to the normal N, and the latter 
parallel to N, When the electron enters the interspace d it will 
tend to follow the direction of the electrostatic field, i.e. along the 
normal N. Thus, the velocity cos 6^ will be increased while 
sin 01 will remain unchanged. It is evident that the trajectory within 
the interspace will be bent or refracted towards the normal, taking 
the path PP^ instead of PP^. 


Refeactive Index 

The path of the electron within d is not straight as is a light 
ray in a normal optical system, but curved as shown. This, oi' 
course, is due to the continually increasing velocity of the normal 
component of the electron. The path of the electron may be deter¬ 
mined in the following manner. The acceleration imparted to tlu' 
electron along the normal between V^Vi and V 2 V 2 is 

e( Vi-V,) 

md 


As the normal velocity at is cos 0^, the velocity at any time i 
after leaving F^ is 

cos 01 + c{F 2~ V-^tjmd 

Hence the distance travelled by an electron along the x axis in time 
t is 

a; = Vi cos 01^ e{F2— Vi)t^l2rrid 


In a similar manner 
Eliminating t 


X 


y z=z sin0i^ 

Fl) y2 (>Qg Q y 

2mdv-^ sm2 0i ^ ^ ^ 


which shows the electron path between Fi and Fg to be parabolic. 
The kinetic energy of an electron at Fj is 

= eFi 


and Vi = V 2eVi/m , . . (6-1) 

Similarly at Fg 

V2^V2eVJin . . ( 6 - 2 ) 

Now the velocity component perpendicular to N does not change. 
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Hencjc 'f\ sin 0 ^^ — Vg sin O 2 

and from (6-1) and (6-2) 

Vo sin 01 V Vo 

i=sii^rvi- ■ ■ 

The angles 0^ and 62 are analogous to the angles of incidence and 
refraction in optics, and if VFg and VTi are considered as being 
analogous to the refractive indices of two adjoining media traversed 
by a light ray, then (6-3) is equivalent to Snell's Law. 

For various reasons the analogy between geometrical and 
electron optics is by no means perfect. For example, generally 
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speaking, optical systems are characterized by sudden changes in 
refractive index from one medium to another. Thus, in passing 
from air to glass, the refractive index suddenly changes from 1*0 
to 1-5, and vice versa if the process is reversed. In contrast with this 
the electric fields established by the charges on the electrodes in 
an electron optical system result in potentials which vary continu¬ 
ously and not by discontinuous changes^xhe result is that such 
systems present a continuously variable refracting medium for 
electrons. The corresponding optical system should have tlm 
refractive index continuously varying in such a manner that fx cc VV 
where [a, is the refractive index. A further complication which is 
sometimes of importance is the modification of the field distribution 
by the presence of space changes. The influence of the latter may 
be appreciable in the vicinity of the cathode, but can usually be 
neglected in other regions. 

A method of concentrating and focusing an electron beam is 
by means of radial field produced in the manner indicated by Fig. 
6-2. Here, the electrodes take the form of two concentric cylinders 
of widely differing radii between which a potential difference F is 
maintained. A beam of electrons is produced at a point P, and it is 
desired to focus this at a point Q. If rg and are, respectively, the 
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radii of tlie outer and inner (^l(‘etrodes, then the field at any point 
r b('tween the electrodes is 





CV)nseqiiently an electron leaving P at an angl(‘ a and entering the 
field at a radius r will experience a radial force 



r log — 


This will result in a radial acceleration 


or 


(Pr 

(ir^ 

dv 

dt 


Ve 


mr log 
Ve 


mr log - 


If the variation in r is inappreciable during the passage of the 
electron through the field, the last expression may be integrated. 
Thus 


dv 


J Vj 


Ve 


— df 


mr log 
* Ve 


or 


Vo ■ 


Vi -= 


(^2 ^ l ) 


mr log 


where and v^ are, respectively, the radial velocities of the electron 
at the entry and exit of the field. Now is the time of passage 

througli the field and, if / is the length of the field and Vq the axial 
velocity, 

Ve I 

V2-Vi = -. . . ( 6 - 4 ) 

1 '2 ^0 
mr log — 


Now the initial radial velocity and that produced by the field 
are opposite in direction. Thus if Vg < the beam is still 
diverging after leaving the field, but less so than when entering. 
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If an electron after leaving the field will travel parallel to 

the axis. For Vg > the radial velocity is reversed and ultimately 
the electron will pass through a point on the axis. From (6~4) it 
will bo noted that the change in radial velocity experienced by an 
electron in passing through the field varies inversely as the radius 
of the electron within the cylinder, and, consequently, inversely 
as the initial angle of divergence. Hence, electrons with different 
angles of divergence will experience different changes of radial 
velocity and will be brought to a focus at different positions on the 


'K 
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axis. This is an effect analogous to spherical aberration in geo¬ 
metrical optics. 

‘ In order to obviate the foregoing defect, it is evident from 
(6-4) that in order to bring all the electrons entering the field at 
different radii to a focus at Q, the change in radial velocity must be 
proportional to r instead of inversely proportional to this quantity. 
This, of course, means that the radial force acting on an electron 
should vary directly as its radial distance from the axis. In practice, 
radial fields possessing this property are difficult to produce from 
electrode arrangements suitable for electron optical systems. Hence 
systems have been devised possessing both axial and radial com¬ 
ponents, the latter having a field strength which varies directly as 
the distance from the axis. 

As an example of the foregoing, the lens of Fig. 6-3 may be 
considered. This consists of spherical surfaces, formed of fine wire 
mesh, between which a potential difference is maintained. The 
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latter produces a field whicli is ai)proximatoly normal to the two 
concentric surfaces. Thus, an electron with an initial angle of 
divergence a will experience a radial force proportional to sin 0 
or r/B. If the curvature of the lens is small, sin 0 = 6, and thus 
the radial force varies as 0, In addition to the radial force is an 
axial force proportional to cos 0, However, if the lens dimensions 
are small compared with B, this force is approximately independent 
of 0 and constant. Moreover, the axial forces are equal and opposite 
in the two sides of the lens, and hence the net change in the axial 
velocity of an electron is zero. As the radial force varies as the 
distance of any electron from the axis, it is evident that the correct 
conditions exist for bringing all electrons to a focus at some point, 
such as Q, 


Focal Length 


The focal length of the lens of Fig. 6-3 may be found in the 
following manner. The radial force on an electron at any radius 
r is given by 




d ' R~ dt 


(6-5) 


where is the radial component of the field, Fg and are, 
respectively, the inner and outer potentials of the lens surfaces, 
d is the distance between these surfaces measured along the normal, 
and V is the radial velocity. Integrating (6-5) on the assumption 
that the change in r is inappreciable during the passage of an 
electron, 

-•== ■ • ( 6 - 6 ) 


Where (/g — ^i) is the time for which an electron is under the influence 
of Xr and and V 2 are, respectively, the radial velocities at the 
moment of entering and leaving the lens. Providing that the lens 
is thin, i.e. B large, the axial distance travelled by an electron while 
under the influence of Xr is approximately equal to 2 d, Hence if 
Vq is the axial velocity corresponding to Fj, (^g — = 2 dlvQ, and 

(6-6) becomes 


2e 

m 




(6-7) 


If an electron is incident upon the left-hand surface of the lens with 
an axial velocity only, the electron will ultimately pass through 
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the lens focal point. Multiplying top and bottom of ((>-7) by 
and writing 

— 2eVJm 

there results ^ ^ 

Vo RV^ 

But, from Fig. 6-4, vJvq = tan <f> == r/f, and thus 

y y ■ • • • • (6~8) 

Vi 

From this cx]iression it will be noted that if Fg > Fj the lens is 
converging, whereas if Fg < F| the lens is diverging. It is evident 



that the focal length of the lens can be continuously varied over a 
large range of values merely by varying the ratio Fg/Fj. Thus, 
electron lenses possess much greater flexibility than those of the 
ordinary optical type. 

In practice, a lens formed of wire mesh or gauze possesses several 
disadvantages which tend to preclude its use. Such are absorption 
losses, secondary emission, heating effects, obstruction, and electron 
deflexion by the wires of the mesh. However, practical electrode 
arrangements may be effected which simulate the equipotentiaf 
curved surfaces of Fig. 6-3, this being the principle of all focusing 
systems. The disposition of the electrodes is such as to cause fringe 
fields to exist, which, of course, are accompanied by curved equi- 
potential surfaces, the latter, when suitably curved, constituting 
an electron lens. 
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The Single-diaphragm Aperture Lens 

An aperture lens consists of a i)lane electrode with a small circular 
hole at its centre, the plane being held at a positive potential. 
Such an arrangement exhibits a focusing property by imparting a 
radial velocity component to electrons passing through the aperture. 
The velocity component is, of course, due to a radial field component, 
the latter being produced by the non-uniformity of the field distri¬ 
bution in the vicinity of the aijerture. To investigate the lens it is 
evident that the radial component of the field must first be deter¬ 
mined. 

As the system is cylindrically symmetrical, the axis of symmetry 
is the ir-axis per})endicular to the plane and passing throu^^h the 



centre of the aperture. Consider a small cylindrical volume con¬ 
centric with the axis, as shown by Fig. 6-5, this volume being close 
to the aperture but not actually within the plane. The field within 
the volume-element is symmetrically directed about the rr-axis, i.e. 
for given values of x and r it does not vary with angular rotation 
about X. Referring to Fig. 6-6, which shows the distribution of the 
equipotential surfaces, it will be noted that these are similar in 
form to the lens surfaces of Fig. 6-3. Thus it is possible to make a 
similar assumption as before, i.e. providing the aperture is small 
compared with the radii of curvature of the equipotential surfaces, 
it may be assumed that the axial component of the field is inde¬ 
pendent of f. 

If Xfg is the field strength at the left-hand face of the volume- 
element, then the total flux entering this face is and that 

/ \ 

leaving the right-hand face ( Jfa. + leaving 
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the circumferential face of the element is 2,-nr(ixX^ and hence the 
net flux leaving the element is 

dx^irr^ + 'l-nrdxXr— nr^X^ . (6-9) 

which, providing the space-charge within the volume-element is 
negligible, is equal to zero. Assuming this to be the case, (6-9) 
reduces to 

„ __ r dX^ 

2 dx 

It is immediately a])])arent that wo have the necessary conditions 
for focusing, i.e. the radial electrostatic forf;e varies directly as the 

DIAPHRAGM 



radius. It is also clear that focusing caiuiot occur unless dXJdx 0. 
In order that electrons which are parallel to or diverging from x 
may be directed towards the axis, it is necessary that X^ is directed 
away from the axis because electrons tend to travel in the opposite 
direction to that of electrostatic lines of force. This means, of 
course, that dX^jdx must be negative. 

Let an electron now pass through the aperture parallel to the 
axis, and at a distance r from it. If the lens is thin and the electron 
velocity high, it may be assumed that the change in r in passing 
through is negligible. The radial force acting on the electron is 

r dXx dv 
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where v is the radial velocity. Multiplying both sides by dx wo 
may write 

dv r 

m dx = e r/Aa. 


or mdvVy, — ^ 2 

where Vj, is the axial velocity. 


Integrating 


•»V2 

dv ^ — 

2 m 

J Vri * 


dX, 
r — 
Vx 


(6-10) 


where respectively, the radial velocities before and 

after passing through the lens, and X ^2 corresponding 
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values of the electric field strength. If Vx is taken close to the lens 
it may be considered as being that corresponding to lens potential 
F, i.e. Vxo^ = 2eF/m. Substituting in (6-10) we have 


rVr 


^r2 ■ 




Referring to Fig. 6-7, if an electron originates at P and after passing 
through the lens cuts the axis at Q, 

tan a = v^Jv^o == rfa 
tan )S = — Vrjvxo = rfb 


and 


b a~ 4V 

1.1 Xxi — Xx2 

a'^ 4F 


or 
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which is analogous to the well-known relation in optics 
V u f 

Hence in the electron-optical case 


/ = 


4F 


‘■n ■ 




where and X ^i’p, respectively, tlie avinl field intensities a1 
a and b. It is evident that if X ^2 tlie lens is converging, 

whereas if Xj^ < X ,2 the lens is diverging. 


The Three-diaphragm Aperture Lens 

A lens somewhat similar to the foregoing one is sliown by Fig. 
6 -8. It will be seen to consist of three dia}>hragins with circular 


Vo 



centrally placed apertures, A and B being connected and maintained 
at the same potential as the anode responsible for accelerating the 
electrons in the cathode-anode space. Because A is at anode 
potential there is no force on electrons between P and A, Between 
A and B is a third diaphragm C, maintained at a potential Vi such 
that Vi > Fq. If the directions of the field lines between the 
diaphragms are considered, it will be found that the axial components 
on opposite sides of C are equal and opposite, while the radial 
components are equal and similar. Hence the net change in axial 
velocity of an electron passing through the lens is zero, while the 
radial components produce a radial force on the electrons, urging 
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them towards the axis. If a small axial cylindrical volume-element 
is considered, as with the ])revious lens, it will again be found that 

Y — — - 
“ 2 dx 


whicli indicates that the system will produce point focusing. Again, 
we have 

dv^ „ er dXj. 


' ' 7 . 

(L'i) Y ^ 7 Cvt 

2m dx 


er dX. 


(6-11) 


v^-2mv^\ dx . 

J — oo 

where ^he electron velocity corresponding to Fg. But 

tan f) 

and substituting in (6-11) 

h a 7rb2ojA dx ^ f 

J — CO 

which again is eciuivalont to the law in geometrical optics. Putting 
dxfdt = Vje, 


e 1 \dXr. 


f m 2<;^ \ dx 
J— 00 

If V is the potential at an}" ])oint within the lens then 


( 6 - 12 ) 


Imt'/ ^ eFo + eF 


from which 




2~(F„4-F) 


where V is measured relative to Fg. 




2 — Fn and 
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Substituting in (0-12), 

'• on 

2 _ 1 1 . (i:-V 

f iVo- (^^o I V)i dx^ 

v on 

I iitograting by parts 


dx 


f 


1 ’ r ^ ' 


(^'«+ n 

»/ Cf 



Astho forces acting on an electron due to V arc negligibK' on (‘illier 
side of the lens, d l^/dx vanishes at the limits + oc, the latter only 
indicating the points at which the field is free fiom distortion. 
Consecjuently we have 


f* 00 

1 1 _ 1 _ (dvy 

/ HIV (lo I- 

J- OfJ 


(0-13) 


which can only be determined if V can be expressed as a Iniietion 
of .T and also in a form which can be readily integrated, in ])raeiie(‘, 
V is usually determined by an experimental method dcs(»rib(‘d {)n 
page 243 and (0 -13) then integrated grajdiically. 

In eonsidering the potential distribution of the lens of Fig. (> S, 
the distribution will tend to differ according to th(' value of r at 
which it is taken. As dX^jdx may be written — the radial 

force can be ex])ressed as 


rr/^F 
2 dx^ 


(0-14) 


Thus, if F is a linear function of .r, dWjdx^ - 0 and there is no 
radial force. Again, should V cc — sin 0, d'^Vfdx^ oc sin 0, Certain 
distributions may be found, however, in which dWfdx^ changes 
sign so that an electron is subjected to equal but opposite forces for 
equal distances through the lens. In such cases it might seem that 
no convergence would occur. Howev('r, when Xr is positive dXJdx 
is negative. This means that the axial velocity is slower than when 
Xr is negative and dX^Jdx positive. Hence electrons pass more 
slowly through convergent sections of the lens than through those 
having a divergent effect, with the net result that a converging 
action is always produced. This is true, whetlier the centre dia¬ 
phragm is positive or negative, and thus the three-diaphragm lens 
is always converging. These results are actually implicit in (6-13), 
where it will be noted that the integral not only depends on the 
electrostatic force but also upon the axial velocity. 
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Two-*diaphragm Lens 

The two-diaj)hragm lens is similar to that of Pig. 6-8 and is 
illustrated by Fig. (i-O. Its inathematie.al treatment is exactly as 
for the tlirec-diaphragin lens, but, unlike the latter, the electrons 
undergo a net change in axial velocity which has the effect of 


Ktg. (> a 

changing the image size. To understand this the magnification of 
the lens must be consider'd. 

Referring to Fig. 0-10, let V and F -j dV be two adjacent 
ecpiipotential surfaces of an electrostatic lens. Consider an electron 
passing through 1\, the tangent to its direction of flight being tan a 



and the angle between its direction and the normal to the equi- 
potentials, 0. The force acting on the electron is directed along 
the normal and is equal to eX = edVjdL The component of this 
force perpendicular to the direction of flight is 

dV . . 

c-^sme 
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this being balanced by a centrifugal force equal to mv^/jR, H being 
the radius of curvature of the patli of the electron at f\. If is 
the electron velocity before entering th(‘ lens, then 

j vV 

- W 


and 


7/7/r 

1 

R 


dV , 
e -r. sill 0 
(U 


(() ir>) 


where Y V \ Fq, of eours(\ (‘orresponding to /v b(‘ing 
related to th(' latter by ^ V2e\\lw, Henc(‘ we have 

2er 

R 

r/Fsin 0 

2y~ 

In passing between the equipotential surfaces the electron is deflect( h 1 
through an angle dO, this angle being given b\^ 

dO - - P^PJR 

as 6 decreases as V increases. 

Replacing PiP^ by dl/ro,s 0 

dO — — dl/R cos 0 

and substituting for \/R, from (G-15) 


do 


Henc(' 

Integrating 


c do 1 r 
J tan 0~ 2 J 


a/ ' Vi Hin (/ 

dl 

2Y cos 0 
dV __ d\ 

27“ 2(7 I 

dV 

(V + r„) 

F„) -j- log K’ 


l») 


do 

tan 0 

do 

' tan 0 

log, sin 0 = — J log. (V 
whore K' is a constant, and 

sine = A''7-i 

or 0 = K'Y~ i if 0 is small . . . (B~16) 

Consider now a second electron passing through P^ and originating 
at a point P' above the axis so that PP' — //. From the sine rule 

sin ^ sin y) 

But y) = (7r/2 — a^) 4” 0i = ‘7r/2 — (a^ — O^) 

and sin y) = cos (a^ — 0^) 
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Thus 


sin <j) 
sin yj 

sin (0 — 0^) 


p 


cos (aj — Oi) 

Again /)/sin - (//sin a, and p q sin a^/sin a. Substituting for p 

sin sin (0 — Oj) 

^ ^ sin a cos (a^ — Oi) 

]f (0 — /)j) and (a^— arc small, then 

sin aj 


// 


^ sin a ' ^ 


Now, according to (6-16) 

e = 

0i 


and, therefore 


y 


^ sm a 


wdiere K is constant. As q sin is a constant for all electrons 
passing through it follows that for all electrons passing through 
this point 

1 / sin — constant 

which is equivalent to the Abbe’s Sine Law in geometrical optics. 


Linear Magnification 


A pair of electrons originating from two points PP' of an object, 
will ultimately form two corresponding points of its image. Thus, 
if 2/0 Vty respectively, represent the heights of the object and 
image, and and F,^ are, respectively, the potentials at the 
object and image planes, then 

?/„ sin a To* = y, sin (iY,^ 


m = 


and the magnification is 

y, __ sin a Yq^ 

■“ sin /? F,* 

Referring to Fig. 6-7, if a and are small, sin a and sin ^ are, 
respectively, approximately given by rja and — rfh 

To* 6 


m = — 


F,*a 


or 


Y i l) 

- (taking absolute values) 
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Considering the throe>diapliragm lens of Fig. 6~S, at P - Fy. 
Also at Yi == Vq, Hence in this instance 

b 

m = - 
a 

which corresponds to the case in geometrical optics when the 
refractive indices in the object and image spaces are the same. For 
the two-diaphragm lens Yq — F© and F, — (say) F^. Hene (3 



which is analogous to geometrical optics when the refractive iiidi(*es 
in the object and image s])aces are different. As Fj it follows 

that the magnification with a two-diaphragm Jons is less than that 
of a three-diaphragm lens for the same values of Fo, Fi, r/, and h. 
It follows that for oscillograph work (where a small s})ot is rociuired) 
this is advantageous. 

Determination of Potential Distribution 

It is evident that in order to calculate the focal length of lenses 
such as those of Figs. 6-8 and 6-9, a knowledge of the potential 
distribution along the axis is necessary. Furthermore, if rays 
remote from the axis must be considered, then the potential distri¬ 
bution in these regions must also be known. As the theoretical 
determination of the distribution is often a difficult or imi)ossib]e 
j)roblem, an experimental method is usually employed. One method 
consists of the employment of what is known as the “electrolytic 
trough.’" With this method an enlarged model of the lens systcmi 
under consideration is immersed in a trough containing an electro¬ 
lyte, the dimensions of the trough being large compared with those 
of the model. To the various electrodes of the lens, alternating 
potentials are applied which are proportional to the d.c. potentials 
which would be used in the actual lens system. As the lens possesses 
cylindrical symmetry it is only necessary to construct a model of 
one-half of the system. This ^ is then immersed in the trough so 
that the surface of the electrolyte is in the plane of symmetry. 
The potential at any point in the liquid is ascertained by means 
of a probe, the probe being connected through some null indicator, 
such as a telephone receiver, to the slider of a potentiometer. One 
end of the potentiometer is connected to an electrode of the system, 
and all potentials are measured relatively to this. When the 
potential of a position in the model system is ecjual to that of the 
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potontioTnotor, sotting tlio indicator will show this by an absence 
of dcHoxion, if an instrument, or an absence of sound, if a telephone. 

Fig. 6-11 shows the potential distribution between two coaxial 
cylinders when maintained at a potential difference of 100 volts. 


O lOO 



Fig.'6-11 


Determination of Electron Trajectory 

If it is desired io follow the trajectory of an electron from ])oint 
to point in an electrostatic held of which the pot(Mitial distribution 
is known, the following method may be employed. R('ferring to 



O = INSTANTANEOUS CENTRE 
OF CURVATURE 

Fig. 6-12 

Fig. 6-12, let Fi and Fg be two adjacent equipotential surfaces 
which have been determined, say, by the electrolytic trough method. 
An electron passing through the point Pj will experience an electro¬ 
static force directed along the normal to the two surfaces. This 
force may be resolved into two components, one parallel to the 
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path of tho electron and the other perpendicular to this. The latter 
force will alter the din'ction of the electron, causing it to follow a 
curved course, the centre of curvature of which is in the direction 
of the perpendicular component. From Fig. 6-12 the value of this 
component is 

X sin e 


and this will be balanced by a centrifugal force, due to the electron, 
of magnitud(i mr-jR, where R is the radius of curvature of the 
trajectory. It follows that 

mv^ 

— eXr “ eX sin 0 


But v~ V2eVlm 

where V is the instantaneous j)otential of the electron. Thus 
2eV 


R 


~ eX sin 0 


and 


2 F 

R = 

X sm 0 


Replacing X by (Fg — Vi)/d and sin 0 by djD 


R-~= 


2VD 

V,-V, 


or, if F is taken as the mean of F^ and 


R^D 


Vi + V2 

V,- F, 


From this result the centre of curvature may be found corresponding 
to any {)oint su(;h as I\ and the electron trajectory a])proximated 
to by drawing a circular arc PiP^ with R as radius and 0 as centre. 
The process is then repeated from Pg to the next equipotential, P 3 , 
and so on. The actual trajectory is obtained by the smooth curve 
which connects all the elementary circular arcs. 


Magnetic Focusing 

An alternative method to electrostatic focusing is that employing 
a magnetic field. To introduce this method, let an electron be 
emitted from some source within a uniform magnetic field H. If 
the electron velocity is v, this may be resolved into two components 
V sin 0 and v cos 0 , the former being perpendicular to H and the 
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latter parallel to H, As shown on pa^o 124, the component sin 0 
will cause tlie electron to describe a circular })atli of radius 

mv sin 0 

r = — - -cm. 

He 

the time for one revolution being 

27Tm 



Because of the axial component, v cos 0, the path of the electron is 
a helix of j)itch 

mv cos 0 
"" He 


As t is independent of 0, it follows that if a number of electrons 
are emitted from a point with different angles of emergence (0) 
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but equal axial velocities, they will all pass through 
another common point p distant frojn the first 
after a time t. Hence an image of the point of 
emergence will be formed at a distance p. 
Assuming the source is the anode aj)erture of a 
cathode-ray tube, it is thus possible to form an 
image of this if the screen is placed at a distance 
np from the source, n being an integer. It is to 
be noted that for image formation to be (effective, 


p must be the same for all electrons. This means that all electrons 


must have the same axial velocities, and hence the same values of 


V cos 0. This will be approximately so, providing 0 is sufficiently 
small for cos 0 to be essentially unity. Fig. 6-13 shows an end view 
of the trajectories of electrons emitted from a point source on the 
axis of a tube immersed in a uniform axial magnetic field. It will 
be noted that the electron paths appear as circles, each passing 
through a common point on the axis. The various points, each 
sey)arated from the other by a distance p, through which an electron 
passes, all lie on a straight line at a constant distance from the 
field axis. Hence the magnification is unity. 


Short Solenoid Focusing 

The above method of magnetic focusing necessitates a uniform 
field and, as applied to a cathode-ray tube, would require the field 
to be maintained along the entire length of the tube. Furthermore, 
on account of the lack of magnification, it is obvious that the system 
cannot be employed for an electron microscope. Because of these 
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disadvantages short focusing coils are commonly employed, and 
the theory of this method of focusing will now be considered. 

Considerations will be restricted to the field due to a short 
solenoid at points near the axis, as the electron beam radius is 
normally small compared with that of the solenoid. At any point 
X within the solenoid the radial component of the field will be 
assumed to be independent of r but to vary with x. The value of 
the radial component can be found in an exactly similar manner 
to that previously employed for finding the radial component of 



an electrostatic field. Thus the flux entering the left-hand face of 
a cylindrical volume-clement concentric with the axis is 

and that leaving the right-hand face 

t 

The flux passing outwards across the periphery is 

27rr , dx , Ur 


and hence 


Trr^U^ ^ 7rr2 + 


dU^ 

dx 



+ 27 rr ,dx,Hr 


from which Hr 


rdU^ 
2 dx 


Let it now be assumed that an electron passing through a point 
P on the axis moves obliquely to the axis in the direction PA, 
as shown by Fig. 6-14. Assuming P to be outside the field, the 
electron will follow a linear path until it comes within the influence 
of the field. Within the field the electron comes under the influence 
of two opposing forces; one due to its axial velocity and the radial 
component of the field, and the other due to its radial velocity 
and the axial component of the field. These conditions are shown 

9—(T.aSg) 
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by the vector diagrams of Fig. 6-15. Considering the first force, 
this is equal to 

and tends to rotate the electron anti-cloekwise. The second force is 

ei\H^ 

and tends to rotate the electron clockwise. The net force is 

e{vjlr- V,H^) 

and the torque on the electron is 

. . (6-17) 


Ht 


DIRECTIONAL 

TENDENCY 



Substituting for (6-17) becomes 

r dH, 
2 dx 
r2 dll, 
2 dx 

r^dH 

2 dt 


(dx 7 

( dx r 

= -e( 


4 r 




d (rmA 

df V 2 ' j 


Now, the torque on the electron is equal to d(mrhD)fdt, where w is 
its angular velocity. Hence 

d{mrho) d /r^Hx\ 

Jt ^~^dt\ 2~) 
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Integrating, there results 

— mr^u\ — e 




Hn 


where r^, and are, respectively, the initial values of w, r, 
and Hy,, If at the initial position is zero, then 


W.y 


2m 


(6-18) 


i.e. the angular velocity of the electron at any position a'g is proper 
tional to the axial component of the held at that position. Thus, 
when the electron emerges from the held, its angular velocity is 
zero. 

As (6-18) describes the change in the angular velocity of th(‘ 
electron, it is evident that the latter is rotated through a certain 
angle by the held. If ^ is this angle, then 

d(f> 


Also 


(jUf) cUf) jdx 
dx dt/ dt 


But 


_e_Hr 

2m Vr 



and 


Integrating 


1_ / e Y ^ 
dx 2 \ 2\'ffU 


/* + X 



015 

IV 


\ uO 

Hjdx radians . 

- 00 


(6-19) 


where Vq is expressed in volts. The signihcance of this result is 
that, as the angle is negative, an electron travelling in the direction 
of Hx will be rotated in a clockwise direction (see Fig. 6-14). Also, 
when an image is formed, this is rotated through an angle <f> with 
respect to the object. 
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Focusing 

In order to demonstrate the focusing property of the short 
solenoid, the radial forces acting on an electron must be considered. 
Due to the velocity uor, the radial force is ewrH^. Also the centri¬ 
fugal force is whm. Substituting from (6-18) for w the resultant 
force is 

X I A J 

27ii Ayn 


Hence 

or 



As the value of dv^ldt is always negative, this result shows that 
electrons are always accelerated towards the axis. 


Focal Length 

Multiplying (6-20) by dx, we have 


//2 


8m K| 


Integrating 


and 


In 


dVr = 


urj 


rev 


JO 




8m Fq 


re 

HmV, 


^ CO 

J — ao 
(* cc 

H,Mx 

— 00 


this, of course, again assuming that the transit time of the electron 
through the field is so short that the change in r is negligible. 
Referring to Fig. 6-7, 




tan a = - 
a 


^ — tan /? == — 

VxQ 


r 

h 
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Thus 


and 


r 

a 


re 


8m Fa 


I* 00 

H/dx 


b a 

which gives the focal length. 


1 1 0*022 

h ^ y 

' 0 


*7— 00 
^ 00 


H^Hx j 


( 6 - 21 ) 


Calculation of / 

In the case of magnetic focusing, it is often easier to calculate 
the focal length of a magnetic lens than an electrostatic one. The 
field strength produced at any point on the axis of a current-carrying 
coil is proportional to the number of ampere-turns of the coil. Thus 

H,ooN 

Where N is the number of ampere-turns. We may, therefore, write 

' 00 

H/dx = {kNf 

t/ — 00 

Where A; is a constant depending on the coil shape. From (6-21) 

I* CO 

J — <X> 

or (tiVr)2^45-5Fo(^^) 

and 

where I = a b = the beam length. 


Also 



(6-23) 


Now, in the case of a thin coil, where the turns are reasonably 
close together and the depth of winding is small compared with the 
radius of the coil, it is well known that* 

2TrrW 

““ 10(r2 -f a;2)3/2 

♦ Electricity and Magnetism^ p. 228, S. G. Starling (Longmans, Green). 
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Thus 

and 




47T^r^ 


f* or 

47r2 


/4^ 

“V 100 


r^dx 

(^2 y2)3 


To integrate this e\]mission lot x ~ r tan 0. We tlieii have 

p7r/2 

n\ * cos'* OtfO 
r (1 ( tan- 0) r 

J 7r/2 J 7r/2 


r^dx 
(/•2 I 


which gives ^ j^- si 


or 


sill 0 cos^ 0 


^(0 ^ sin 




' 4 V 2 + 4 

tin 
Hr 


Hence 


10 


.V 


/ tin'^ 

V T 

hibstiti 

Id / T. " 
J45-5 V 

'377® V 


where d is the coil diameter. Substituting in (6-22) 

Id 

V 377® 'V '* ab 

--= ^mVVod/f 

Magnification 

As in geometrical optics, the ratio of image size to object size 
is bja. Hence if ?/, and i/o respectively, the image and object 
diameters, the magnification is given by 

y< i> 

m = - — — 

Vo « 

From this result it is clear that the size of the image depends on 
the position of the focusing coil. For example, in the cathode-ray 
oscillograph a small sharply defined image of the anode aperture 
is desired upon a fluorescent screen. This indicates that the coil 
should be near the screen. However, a large distance of the coil 
from the anode means a large electron beam diameter at the coil. 
This results in the outermost electrons being focused at different 
positions from those with small angles of incidence, this leading to 
an image lacking in sharpness. This effect is, of course, analogous 
to spherical aberration. 
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In the case of an electron microscope, high magnification is 
desired, and hence the coil should be near the object. This is assisted 
by a lens of short focal 
length. From (6-21) it is 
evident that for a small 
value of /, Hj. should be 
high. This may be achieved 
by the em])loymcnt of an 
iron-shrouded coil with a 
short air-ga]), as shown by 
Fig. 6-16. This gives a 
very short strong field, as 
may be appreciated by 
comparing the two field 
distribution curves shown. 

With this form of lens, 
focal lengths of a few 
millimetres have been 
achieved, even when the 
anode accelerating voltage is as high as 70 kV. 

A difference that may be noted between magnetic and electro¬ 
static lenses is that the former cause a rotation of the image with 

respect to the object, the angle of 
rotation being given by (6-19). 
For cathode-ray tubes this is un¬ 
important, because object and 
image are circular. Where the 
rotation is undesirable a mag¬ 
netic lens of the type shown by 
Fig. 6-17 may be employed. 
This consists of two coils with 
current flowing in opposite direc¬ 
tions. Hence the values of 
(6-19), for each of the fields, are 
equal and opposite, with the 
result that the net rotation is 
zero. The values of (6-20) are 
both negative, as the square of 
Hj. is involved. 

In discussing the differences between geometrical and electron 
optics on page 229 the possible effect of space-charges was mentioned. 



Fig. 6-17 


Space-charge Effects 
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So far this effect has been neglected, and it is now necessary to 
give some consideration to this matter. Due to electrons possessing 
similar charges, repulsion will take place between them, thus tending 
to cause diffusion of any beam they may form. Hence, whore it is 
desired to form a beam of small cross-section and high density this 
is opposed by the mutual repulsion of the electrons forming the 
beam. An effect of an electron beam is to produce an electrostatic 
and magnetic field. The former is due to the electrons constituting 
the beam, and the latter to the fact that electrons in motion consti¬ 
tute a current. 

Let n be the number of electrons in a beam passing through a 
plane perpendicular to the beam per second. Then if the electron 
velocity is v, the number of electrons per unit length of the beam is 
n/?;. The charge per unit length is and hence the radial 

electrostatic field is 

^irne 2ne 


Thus the radial electrostatic force on an electron at the surface of 
the beam is 


— e.m.u. 

rv 


(6-24) 


where c is the velocity of light. 

The electrons in motion constitute a linear current, i, the mag¬ 
netic field due to this being concentric with the beam and of magni¬ 
tude 2ifr, where i is expressed in absolute units. As i ^ ne, the 
field is given by 

2i 2ve 

- e.m.u. 
r r 


The radial electromagnetic force on an electron at the surface of 
the beam is 


— Hev = — 


2nehj 

r 


(6-25) 


the negative sign indicating that the force is directed towards the 
axis. The total force on a surface electron is, of course, the sum of 
(6-24) and (6-25), and we have 

2ne^{c^ — v^) 

jT =- 

vr 

It is evident from this result that the force decreases with increasing 
beam velocity, and thus is principally of importance where low 
accelerating voltages are employed when v is small compared with 
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r. It will also be noted that F oc 1/r and this means that it is 
impossible to produce point-focusing whatever optical system is 
adopted. 

In practice, beam diffusion is generally negligible where the 
accelerating voltage is above 30 kV (high-voltage oscillographs, for 
example), but is important at voltages below 1000 V unless gas- 
focusing (to be shortly discussed) is employed. At these voltages 
the minimum diameter of the beam is limited by the beam current 
rather than the focusing system. In such cases it is apparent that 
the electromagnetic force on a surface electron is negligible compared 
with the electrostatic force, and hence 

F =- 

vr 

After the beam leaves the lens its radial velocity is Vr 2 and its 
acceleration, due to F, is 

rfV 2ne'^c^ 
dt^ ” mvr 

Multiplying both sides by 2drldt 

dr dhr dr 

^ dt dl^ ~ mvr dt 


Integrating 


dr d.h 4ne^c^ 

dt df^ (t — 




dr 

r 


the inferior limit of the left-hand member indicating that the radial 
velocity is zero where the beam radius is a minimum. Continuing 

[(DT-[’"■]> 

a„rl 

and log 


r2 


vv. 


mv 

2 


r2 


4ne^c^ 4ic^ 


(6~-26) 


which gives the minimum radius to which a beam may be focussed 
when the other quantities are known. If the radius of the beam 
where it leaves the lens and the distance of the image from the lens 
are known, then 


V b 


which gives From (6-26) it will be noted that for a given value 
of rg, r^in is smaller the larger the values of v and and smaller 
the lower the value of i. 
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Gas Lenses 

By admitting a small quantity of gas into an electron-optically 
focused vacuum tube it is ])ossible to restrict considerably the 
diffusion of electrons from the beam. This is because the beam 
electrons create a positive space-charge which tends to neutralize 
the influence of the negative space-charge of the beam. When a 
sufficient positive space-charge density is produced it is possible 
to dispense entirely with the optical focusing system, focusing then 
being entirely effected by what may be termed a “gas'’ lens. 

The early cathode-ray tubes were of the gas-focused typo, 
focusing being effected in the following manner. The tube is first 
exhausted to a high degree and a small (quantity of gas then intro¬ 
duced. The gas pressure to give optimum results depends on the 
gas employed, but is of the order of 10“^ mm. As the electrons 
pass up the tube, ionization by collision with gas molecules occurs. 
Because of the relatively large mass and low velocity of the ionized 
molecules, they move more slowly from the electron beam than do 
the secondary electrons which are produced simultaneously with 
them. This results in a positive charge in the path of the beam, 
and the resultant field due to this charge tends to cause the electrons 
to move towards the axis. It is evident that this phenomenon can 
occur in any part of the tube and hence sharp focusing may be 
retained when deflexion of the beam occurs under working conditions. 

As previously stated, in order to obtain sharp focusing a certain 
gas pressure is necessary. This is because the rate of formation of 
ions, and hence positive space-charge density, depends upon the 
gas pressure. Tn addition to this, the formation rate depends upon 
the beam current and the probability of ionization of the electrons. 
That the space-charge density will depend upon beam current is 
evident because the density of the ionizing electrons is pro])ortional 
to the latter. It follows from these statements that the lower the 
ionizing probability of the gas employed, the higher must be its 
pressure. Thus, while for argon the pressure is about 10“-^ mm., for 

TABLE 6-1 

Gas Ha Ho No A Kr j X 

Pressure 

10"*mni. Hg 8 19 4*6 0-8 0*9 0*8 

to to to to to to 

10 20 6-4 1-6 M 0-9 


0-25 

to 

0-7 
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helium it is approximately 20 X 10~^mm. Table 6-1 shows the 
pressure ranges of various gases to give^ satisfactory focusing. 

In order to consider the type of beam formed when a positive 
space-charge is created by ionization, let p represent the space- 
charge density along the beam, p being assumed constant. The 
electron beam is considered as immersed within the positive space- 
charge and symmetrical with respect to the axis. The charge con¬ 
tained within a radius r per unit length of beam is irr^p and the 
flux due to this is 47r. Trr^p. Hence the electrostatic field strength 
at r is 


4:TT^r^p 

27rr 


'‘lirrp 


The force on an electron at r is 

— lirTpe 



Fig. 6-18 


the negative sign indicating that the electron is urged towards the 
axis. Equating force to mass times acceleration, 


dh' 


or 


m 


dh 

dt^ 


+ 27Trep — 0 


Integrating 


. / 27Tep 

r = A J 

y m 


t -\ B cos 



(6-27) 


which shows that the beam radius is a sinusoidal function of the 
time of flight of the electron along the axis. Now, t = xjv^, where 
is the axial velocity. Substituting 


r — A sin 


V 


27Tep X 
m Vq 


-\- B cos 


V 


27rep X 

m Vq 


and r is a sinusoidal function of x. From this result, it is apparent 
that a long beam will consist of a series of nodes and antinodes as 
shown by Fig. 6-18. From (6-27) it will be noted that the electrons 
periodically cross and re-cross the beam axis with a frequency 
given by 


V27TeplmlrT times per sec. 
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the point of crossing corresponding to a node or situation at which 
the beam has a minimum cross-section. The distance between two 
nodes is 

V^TT 

V ^TTepfm 
= \/7tVIp 

where V is the anode or accelerating voltage expressed in e.s.u. 

Experimental confirmation of a nodal beam has been obtained. 
At very low gas pressures and accelerating voltages the beam 
becomes diffused after travelling a short distance. As the gas 
pressure is raised, focusing becomes discernible and a node-like 
section is formed, this being visible by virtue of the glow emitted 
by the excited gas molecules. For oscillograph work the gas pressure, 
and hence p, are usually arranged so that the first node is formed 
at the fluorescent screen. 
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(CHAPTER Vll 


LUMINESCENCE 

Under suitable circumstances it is possible to produce light by 
means other than the age-old method of raising the temperature of 
a body. When light is produced by means other than heat the 
result is termed luminescence, whereas light produced by virtue 
of heat is known as temperature radiation. Hence substances raised 
to some temperature for the pur])Ose of producing light are termed 
temperature radiators. Luminescence exists in a variety of forms 
and may be excited in a number of different ways. Among the 
earliest examples of luminescence may be mentioned the firefly 
and glow-worm, fungi on decaying wood, phosphorus on the sea, 
etc. With the exception of the last example, luminescence of this 
type is termed bio-luminescence. Other forms of luminescence are 
chemi-luminescence, photo-luminescence, and cathedo-luminescence. 
The first-mentioned is produced by chemical action, the second by 
radiation, and the third by the impact of electrons and ions. For 
our present purpose the two last-mentioned mei;hods are important, 
for to applications of these we owe electric discharge lighting, the 
screens of cathode-ray tubes, television tubes, and the electron 
microscope and X-ray screens. 

Photo-luminescence 

When radiation of suitable wavelength falls on certain substances 
the latter may convert the former into radiation of different wave¬ 
lengths. In particular, ultra-violet radiation may cause certain 
materials to emit radiation within the visible spectrum. This 
phenomenon is known as fluorescence. In some cases fluorescent 
materials may continue to emit visible radiation after the source 
of ultra-violet has been extinguished. This is known as phos-" 
phorescence, the term luminescence denoting both the phenomena 
of fluorescence and phosphorescence. Although, as explained below, 
fluorescence and phosphorescence are fundamentally the same, the 
first-termed is usually applied to a light emission which does not 
exist for a measurable time after the extinction of the excitation 
process. As explained above, phosphorescence denotes a light 
emission which exists for a definitely measurable time after excitation 
ceases. This time may be an 5 d/hing from 10“^ sec. to several days. 

The cause of luminescence is explainable by Bohr’s quantum 
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theory of the atom; i.e. a quantum of energy may be absorbed by 
an atom, raising an electron from the ground state to a higher 
energy level, from which it ultimately returns with an emission of 
radiation. The method of receiving the quantum, of course, differs 
according to the form of luminescence. In the case of electro¬ 
luminescence (such as the glow discharge) the energy is due to the 
impact of an electron on a gas molecule. With photo-luminescence 
the energy is acquired from photons produced by the source of 
radiation, while with cathedo-luminescence the energy is due to 
the impact of an electron on some solid substance. 

The time for which a fluorescent state persists is equal to the 
time of transition of the electron from an excited state to a lower 
energy level. This time is of the order of 10~® sec. and is practically 
independent of temperature. In the case of phosphorescence the 
return of the electron to a lower energy level or the ground state 
suffers a delay. Hence considering a number of excited atoms 
having phosphorescent characteristics, a fraction of the electrons 
of these will have various times of return to the ground state, and, 
thus, light will be emitted for a relatively long period after the 
source of excitation has been extinguished. After excitation some 
electrons of a phosphorescent substance pass into a metastable or 
quasistable state of lower energy than that of the initial state to 
which they were raised. However, in the metastable state their 
energy is still higher than that of the ground state, and they ulti¬ 
mately return to the latter with the assistance of the thermal energy 
of the surrounding medium. It is during this latter process that the 
phenomenon of phosphorescence occurs. 

The duration of the metastable state, and hence the persistence 
of phosphorescence, largely depends on the nature of the medium 
in which it occurs and the temperature. For example, in gaseous 
states phosphorescence does not occur. In denser media, such as 
liquids, short after-glows may be observed, increasing in duration 
"and intensity with the viscosity of the liquid. With regard to the 
influence of temperature, phosphorescence tends to be short-lived 
at high temperatures, while at very low temperatures it may be 
“frozen in.” This means that the electrons remain in the metastable 
state until, by a rise of temperature, the trapped energy is released 
as radiation. 

In the majority of cases the decay of phosphorescence follows 
an exponential law, and in simple instances the intensity of emission 
may be represented by 

/ = . . . (7-1) 
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where is the initial intensity, i is time, and a is a constant. The 
validity of this law for a single crystal of KCl(Tl) is shown by 
Fig. 7-1, where both the intensity and its logarithm are plotted 
as functions of time. If a luminescent material is not homogeneous 
(which is usually the case with fluorescent discharge lamps) but 
consists of a mixture of materials having different absorption and 
emission characteristics, then the total intensity of emission is 
generally given by a sum of exponential functions, each function 



being appropriate to a particular constituent of the mixture. The 
effect of temperature is to modify the value of a in (7-1), a increasing 
with a rise in temperature. Thus, the phosphorescence of calcium 
sulphide is observable for about thirty days at room temperature, 
but only for 2-S hours at 155° C. 

An exponential rate of decay is not apj)licable to all luminescent 
substances, as laws of the forms 1 ~ and / = /o/(l + bij) 
have been observed. 

Summarizing the foregoing, it may be said that fluorescence 
only occurs if the medium does not influence the emission process. 
This means that the process occurs within the atom or molecule in 
a sphere of 10“*^ cm. diameter. If the surrounding structure is in¬ 
volved and is modified as a result of the absorption process, time 
must elapse before the configuration returns to its original state. 
In this case phosphorescence results. It must be noted, however, 
that both fluorescence and phosphorescence are due to the same 
cause, i.e, electron transitions produced by the absorption of light 
quanta or photons. 
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Store’s Law 

An important empirical law was enunciated by Stokes in 1852 
which states that fluorescent radiation is always of longer wave¬ 
length than that of the radiation causing it. This law may be 
explained with the assistance of those of the conservation of energy 
and the quantum theory. From the first of these laws the energy 
of the emitted radiation must either be equal to or less than that 
of the incident radiation. In liquid and solid systems it may be 
said that the excited molecules will transfer part of their absorbed 
energy to neighbouring molecules in the form of heat motion before 
emission occurs. If and E 2 are, respectively, the energies of the 
incident and emitted radiations, then 

= hcjki 

J?2 ~ hcJX^ 

where and are the wavelengths of the incident and emitted 
radiations. Also 

E^ > E2 

and hcjXi > hcjX^ 

or Ag > Xi 

which is Stoke’s Law. It may be mentioned that it is the operation 
of this law which makes possible the conversion of ultra-violet 
radiation in discharge lamps into radiation within the visible spec¬ 
trum. Small departures from Stoke’s Law are possible at certain 
temperatures if heat energy is transferred from neighbouring mole¬ 
cules to the fluorescing molecule while it is in the excited state. 

Excitation of Luminescence 

Substances perfectly transparent cannot be excited to lumines¬ 
cence by light, i.e. by visible radiation. They may, however, be 
excited by ultra-violet radiation should they be capable of absorbing 
this. Generally speaking, every photo-luminescent substance has 
an absorption band in the spectral region immediately adjoining 
the short-wave limit of the luminescent emission band. Thus, red 
fluorescence is excited by orange light, yellow by green, green by 
blue, and violet by ultra-violet. 

Efficiency of Luminescence 

The eflSciency of luminescence is defined in three different ways: 
the luminous efficiency, the energy efficiency, and the quantum 
efficiency. The luminous efficiency is the ratio of the total light 
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output to the total energy input and is generally expressed in 
lumens per watt. (See Chapter XIX.) The energy efficiency is 
the ratio of the energy of the luminescent light (in ergs or watt- 
seconds) to the energy absorbed by the luminescent material. The 
quantum efficiency is the ratio of the number of light quanta, or 
photons, emitted to the number absorbed. If rjj,j is the energy 
efficiency, then 






(7-2) 


where and are, respectively, the numbers of photons absorbed 
and emitted and and are the respective energies of the absorbed 
and emitted photons. Hence 


E 

Ve ^ Vo 


^2 


CJ/iXVI. - - ^ 

Vq ^2 

where tjq is the quantum efficiency. In order that the energy effi¬ 
ciency shall be high, it is evident that as Ag is independent of Aj, 
Ai should not be too small, i.e. the frequency of the exciting radiation 
should not be too far down the ultra-violet part of the spectrum. 
Some values of tjp for various solid luminescent materials are given 
by Table 7-1. 

TABLE 7-1 


Material 

1 

Colour of Fluorescenc'e 

i 

1 

1 

KTin 

Ultra-violet and blue 

80 

ZnS(Cu) or (Ag) 

Green 

100 

ZngSi()4(Mn) 

9f 

70 

ZnBeSi 04 (Mn) 

Orange 

25 55 

CdSiOg 

Pink-yellow 

55 

CaW 04 

Blue 

70 

CdBg 04 

Pink 

66 


Cathedo-luminescence 

As indicated by (7-2), the energy of the primary radiation is 
measured by the number of photons per square centimetre and 
their energy, or frequency. In the case of cathedo-luminescenoe the 
exciting source consists of ions or electrons (usually the latter), 
and the energy is, therefore, measured by current density and the 
voltage through which the ions or electrons have fallen. The current 
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density is, of course, proportional to the number of electrons passing 
through a square centimetre per second and thus corresponds to 
the number of photons in photo-luminescence. With photo¬ 
luminescence a photon can only excite a single molecule. However, 
an electron with sufficient energy can lose this energy stepwise 
and thus excite a number of molecules. Hence with cathedo- 
luminescence the quantum efficiency has no significance. 

The minimum energy necessary for the excitation of cathcdo- 
luminescence is much higher than might be anticipated. For 
luminescence within the visible spectrum the energy corresponding 
to limits of 7000 A and 4000 A is 1*6 and 2-8 electron-volts respec¬ 
tively. Thus, it might appear that the energy needed to excite 
light would be but slightly greater than the figures quoted, 
particularly as this is the case with photo-luminescence. Early 
investigations showed, however, that for the majority of solids 
the necessary energy is not less than about 300 electron-volts, 
although the energy of the emitted radiation is only a few volts. 

The cause of this apparent peculiarity is of an electrical nature, 
rather than being an example of gross inefficiency. Where the 
primary electrons strike the luminescent substance secondary 
emission occurs. If the number of secondary electrons is less than 
that of primary electrons, evidently the surface of the substance 
must acquire a negative charge which will subsequently repel the 
primary electrons. Hence the latter will lose kinetic energy and 
arrive at the substance with far less energy than that originally 
possessed. Thus, the initial energy must be far larger than the 
few electron-volts actually necessary to cause excitation. If the 
secondary electron emitting properties of the substance are in¬ 
creased, for example, by depositing thoria on its surface, the mini¬ 
mum, or threshold, voltage to excite luminescence may be very 
much reduced. 

The luminous or fluorescent intensity excited by electron impact 
may be written as 

L^AN{V-V^) . . . (7~3) 

where N is the number of electrons received per unit area per 
second, V the accelerating voltage of the electrons, Vq the threshold 
voltage, i.e. the lowest voltage capable of producing emission, and 
A is an empirical constant. The formula above is not the only one 
employed, other empirical formulae being 

L = A^J{V-V^Y . . . (7-4) 

and L — ^,/(J)F* .... (7-6) 
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where J is the electron current density. J is, of course, proportional 
to N in (7-3). For small current densities, i.e. less than 5 microamps, 
per cm.2 and accelerating voltages less than 1000 volts, the appro¬ 
priate formula for Willemite screens is (7-5), with f(J) replaced by 
J. In the general formula of (7-4) the value of Vq varies for different 
phosphors from 0 to several hundred volts, f(J) is independent of 



Fig. 7-2 

F, and n varies from 1 to 3. Reference to Fig. 7-2 shows the vari¬ 
ation of L with F for a typical cathode-ray tube screen and illustrates 
the quadratic nature of the law relating L and F. For low current 
densities, L is proportional to J but tends to reach a saturation 
value as J is continually increased. This is shown by Fig. 7-3, 
which concerns three different screen materials. The reason for 
current saturation is that there are only a limited number of centres 
or molecules under the influence of the electron beam and. when 
these are all excited, evidently further increasing J results in no 
further increase in L, Causes of saturation at low current densities 
are: the existence of relatively few luminescent centres, high 
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excitation probabilities, and a long mean life of the excited state. 
Saturation does not occur with increasing voltage, because the 
higher the voltage the higher the energy of the impinging electrons 
and the greater their depth of penetration into the luminescent 
material. Thus, as the voltage is raised, the electrons penetrate 
deeper and thus excite a greater number of molecules. It is for 
this reason that the voltage, rather than the current density, is 
raised in cathode-ray tubes when greater spot intensity is desired. 

Because of heating and secondary emission, the efficiency of 

The energy efficiency depends 
on the material and voltage, 
but is seldom more than a few 
per cent. Luminous efficiencies 
vary from 0-25 lumen per watt 
for CaW 04 to 3-5 lumens per 
watt for ZnS. 

The excitation of lumin¬ 
escence by X-rays is considered 
as an example of cathedo- 
luminescence rather than 
photo-luminescence. This is 
because it appears that the 
luminescence is excited by 
secondary electrons released by 
the X-rays rather than by the 
X-rays themselves. The ex¬ 
citation of luminescence by 
X-rays is chiefly employed with screens for fluoroscopy. The effici¬ 
ency of such screens is of the same order as that with direct cathedo- 
luminescence, and in one case was found to be 3 per cent. The 
wavelength of the light emitted from the screen was 5250 A and 
this wavelength, with an energy efficiency of 3 per cent, gives a 
luminous efficiency of 14*5 lumens per watt.* 

Permanence of Luminescence 

In some cases luminescent substances deteriorate under the action 
of the exciting source, the deterioration being marked by a change in 
colour of the substance. This effect may occur whether the source 
of excitation is radiation or an electron beam. The cause of deterio¬ 
ration is a chemical change in the luminescent substance. When the 
substance is in an excited state it is highly reactive and is likely 

♦ See p. 620. 


cathedo-luminescence is very low. 


1 CALCIUM TUNGSTATE 

2 ZINC SULPHIDE-SILVER 

3 ZINC SERYLLIUM SILICATE 
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to combine with any suitable material in its immediate vicinity. 
For example, oxidation may occur before the molecules can return 
to the ground state. Unless the products of combination are 
luminescent, the reacting molecules are lost as luminescent sources 
and the luminescing power of the substance declines. A further 
cause of loss of luminescence occurs when the exciting source is of 
such high energy as to dissociate the molecules. 

In the case of cathedo-luminescence, electrons are ejected from 
the crystal lattice, and thus results in a partial destruction of the 
latter. At high current densities, of the order of 10“^ amp. per cm.^, 
screens of CaW 04 , ZnS, and Zn 2 Si 04 may be blackened after no 
more than thirty minutes of constant electron bombardment of a 
stationary position. On cessation of the bombardment, the screen 
tends to recover its luminosity and colour, but nevertheless there 
is some deterioration. Even under normal conditions cathode-ray 
tube screens deteriorate and it is common to find the track swept 
by the spot when operating under the time-base potential only less 
luminous than other parts of the screen. 

Luminescent Materials 

A large number of substances exist which are more or less 
luminescent, but here we are only concerned with those of a solid 
nature. In the solid state no pure elements and very few simple 
compounds are luminescent. Solid luminescent substances may 
consist of either organic compounds, pure inorganic compounds, or 
inorganic crystals activated by inorganic impurities. For the present 
purpose, only the last two are of interest, particularly the latter. 

In many cases pure inorganic compounds are not luminescent 
unless activated. In these cases luminescence depends entirely on 
carefully controlled small quantities of metallic impurities in the 
crystal lattice. Such impurities are known as phosphorogens or 
activators. To give some idea of the amount of activator required 
it may be stated that for 1 gm. of calcium sulphide about 0-00024 gm. 
of bismuth is necessary. Among the inorganic compounds which 
luminesce without activation may be mentioned zinc sulphide, ZnS, 
cadmium sulphide, CdS, calcium tungstate, CaW 04 , cadmium 
tungstate, CdW 04 , and calcium molybdate, CaM 04 . However, 
substances such as ZnS, CdS, CaW 04 , etc., may also be activated 
by a foreign impurity, in which case the colour of luminescence may 
be modified from that of the pure state. Thus, ZnS, which has a 
light-blue luminescence when unactivated, gives green luminescence 
when activated by copper and orange when activated by manganese. 
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In the case of CaW 04 the luminescence does not vary with regard 
to colour when the activator is varied. Table 7-2 gives a list of 
synthetic inorganic phosphors, their various activators, colour of 
luminescence, etc. 

TABLE 7-2 


Material 

Activator 

(V)LOl U 

Peak of 
Litminescenck 

Excitation 

Spec^trum 




(Htrvk, a. 


CaS 

Mn 

_ 

Orange 

6000 

Near U.V. to 4200 


Ni 

Deep Jiod 

7800 

.. 1. .. 


C^n 

Green 

5100 



Bi 

Blue 

4750 


SrS 

Mn 

Green-yellow 

5550 



Ag 

Violet 

4200 

M ff M 


«i 

Blue-green 

5200 

..MOO 


Ca 

Blue-green 

5350 


ZnS 

- 

Light blue 

4650 



Ak I 

Blue 

4450 

»» >» *» »* 


Cu 1 

Green 1 

5200 1 

. 4300 


Mn 1 

Orange 

^ 5850 

„ „ „ 4600 

(Zn + Cd)S 

Mn 1 

Orange 

5900 

. 4600 

Zn 2 Si 04 

Mn 

(Jreen 

5250 

Below' 2960 

ZnBeSi 04 

Mn 

Yellow-white 

5960 

„ 3000 

CaWO, 

_ 1 

Blue 

4400 

„ 3000 

CdWO, 
MgWO^ 1 

1 

Whitish-blue 

4600 

„ 3000 

— 


4600 

„ 3200 

Activation and Quenching 



That the number of activators for phosphors 

is fairly numerous 


is evident from Table 7-2. Also, as previously stated, the concen¬ 
tration of the activator is important. For example, in sulphide 
phosphors an increase in the activating substance increases the 
intensity of fluorescence relatively to the intensity of phosphores¬ 
cence. Thus, to obtain phosphors with a long afterglow the activator 
concentration must be low. This results in weak fluorescence but 
strong phosphorescence. The optimum concentration of an activator 
for a given luminescent substance must be determined empirically, 
as it depends on the relative degrees of fluorescence and phos¬ 
phorescence desired, whether the exciting source is photo-lumines¬ 
cence or cathedo-luminescence, and, in some cases, on the wavelength 
of the excitation. With reference to the latter consideration, in 
the case of Zn 2 Si 04 (Mn) for excitation at 3650 A the concentration 
of Mn is about 4 per cent; for 2537 A it is of the order of 2 per cent, 
while for 760 A it is less than 0*5 per cent. 
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Where a phosphor admits different activators, the optimum 
concentrations of the various activators are very different. Also the 
concentration of the same activator employed in different materials 
differs. For example, the luminescence of CaW 04 is quenched if 
the concentration of Pb exceeds 1 per cent. However, LiW 04 may 
contain as much as 40 per cent of Pb and still be strongly lumines¬ 
cent. In some materials the optimum activator concentration is 
extremely small. As an extreme instance it may be stated that iron 
of the order of one part in a million will activate CaS. If the con- 
(*entration is increased beyond this, the iron will quench not only 
the luminescence it produces but also that due to any other activator 
that may be present. When substances are deliberately included 
to have a (quenching effect they are known as “killers.” Phos¬ 
phorescence is far more readily quenched than fluorescence and 
for various technical })urposos killers are sometimes employed to 
suppress the former. Thus, where moving images are required on 
X-ray and cathode-ray tube screens, it is essential that there shall 
be a negligible afterglow. For an X-ray screen of ZnS(Cu), two 
parts of nickel to a million of ZnS are sufficient to destroy the 
phosphorescence completely while leaving the fluorescence relatively 
unaffected. 

If the concentration of killer is too high it will tend to quench 
the fluorescence as well as the phosphorescence. This is shown by 
Table 7-3, which, gives the percentage fluorescence of various 
phosphors for different concentrations of killers. It is assumed that 
the intensity of fluorescence in the absence of a killer is 100 per cent. 
The positive sign denotes where the impurity behaves as an activator 
and not as a killer. 


TABLE 7-3 





Killer 



Matekial 

1 

i 

/o 

j Fe 

Ni 

Cu 

Mn 

ZnaSi 04 (Mn) 

OOl 

78 

78 

1 88 

"f 

01 

30 

16 

1 23 

+ 

CaW 04 

001 

65 

— 

1 

79 


01 

37 

— 

- 1 

47 

MgWO^ 

0-01 

93 

100 

99 

— 

01 

83 

100 

87 

— 

CaS(Cu) 

001 

30 

40 

+ 

-1- 



270 


BLECTBONICS 


Electronic Applications of Luminescence 

As previously stated, the most important applications of lumines¬ 
cence in electronics are screens and discharge lighting. For these 
purposes inorganic materials are exclusively used because of their 
superior stability. For the preparation of luminescent screens two 
methods are in general use. In the first method, the material is 
finely powdered and suspended in some liquid such as benzene or 
alcohol. The mixture is then evenly poured on the screen supporting 
plate and, when the liquid has evaporated, the sediment is left as 
a deposit. In the second method, the luminescent material is dusted 
through a sieve on to the screen support, the latter having previously 
been coated with a binder such as sodium silicate. 

X-RAY Screens 

The early X-ray screens consisted of barium platinocyanide, 
which has a strong green fluorescence. Such screens are no longer 
in use, partly on account of their high cost. Where stationary 
images only are required, suitable screen materials are the sulphide 
phosphors. If it is desired to show moving images, then either 
CaW 04 or CdW 04 may be employed. A disadvantage associated 
with these two materials is the comparatively low luminous efficiency. 

The employment of tungstates instead of sulphide phosphors is, 
of course, due to the long afterglow of the latter. However, due to 
the quenching action of nickel on the afberglow'of ZnS phosphors, 
ZnCdS activated by silver is now used almost exclusively for X-ray 
screens. This material gives a yellow-green fluorescence which 
occurs approximately at the peak of the relative visibility curve.* 
Hence for visual observation screens of this material are about 
ten times as bright as those of CaW 04 . A typical ZnCdS screen 
has the front protected by a varnish transparent to X-rays, while 
the support is formed of lead-glass, which transmits the fluorescence 
but protects the observer from the X-rays themselves. 

Oscillograph Screens 

The material employed for oscillograph screens depends on the 
purpose for which the oscillograph is to be employed. For visual 
observation of standing figures a fluorescence is desirable which 
occurs somewhere near the peak of the relative visibility curve. 
In this case, Zn 2 Si 04 is usually employed. For photographic work 
a more actinic colour is desirable and in this case CaW 04 is frequently 

* See page 620. 
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used. For high-s})eod photography of transients a long afterglow is 
desirable, as this permits a relatively long exposure to be made. 
A long afterglow is also of value in recording slow transients such 
as cardiac impulses. Table 7-4 gives the approximate duration of 
afterglow of various materials. 


TABLE 7-4 


C’Hlciiim tungHtate 
Cadmium tungstate 
Willemit^e, ZnoSi 04 
Zinc phosphate 

Zinc sulphide with nickel killer 


8 fi sec. 

8 fi sec. 
2' 8 m. sec. 
0*25 sec. 
Negligible 


Television Screens 

For television reproduction the image is generally required in 
black and white, and this requires the screen to give a white fluores¬ 
cence under electron bombardment. As shown by Table 7-2, no 
material does this, and hence to obtain the desired result mixed 
phosphors must be employed. Satisfactory results may be obtained 
with a mixture of ZnS and ZnCdS phosphors. It is hardly necessary 
to state that there must be no afterglow with cathode-ray screens 
employed for television. This is ensured by the inclusion of a 
nickel “killer.” 


The Electron Microscope 

The electron microscope is a further application of cathedo- 
luminescence, and in this case a magnified image is produced either 
on a screen or photographic plate. For visual observation ZnS 
activated by Cu is customary, while either ZnS(Ag) or CaW 04 is 
employed for photography. 

Fluorescent Lamps 

The fluorescent lamp is an application of photo-luminescence. 
As explained in detail in Chapter XIX, the electric discharge within 
the lamp produces radiation outside the visible spectrum, and this 
may be converted into visible radiation if caused to act on some 
luminescent substance. In low-pressure mercury lamps the ultra¬ 
violet radiation principally occurs at 2537 A, while in high-pressure 
lamps it occurs at 3650 A. With neon lamps radiation occurs in 
the far ultra-violet at 736 and 740 A, 

The luminescent materials employed with fluorescent lamps 
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should, as far as possible, be selected so that their maximum absorp¬ 
tion coincides with the maximum emission of the ultra-violet 
radiation. For mercury-vapour lamps inorganic phosphors are 
employed, principally CaW 04 , MgW 04 , borates and phosphates of 
Cd, and Mn activated silicates of Zn and (Zn Be + Cd). These 
phosphors have strong absorption and excitation bands below 
about 3000 A. 

Apart from advertising and purely decorative work, fluorescent 
lamps are generally desired to give either a daylight or sunlight 
effect. As with television screens, this necessitates blending of the 
luminescent powders. With mercury lamps, daylight effects may 
be produced by a mixture of 28 per cent white and 2/) per cent 
pinkish-white ZnBeSi 04 with 47 per cent MgW 04 . What is known 
as “warm white'’ may be produced with the same constituents, but 
with only 14 per cent of MgW 04 . 

With neon discharge tubes the lines in the far ultra-violet are 
found to excite strongly zinc orthosilicate, Zn 2 Si 04 , and calcium 
tungstate, the activator for the first material being Mn. The Zn 2 Si 04 
gives a brilliant green fluorescence, and this combined with the 
normal neon discharge produces a bright yellow colour. Also the 
blue of calcium tungstate combined with neon gives a pink. 

Further details of fluorescent lamps are given in Chapter XIX. 
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CHAPTER Vlll 

HIGH-VACITUM DIODES 


In dealing with the subject of thermionic emission in Cha]>tor IV 
the value of the current derived was the maximum obtainable from 
the cathode corresponding to a particular tcm 2 )eraturo T. This 
current is termed the mturation current, but in })ractical arrange- 
ments is seldom attained, as the current is generally limited by what 
are known as space-charge conditions. Hence, in practicti, the 
currents in valves arc considerably less than saturation values and 
are termed space-charge-limited currents. 

One of the immediate and most important applications of 
thermionic emission is the high-vacuum diode. Fundamentally, 
this is similar to the arrangement of Fig. 4-2, the cathode consisting 
of any one of a number of materials to 
be presently described. As the anode is 
thormionically ‘‘cold,” it is evident that 
current can only pass in one direction 
through a diode. Hence it constitutes a 
valve and may be employed as a recti¬ 
fier of alternating currents, this, in¬ 
cidentally, being one of the most ® 
important applications of the diode. 

In the absence of a sufficiently high 
voltage to produce saturation, the entire cathode emission does not 
pass to the anode. Only a fraction of the total electrons is drawn to 
the anode, the rest being directly returned to the cathode. This is 
because a negative space-charge exists in front of the cathode, the 
repelling effect of this on the electrons leaving the cathode having a 
limiting effect on the current. From the foregoing it follows that 
there is a negative potential gradient and potential minimum near 
the cathode, for only under such conditions can part of the emitted 
electrons be returned to the cathode. Hence the potential dis¬ 
tribution curve between cathode and anode has the form shown 
by Fig. 8-1. In practice, however, the value of in Fig. 8-1 
is generally small compared with the cathode-anode potential, E, 
and hence D)ay be neglected. Making the assumption that E^ is 
negligible the current-voltage relation for a non-saturated diode will 
now be determined. 



Em 

Fig. 8 -1 
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Space-charge Equations 


The case will first be considered in which the cathode and anode 
consist of two parallel planes situated at a distance d cm. apart, 
the anode being maintained at a potential K with respect to 
the cathode. If p is the negative space-charge at a distance x cm. 
measured perpendicularly from the cathode, then from Poisson’s 
equation 



(8-1) 


Also the current density is 

J = -pv , . . . (8-2) 


where v is the velocity of the space-charge in centimetres per 
second. J, of course, is constant across the space between cathode 
and anode. Ah v -= V2eEJm, from (8-1) and (8-2) we have 


dx^ ~ 2eE, 


Multiplying both sides by dEj^jdXy 

dE\ d^E, dE, / rrT 
dx * dx^ ~ dx ’ V 2eE^ 


Integrating (8-3) 



(8-3) 

(8-4) 


where (7 is a constant. Now at the surface of the cathode, Ej. and 
dEJdx both equal zero. Hence (7 = 0, and, from (8-4) 


Integrating 


s-'= 



idE,= 

Jo * 0 


or 


V2 je_^ 

^ 9n^md^ 


(8-6) 


(8-5) gives the law relating current density and anode voltage and 
is of great importance in value design. It will be noted that J oc E^^^, 
and hence (8-6) is often referred to as the three-halves power law. 
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Alternatively, it is sometimes termed the space-charge equation. 
If (8-5) is expressed in practical units we have 

J = 2-33 X 10~® ^2 cm.2 of cathode area. 


It will be observed that the current depends on the anode potential 
and electrode geometry and is independent of the cathode tempera¬ 
ture and work function. 

From the foregoing equations the values of p, and v may be 
derived in terms of x. Thus j 


X 

P X X~^f^ 
V X X^/^ 


In practice, a more important case than the 
foregoing is where the emitter takes the form of a 
filamentary cathode surrounded by a concentric 
cylindrical anode. Considering Fig. 8-2, let this be 
represented as shown where the anode and cathode 
are assumed to be of unit length. If is the radial 
field strength at r, then the difference in the total 
flux lines entering the leaving the annulus is 

d(27rrXj.) = 27Trdr . p . 47r 


or 


= d{rXr) — 4:7rprdr 

1 d(rXr) . 
-r-dT 



which is Poisson’s equation in cylindrical co-ordinates. 
As Xr = dErldr, we have 


or 


1^/ dE^\ 
r dr \ dr J 
d^Er 1 dEr 
dr^ r dr 


4:7Tp 

47rp 


Now = 2iTrpv 

where is the current per unit length of cathode. Also 



_ w 

^ ^ V 2 eF, 


(8-6) 


and, therefore. 
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Substituting in (6-6) 

IdE^ l^m 

df^ ^ r dr r \ eE, ■ ' ' ^ ’ 

A particular solution of (6-7) is E^ = Kr^. Then = Kr^, 
dE,ldr = aKr^ d^K,ldr^ =«(«—1)A>“ ^ where K and o are 
constants. Siibstituting in (8-7) and sinii)lifying 


Putting a 2/3 

and hence ~ 

Thus = 

and Jj = 


2mJ^ 




"hnJ^ 

(2j3)ie 


y 


2mJi^ 

(273VV 


/• 


I € E'l- 
9 s! m R 


^2/3 


( 8 - 8 ) 


It will be noted that both in this case and in that for parallel 
]>lanes the three-halves power law is obeyed. It is found that this 
law is approximately true no matter what the shapes of emitter 
and anode may be. 

The solution of (8-7) was obtained by assuming that the relation 
between Ej. and r is of the same form as that found for parallel 
planes. A general solution of this equation is 

_ li 

where /? is a function of r^/R. However, for most cases found in 
practice /? = 1. Pig. 8-3 shows plotted against rJR.'f 
If (8-8) is expressed in practical units there results 
£f3/2 

J — 14-65 X 10 ® ^ amp. per cm. length of cathode. 


Effect of Cathode-potential Drop 

The foregoing space-charge equations have been derived on the 
assumption that the cathode is an equipotential surface. This 
assumption, while true for indirectly-heated cathodes, is incorrect 

* This IS sometimes termed Langmuir’s Equation, 
t 18 the filament radius. 
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when the cathode is directly heated for, in the latter case, the 
potential continuously changes from one end of the cathode to the 
other. Thus, if a battery is employed for heating the cathode, the 
potential difference between the ends of the latter is, of course, 
equal to the battery voltage. An effect of the cathode potential 



y/r 


Fio. 8-3 

drop is a modification of the three-halves power law and this modi¬ 
fication must now be considered. 

Consider a filamentary cathode, concentric with a cylindrical 
anode, and a steady potential difference Ec maintained between the 
cathode extremities, as shown by Fig. 8-4. If the negative end of 
the cathode is taken to be at earth potential, then the potential at 
a ])oint X along the cathode is Ecx- Assuming the space-charge 
equation to apply to every elementary length of the cathode, the 
contribution to the anode current from the element dx is 

dl K{E-^E,xff^^dx . . . (8-9) 

where K is constant depending on the geometry of the electrode 
system. As Ecx is proportional to x 
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and substituting in (8-9) 

rf7=-- k(^E-jE,J 


Integrating 


3/2 


dl 


doc 


dx 


--^^Ki^E-"^ E^'‘\ 
^^K^\E^I-^-{E-E,fl-^\ 

Now i?e is usually small compared witli K, Hence, we may expand 



Fig. 8-4 


the term in parentheses in (8-10) by the binomial theorem, retaining 
only the first three terms, with the result 

= . . . ( 8 - 11 ) 

which, of course, reduces to (8-6) or (8-8) if E^ is negligible. Where 
Ec is comparable with E, the expression (8-10) must be employed. 

In Pig. 8-4, the anode current enters the cathode at its negative 
extremity. Should it be returned to the positive end then, with 
the same approximation as in (8-11), 

J = . . . (8-12) 

It is evident from (8-11) and (8-12) that, for a given value of E, the 
magnitude of the anode current will depend on whether it is returned 
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to the negative or positive end of the cathode, being greater in 
the latter case. In the first case the current is less than that obtain¬ 
able from an equipotential cathode, and in the second case, greater. 

In order to simulate the effect of an equipotential cathode, the 
arrangement of Fig. 8-5 may be employed where two equal resis¬ 
tances R are shunted across the cathode, as shown. Under these 
circumstances, providing the cathode heating current is large com¬ 
pared with the anode current, the centre of the cathode and the 
junction of the resistances will be at the same potential, i.e. Ecl2. 
Hence the emission from the left-hand half of the cathode occurs at 


I 



a lower potential than that from the right-hand. Taking the origin 
as the centre of the cathode in Fig. 8-5, the current due to the 
left-hand side is 


\dj, 



E. 



112 

0 


and that due to the right-hand side 


Hence 


J, - 

A 


2 I 





Expanding by the binomial theorem, all the odd terms disappear, 
and we have 




r 1 /I 

ScV 3 fl 

?cV 1 

|<M 

+ 

_1 

fcv 10240 \ J 



Prom this result it is evident that with the arrangement of Fig. 

10—(T.289) 
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8-5, the anode current is slightly liigher than with an equipotential 
cathode. Howevc^r, because of the rapid convergency of the series 
and the fact that, in practice, K^. is usually small compared with E, 
the arrangement of Fig. 8-5 may be considered to be almost exactly 
equivalent to an cqui])otential cathode. 

A.C. Directly-heated Cathodes 

In the majority of instances cathodes are heated by alternating 
current and in such instances the anode current can be returned 
via a centre tap on the cathode-heating transformer winding. 
Whether the anodo current is returned in this manner or to one 
end of the cathode, the foregoing equations for the d.c. examples 
are valid, provided for we write sin where is the 
maximum value of the cathode voltage. Thus, for the centre-tapped 
case 

J, ^ I . . . . . (S-13) 

while for a connexion to the cathode extremity 



Either of the right-hand members in (8-14) is applicable, for changing 
the connexion from one end of the cathode to the other merely 
causes a j)hase reversal. 

Considering (8-L‘l) and (8-14), it will be noted that in both cases 
an alternating component is superposed on the anode current, the 
value of this component being much smaller when the centre-tapped 
arrangement is employed. As sin^ 'pt ~ 1(1 ““ ^he frequency 

of the superposed component in (8-13) is twice that of the funda¬ 
mental. 

In Chapter X it is shown that a triode is equivalent to a diode 
provided that E is replaced hy E pEg, where is the amplification 
factor and Eg the cathode-grid potential. Hence the foregoing 
equations are applicable to triodes if E is replaced hy E + pEg, 
As iiEg may be of the same order as E, it will be seen that substi¬ 
tution of E + fiEg in (8-14) indicates the possibility of a relatively 
large a.c. component in with the likelihood of an audible hum 
in an audio-frequency amplifier operated with valves having a.c. 
directly-heated cathodes. Hence in these circumstances a centre- 
tapped heater winding should be employed, when (8-13) will be 
applicable. 
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Modifying Factors of the Space-charge Equation 

If a gradually increasing anode voltage is applied to a diode, 
it appears that the anode current should increase in accordance 
with the three-halves power law until limited by saturation. Thus 
when the emission reaches the saturation value corresponding to 
the particular cathode temperature, the 
curve should abruptly cease to rise and 
then lie parallel to the axis in the 
manner shown by Pig. 8-6. In practice, ^ 
the discontinuity in the curve of Fig. 8-6 
does not exist for several reasons. For 
example, the cathode temperature is 
not constant, being higher at the cathode o 
centre than at the ends. Thus satura- Kjo. s-ii 

tion occurs earlier for the ends of the 

cathode than for the centre, this causing the curve to have the 
appearance shown by Fig. 8-7. The variation in temperature along 
the cathode, of course, causes the resistance of the latter to be 
non-uniform and hence does not in fact vary strictly as xjl. 

For this reason the equations 
(8-11) to (8-14) are only ap¬ 
proximately correct. 

A further factor influencing 
the cathode temperature is the 
emission occurring therefrom. 
As shown on page 177, the 
power loss due to electron 
emission is e/(<^ -f 2<j>r) per cm.^ 
of cathode surface and this has 
a cooling effect on the cathode. 
Thus, as the anode current is 
increased, the cathode tempera¬ 
ture tends to fall, causing 
saturation to occur earlier than if the cathode temperature remained 
constant. 

Vacuum Valve Design and Construction 

In order that vacuum diodes shall be suitable for the various 
purposes for which they are employed, a high degree of vacuum 
must be attained. This is essential to limit the production of gaseous 
ions which would be detrimental to the diode’s characteristics and 
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life. The number of gas molecules per cubic centimetre at normal 
temperature and density is 2-7 x lO^®, and at any other density p 
the number is given by 

2-7 X IO^^p/pq per cm.® 

where po is the gas density under normal conditions. During the 
passage of the electrons across the inter-electrode space, these may 
collide with residual gas molecules, thereby producing ions by 
collision. As the diameter of a gas molecule is of the order of 
10“* cm., the area which it presents to an oncoming electron is of 
the order of 10“^® cm.® If each collision results in a positive ion, 
then, if d is the distance between cathode and anode, the number 
of ions per electron is 

2-7 X 101®-^ X 10 1® X of 
Po 

= 2-7 X 103-d 
Po 

Now, the velocity of th(‘ electrons is greater than that of the ions 
in the ratio of Vl839Jlf : 1, where M is the molecular weight of 
the gas. Hence the ratio of positive ion density to electron density 
may be taken as 

= 2-7 X 10® ^ d\/l839M 
Po 

and taking an upper limit for this of 

dVM = 10-7 

Po 

For the case of air M — 40, and if d = 1 cm., then p == 10~® mm. 
Hg. In practice this is the order of vacuum attained. Even at this 
pressure the number of molecules per cubic centimetre is about 
4 X 10^^, the mean free path being about 10^ cm. 

Cathode Itlaterials 

The subject of cathode materials has been lightly touched upon 
in Chapter IV, and it is now necessary to amplify what has already 
been said on this subject. Although a great number of materials 
emit electrons when heated, few are suitable as practical cathodes, 
and, in practice, three materials are principally employed. These 
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are tungsten, thoriated tungsten, and certain oxides. As stated in 
Chapter IV, the efficiency of a cathode is expressed by 

Thermionic Current Obtainable 
Cathode Heating Power 

and this ratio is usually given in milliamperes per watt. Evidently 
it is desirable that this ratio shall be as high as possible consistent 
with other requirements, such as long cathode life, etc. 

Tungsten Cathodes 

In addition to high-emission efficiency other desirable character¬ 
istics for a cathode are long life, a maximum emission which is 
considerably above the normal working emission, and immunity 
from damage by positive ion bombardment. Among the earliest 
materials employed for thermionic cathodes was tungsten, a material 
which is still almost exclusively employed in high-voltage tubes. 
The reason for this employment is that tungsten more readily 
withstands positive ion bombardment than do the other two mate¬ 
rials mentioned above. In high-vacuum valves the volt drop is 
relatively high because of the presence of the negative space-charge. 
Because of this high drop, the few positive ions which are formed 
acquire high velocities and thus may bombard the cathode with 
considerable energy. The coatings of the coated-cathodes, to be 
shortly described, would be rapidly destroyed by this bombardment 
and for this reason it is necessary to employ tungsten. 

The melting-point of tungsten being 3650° K. enables it to be 
operated at a relatively high temperature, about 2400° K. By 
working at such temperatures a higher total emission is, of course, 
realizable than if a lower temperature were employed. However, 
the emission efficiency of tungsten is low, about 2 mA per watt at 
2400° K., the total emission per watt at this temperature being 
about 120 mA per cm.^ These figures relate to cathodes of fila¬ 
mentary form of 0-1 mm. diameter approximately. For cathodes of 
greater diameter better figures are obtainable because larger 
diameters may be run at higher temperatures. 

Thoriated-TUNGSTEN Cathodes 

From Table 4-1, Chapter IV, the values of A and for tungsten 
are 60*2 and 4*52, respectively. Compared with various other 
metals in the table it is evident that the work function of tungsten 
is high. Hence in order to obtain a high-emission efficiency, it is 
necessary to employ a cathode material of low-work function. If 
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a material of lower work function than tungsten were substituted 
for the latter in a vacuum diode, all other conditions remaining the 
same, there would be no increase in anode current for, as we saw 
on page 275, this is governed by the space-charge equation. How¬ 
ever, the same current could be obtained with a lower expenditure 
of cathode-heating power, and, moreover, the total emission would 
be greater. 

The low-work function metals arc in general unsuitable for 
direct employment as cathodes, for they possess low melting-points 
and high vapour pressures. In practice these difficulties are over¬ 
come by depositing a layer of low-work function material on some 
base metal, such as tungsten, nickel, etc., in which case the material 
is absorbed by the base metal. Thus, the absorbed material may 
be held within the base metal at a temperature at which it would 
normally rapidly evaporate. 

An example of the foregoing process is thoriated-tungsten. 
To prepare cathodes of this material between 1 and 2 per cent of 
thoria, i.e. thorium oxide (ThOg), is added to the tungsten powder 
before it is sintered and drawn into wire. After the filament has 
been formed and assembled into the valve it must be activated in 
order to obtain high emission. The activation process is effected 
in the following manner: The filament is raised to a temperature 
of 2800° K. for several minutes, during which time some of the 
thorium oxide is reduced to metallic thorium. At this temperature 
the thorium diffuses to the surface of the filament, where it rapidly 
tends to evaporate. The temperature is now reduced to 2100° K., 
at which value the thorium still diffuses to the filament surface, but 
with a reduced rate of evaporation. Because of the latter, the 
thorium tends to accumulate at the surface, where it forms an 
absorbed layer. The activation process is now complete, and the 
filament .so formed has an emission approximately a thousand times 
as great as a pure tungsten filament operating at the same tempera¬ 
ture, The normal operating temperature of a thoriated-tungsten 
cathode is about 1900° K., at which temperature the rates of diffusion 
and evaporation are such that the absorbed layer remains fairly 
stable. 

With use and the progress of time the layer of thorium atoms 
slowly evaporates and this is accompanied by a loss of emission. 
In order to reduce the rate at which this occurs and thus increase 
the longevity of the valve, thoriated-tungsten cathodes are usually 
carbonized. In this process the cathode is heated to a temperature 
of about 1800° K. in the presence of naphthalene or benzol, and. 



HIGH-VACUUM DIODES 


285 


as a result, some of the carbon diffuses into the tungsten. The 
effect of this is to reduce the rate of eva])oration of thorium to 
about one-sixth of that occurring with a non-carbonized cathode. 

The principal effect of the layer of thorium on the surface of a 
thoriated-tungsten cathode is a lowering of the potential barrier 
and work function. The value of the latter is lower than for either 
pure tungsten or thorium, although it is difficult to give a ])recise 
value for this quantity as this depends on the fraction of the surface 
area covered by thorium. The same difficulty exists regarding the 
value of A, for which values ranging from 8 to 59 amp./(cm.2) 
(deg.2 K.) have been given by various experimenters. At a tempera¬ 
ture of 1900'' K. the emission efficiency is about 40 niA per watt 
and the total emission about 1-2 amp. per cm.^ Thus, the emission 
efficiency is some twenty times greater than that of pure tungsten, 
while the total emission is about ten times as great. 

Oxide-coated Cathodes 

An even higher emission efficiency than that of thoriated- 
tungsten is obtained from oxide-coated cathodes. In order to form 
these cathodes certain oxides, such as those of barium and strontium, 
are deposited on a metal core. This core may consist of an alloy 
of platinum and nickel, nickel and cobalt, or nickel, cobalt, iron, 
and titanium. In the case of indirectly-heated valves the metallic 
core is in the form of a sleeve. The oxide coating is applied to the 
core either by dipping or spraying, an organic binder being mixed 
with the oxide to make it adhere to the core. Thus, one method is 
to dip the core in a mixture of barium and strontium carbonates 
and resin, the core being subsequently momentarily heated to 
1000° K. to burn off the binder. After an adherent coating has 
been applied, the cathode is heated to about 1300 ’ K. for several 
hours, during which time the carbonates are reduced to oxides. 

Following the formation of the oxide coating, the cathode must 
be activated before apj)reciable emission can be obtained. This 
process consists of maintaining the cathode temperature at between 
1000° and 1500° K., with a positive anode potential to collect the 
emission. During the process the emission increases and oxygen is 
evolved, the latter being removed by the jnimp employed for 
evacuating the glass envelope. 

The action of the oxide-coated cathode is somewhat obscure. 
It is thought that a thin layer of barium is formed, but it is not 
certain whether this formation occurs on the core or on the surface 
of the oxide. The view is generally held that it is the barium which 
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is responsible for relative high emission, and not the oxides, this 
idea being supported by the evolution of oxygen during the activa¬ 
tion process. However, whatever may be the exact action of such 
cathodes, the composite structure results in a low potential barrier 
and work function. For similar reasons, as with thoriated-tungsten, 
it is difficult to give precise values for A and ^ with oxide-coated 
cathodes. Despite this, however, figures frequently quoted are 
A = 0-01 amp./(cm.2) (deg.^ K.) and — 1*0 volt, the value for A 
being derived from the fact that, at 1000° K., the emission density 
is usually of the order of 1 mA per mm.^ The emission efficiency 
is of the order of 100 niA per watt, the normal operating temj)erature 
being 1000° K. 

As with thoriated-tungsten cathodes, oxide-coated cathodes 
become de-activated with use. Similarly, de-activation occurs with 
positive ion bombardment, and for this reason oxide-cathodes are 
only employed in valves having relatively low anode voltages. 
Because the oxides tend to evolve gas, valves with such cathodes 
possess a relatively large number of positive ions and are not used 
where the anode potential exceeds 1000 volts. 

Indirectly-HEATED Cathodes 

The various cathodes so far described are of the directly-heated 
type, i.e. the heating current passes directly through the cathode. 
As we have already seen, this results in a non-equi])otentia] cathode 
surface which, in certain applications, is detrimental. To avoid this, 
indirectly-heated cathodes are now widely employed. With this 
form of cathode the active coating is deposited on a nickel or nickel- 
alloy sleeve, the heater wire being contained in an insulator which 
is enclosed*by the sleeve. Some typical arrangements are shown by 
Fig. 8-8. The entire structure is of such mass that temperature 
fluctuations are negligible at normal supply frequencies. The heater 
wire is usually formed of tungsten and being insulated from the 
metal sleeve results in the latter having an equipotential surface. 

The insulator is usually formed of beryllium or aluminium oxidd, 
such materials having relatively high thermal conductivity. For 
example, the thermal conductivity of the latter material is five 
times as high as that of porcelain and its thermal expansion is 
relatively close to that of nickel. The heater wire is coated with 
the oxide as a fluid mixture, an organic binder being present in the 
latter. The coated heater is then dried and is afterwards heated to 
about 1300° K. in a vacuum. Following this the coated heater is 
inserted and fixed within the metal sleeve. 
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A further advantage of the indirectly-heated cathode is that, 
because of its rigid structure, smaller clearances may be enlploj’^ed, 
this leading to a higher mutual conductance in a triode than when 
directly-heated valves are used.*** Thus, comparing similar valves, 
a directly-heated general-purpose triode might have a mutual 
conductance of 1*5 mA per volt, while its equivalent indirectly- 
heated type would have a figure double this value. A disadvantage 
of the indirectly-heated cathode is its low-emission efficiency. Thus, 
the cathode consumption of the first of the two valves mentioned is 
only 0*2 watt, while the second consumes 4 watts. This, however, 
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is of no great consequence unless the cathodes are to bo supplied 
by batteries. 

As the cathode is insulated from the heater, it follows that three 
leads will be brought out from the cathode structure. The heater 
is not, of course, regarded as an electrode, but, because of the 
insulating coating, several heaters may be supplied from a common 
source, although their respective cathodes may be at different 
potentials. However, it must be borne in mind that the insulating 
layer is thin and that the heater and cathode should not be subjected 
to a potential difference of more than 500 volts under normal 
operating conditions. 

Heat-shielded Cathodes 

Another extremely important form of cathode is the heat- 
shielded type. However, as this type cannot be employed in vacuum 
valves, a discussion of its characteristics is reserved for Chapter IX, 
page 300. 


* See page 317, 
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The Anode 

During the passage of the anode current in a diode heat, is gener¬ 
ated at the anode surface. The rate of production of heat is equal 
to if, where i and e are, respectively, the instantaneous values of 
the anode current and voltage. This heat is, of course, due to the 
loss of kinetic energy by the electrons when they strike the anode. 
The resultant temperature of the anode is not only due to the cause 
just mentioned, but also due to the fact that some of the heat 
radiated from the cathode is intercepted by the anode. Thus, the 
latter must radiate energy at a rate equal to 

P = ie -f- PEJ, 

where and are, respectively, the cathode voltage and current 
and p is a number less than unity. The final temperature of the 
anode will, of course, be such that it radiates energy at the same 
rate as that at which it receives energy. As the anode is situated 
in a vacuum, the final temperature will be governed by the Stefan- 
Boltzmann Law,* i.e. 

ie PEcIc — ayT^ 

From this equation it is evident that the final temperature will 
depend on the value of y, the emissivity coefficient, this quantity 
in turn depending on the nature of the anode material. Materials 
suitable for anodes must be such as to withstand the heat generated 
both in the process of manufacture and in use. Furthermore, they 
must not emit gases which will reduce the degree of vacuum of the 
valve. 

The anode materials in general use are nickel, iron, tantalum, 
molybdenum, tungsten, and graphite. The first two are employed 
for valves of small capacity and the latter four for large power valves. 
Frequently nickel anodes are roughened and blackened with carbon 
in order to increase their emissivity. In high-power valves the 
anode is sometimes operated at a red heat. Where a diode is em¬ 
ployed as a rectifier, the potential of the anode periodically reverses. 
Hence it is important that the anode temperature should not be 
such as to permit thermionic emission to occur, for should this take 
place the rectifying properties of the valve would be impaired. 
The maximum permissible rates of energy dissipation of nickel, 
molybdenum, and tungsten have been given as 3, 5, and 8 watts 
per cm.respectively. 

As the power rating of a valve increases, so also do the losses, 
and, in consequence, it becomes increasingly difficult to dissipate 

* See page 177. 
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the latter without making the valve of excessive size. To overcome 
this difficulty, valves having external anodes have been developed. 
Such valves have walls formed partly of glass and partly of metal, 
this construction necessitating a metal-to-glass seal. The anode 
is cooled either by water or an air-blast. 

Electrode Leads 

Apart from the necessity of employing leads with a thermal 
expansion similar to that of glass, no special difficulty exists re¬ 
garding the electrode connexions of low-voltage valves. However, 
with high-voltage valves the possibility of a flash-over exists, either 
within the glass pinch or outside, if the anode and cathode leads 
are both brought out from the same end of the valve. A further 
point is that with a high-potential gradient conduction of an electro¬ 
lytic nature may occur within the glass, particularly when this is 
hot. Where the voltage of a valve exceeds about 1000 volts, it is 
customary to bring the cathode and anode leads out from opposite 
ends of the valve.* The high voltage, of course, does not exist 
between the electrode leads while conduction through the valve is 
occurring. However, with valves employed for rectification, it is 
shown in Chapter XIII that during the reverse half-cycle a voltage 
as high as twice the peak voltage of the a.c. supply may bo impressed 
on the valve electrodes. As high-vacuum diodes are employed in 
X-ray work to provide d.c. voltages up to 250,000 volts, it will be 
appreciated that a diode may have to withstand an inverse peak 
voltage of the order of half a million volts. In extreme circumstances 
such valves are immersed in oil to increase their resistance to flash- 


over. 


See Fig. 13-13. 



CHAPTER IX 

GAS-FILLED DIODES AND TRXODES 

The introduction of gas into a thermionic valve may have a pro¬ 
foundly modifying effect on its characteristics. It can be stated 
at once that the principal effect is a reduction in potential for a 
given current. In the absence of gas or vapour in any appreciable 
quantity, the voltage-current characteristic is, of course, similar to 
that shown by Pig. 8-7, and is governed by Langmuir’s and 
Richardson’s equations. If, now, a small quantity of gas or vapour 
is introduced (but much smaller than is customarily employed), the 
characteristic will be altered from Curve 1 to Curve 2 in Fig. 9-1, 

Curve 1 being merely a reproduc¬ 
tion of that in Fig. 8-7. Increas¬ 
ing the gas pressure still further 
will produce the characteristic 
3, while, if the pressure is con¬ 
tinually increased, the voltage 
may even fall with increasing 
current. 

From Fig. 9-1 it is evident that 
the effect of the gas is to modify 
that part of the characteristic lying between A and B, The portion 
BC is scarcely affected, for the current in this region is mainly limited 
by the maximum emission of the cathode, which is the same whether 
gas is present or not. The region OA, where the voltage is less than 
the ionizing potential of the gas, is also but slightly affected. The 
modification of A B is, of course, due to ionization occurring within 
the gas. As soon as the cathode electrons have acquired sufficient 
velocity and energy they ionize the gas, producing positive ions 
and further electrons in equal numbers. The effect of this is twofold: 
first, because of their motion, the ions and electrons increase the 
current ; and second, because of their charge, the ions tend to 
neutralize the negative space-charge. The first effect is of consider¬ 
ably less importance than the second, as the number of positive 
ions produced is only a small percentage of the number of electrons, 
which is shown by the inappreciable increase in saturation current 
when the gas is present. 

Although the effect of the gas is relatively unimportant in the 
region OA, nevertheless it may have a modifying effect on this 
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part of the characteristic. Below the ionizing potential, the gas 
may retard the motion of the electrons, thus tending to reduce the 
current for a given voltage. Where a gas has a metastable state, 
this and the initial velocity of the electrons may cause the current 
in the region OA to be greater than for the case of a vacuum. How¬ 
ever, in general, it may be said that the effect of the gas becomes 
appreciable only at voltages of the order of the ionizing potential. 

In a similar manner to the glow discharge, described in Chapter 
II, the positive ions tend to concentrate the tube voltage drop 
into a cathode fall close to the cathode. With a thermionic cathode, 
however, there is a copious supply of electrons and, unlike the glow 
discharge, the minimum cathode fall is not limited by Townsend 
conditions. For the maintenance of the discharge all that is necessary 
is that the electrons shall fall through a sufficient potential difference 
to acquire the energy necessary to ionize the gas. Hence, gas-filled 
thermionic diodes are characterized by a potential drop of about 
5 to 20 volts and this is roughly independent of current and tube 
geometry. 

Conduction Conditions in Gas-filled Thennionic Diodes 

An attempt will now be made to present a somewhat more 
quantitative representation of the operating conditions during 
conduction in the gas-filled diode. As the potential difference across 
the electrodes is gradually increased from zero, the current is initially 
carried entirely by electrons and the conditions are governed by 
the laws of a vacuum diode until the ionization potential of the 
gas is reached. Beyond this, the current increases more rapidly 
until its value is such that a voltage maximum is reached. From 
this point the current increases with great rapidity to a value limited 
only by the external circuit resistance or the total emission of the 
cathode. The tube is said to brmkdown, strike, or fire, and its 
appearance is characterized by a visible glow the colour of which is 
appropriate to the particular gas or vapour filling. The volume of 
the glow constitutes a plasma similar in character to that of the 
glow discharge described on page 90. Between the plasma and 
the electrodes and walls of the tube are sheaths. 

The distribution of potential over the cathode-anode space after 
striking has occurred is shown by Fig. 9-2. The region OA is known 
as the positive-ion or cathode sheath and the region AB the plasma. 
An explanation of this distribution may be obtained as follows. 
Consider the relatively simple case where anode and cathode consist 
of two parallel planes situated d cm. apart. Provided the voltage 
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of the anode relative to the cathode is slightly above the ionization 
potential of the gas, positive ions will form at the anode, thence 
moving towards the cathode. If each electron produces a ions 
then, provided there is no recombination, the electron current 
density is «/_ and the positive ion current density = a«/«. If 
Ex is the potential at a point x cm. from the cathode, then 

== eEx . . . . (9-1) 

ImaV = — Ex) * . . (9-2) 

where and mg, ^g arc, respectively, the masses and velocities 



of the electrons and ions, E is the anode potential, and e the electronic 
charge. Now 

«/_ == PiVi .... (9-3) 

— pgVg .... (9-4) 

where and p 2 are, respectively, the electronic and ionic densities. 
Also we have 

• • • ( 9 - 5 ) 

From (9-1), (9-2), (9-3), and (9-4), (9-5) may be written 

= . . (9-6) 

where K — — J— 

«/_ y in. 

Multiplying both sides of (9-6) by dE^ldx and integrating, 

\ (s')=t®.*+- ®.«+' 

where c is a constant. 
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At the cathode surface x, and dEj.ldx ~ 0, and therefore 
r -- W y KE^ 

and y ^ ~ 

At the anode Ej, = E and in these circumstances 

As dEjdx must be real and positive, it is evident that K ^ \. 

Now, if K — 0 , (9-7) reduces to (8-4) and the current is given 
by (8-5). This is, of course, the condition until striking occurs. 



Fia. 9-3 


After striking has occurred a plasma is formed and within this 
Pi = p 2 and K = I within the plasma. As the potential fall within 
the plasma may be taken as negligible, the edge of the plasma 
forming a boundary of the cathode sheath is approximately at the 
same potential as the anode. Hence the plasma may be regarded 
as an extension of the anode towards the cathode surface. Within 
the cathode sheath, (9-7) is appropriate with K 0. However, if 
we regard the contribution to the current of the electrons and ions 
formed by collision as negligible, i.e. ii = 0, then 


_V2 ^ E^l'^ 

~ ~~ 97t m d^ 


(9-8) 


Referring to Fig. 9-3 it will be noted that except for small currents 
the volt drop across a gas-filled valve is almost independent of the 
value of the current. Hence if K is small then J cc E^^-jd^, As E 
is independent of J_ then the latter must increase by virtue of a 
decrease in d. In practice, as J increases, the plasma, which is 
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practically at the same potential as the anode, moves nearer to 
the cathode, thus reducing d and making possible a current increase. 

Valve Volt Drop 

From previous statements and Fig. 9-3 it is evident that gas- 
filled valves only conduct inappreciable currents while the anode 
voltage is initially below the ionization potential of the gas filling. 
At a voltage approximately equal to the ionization potential, 
relatively large currents commence to flow, this potential being 
generally referred to as the ignition or striking potential. From 
Fig. 9-3, however, it will be noted that once this potential has been 

attained the drop across the 
valve falls to some lower figure, 
at which it tends to remain as 
the current is increased. It is 
found that the volt drop across 
a gas-filled valve is frequently 
lower than the ionization poten¬ 
tial and may even be lower 
than the lowest excitation poten¬ 
tial. As some electrons may be 
emitted from the cathode with 
velocities corresponding to a few 
electron-volts, it is only neces¬ 
sary for such electrons to fall 
through a voltage equal to 
the difference in the ionization 
potential and that corresponding to the emission velocity for 
ionization to occur. If excitation to metastable states occurs, then 
cumulative ionization is possible, and in this case the volt drop 
across the valve may be very little higher than the lowest excitation 
potential of the gas. 

In some cases the volt drop may be even lower than the lowest 
excitation potential. This is due to a positive space-charge forming 
between anode and cathode of such magnitude as to reverse the 
potential difference between itself and the anode. This condition 
is illustrated by Fig. 9-4, from which it will be noted that between 
the cathode and space-charge a potential difference exists sufficient 
to produce ionization. Although the field beyond the space-charge 
is reversed, electrons pass through this by virtue of the kinetic 
energy they have acquired in the accelerating field between the 
cathode and space-charge. 
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Influence of Gas Pressure 

We have already seen that the quantity of gas has an important 
influence on the behaviour of a gas-filled diode and we shall here 
pursue this aspect of the valve still further. Assuming that the 
gas density is such as to secure a low cathode-anode potential drop, 
variations in the gas density about this point have an important 
effect on the four following characteristics: (1) the maximum 
inverse voltage that may be withstood, (2) the maximum current 
that may be carried, (3) the cathode-anode drop, and (4) the rate 
of evaporation of the cathode. With regard to (4), if the gas density 
is sufficiently increased, it reduces the rate of evaporation of the 
cathode and thus permits the operation of the cathode at a higher 
temperature and emission efficiency. This is a practice which is, 
of course, followed with the so-called ^-watt gas-filled lamp. In 
the case of the original Tungar rectifier, this employed a thoriated 
tungsten filament operating in argon at a pressure of approximately 
5 cm. of Hg. One disadvantage of a high gas pressure is that it 
tends to cause the discharge to concentrate on a small area of the 
cathode, resulting in a burn-out. In fact, if once the discharge is 
started it will be found to continue if the cathode-heating current 
is cut off. In Chapter XIX it will be found that this arc-heating of 
the cathode is employed to advantage in certain luminous discharge 
lamps. 

Apart from the desirability of a high gas density to reduce 
filament evaporation, it is undesirable in that it reduces the inverse 
peak voltage that a tube will withstand. The gas pressures employed 
in practice are such that the inverse breakdown potential lies to 
the left of the minimum of a curve such as that of Fig. 2-6, and 
also follows Paschen’s Law. Hence if the gas density and pressure 
are increased, the breakdown potential and inverse peak voltage 
decrease. It follows that if the gas pressure is too high, the tube 
may break down during the inverse half-cycle and a glow or arc 
occur. Under these circumstances the tube fails to rectify and may 
be destroyed. 

Apart from its detrimental effect on cathode evaporation, an 
attempt to increase the inverse peak voltage by reducing the gas 
pressure may be accompanied by a further detrimental effect. 
Should the gas pressure be too low, there may be insufficient gas 
molecules present to provide a sufficiency of positive ions to neutralize 
the negative space-charge when the tube is carrying its rated current. 
This leads to an excessive volt drop and disintegration of the cathode 
by positive ion bombardment. It is, of course, practicable to avoid 



296 


ELECTRONICS 


this effect by de-rating the current of the tube as the gas pressure 
is reduced. 

As the density of mercury vapour in the presence of its liquid 
depends upon temperature, it is evident that the foregoing charac¬ 
teristics when referred to a mercury-vapour tube largely depend 
upon the temperature of the tube. Hence, as the temperature of 
the tube increases, the maximum inverse voltage and tube drop 
decrease while the maximum anode current increases. The relation 
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between mercury-vapour pressure and temperature is shown by 
Fig. 9-5, the eficct of temperature on the characteristics of a mercury- 
filled diode being shown by Fig. 9-6. It is evident from the latter 
that such tubes must be operated between fairly close limits of 
temperature, for at high temperatures low inverse voltages and 
cathode vaporization occur, while at low temperatures high volt 
drop and low current ratings result. Thus, desirable operating 
limits are about 20° C. to 60 °C. The temperature of a valve is, 
of course, related to the ambient temperature and the valve losses. 
The latter comprise those of the cathode and the valve drop. The 
cathode heating losses are such that, generally speaking, even at 
under no-load conditions, the valve temperature is well above the 
low limit already quoted. For example, the temperature rises of 
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the valves shown by Figs. 13-6 and 13-7 are, respectively, 70° C. 
and 14° C. due to cathode losses alone. 

In tubes in which the gas filling is one of the inert gases, such 
as neon, argon, etc., there is no variation of gas density with tem¬ 
perature, and variations in tube characteristics, such as those which 
take place with mercury-filled tubes, do not occur. However, the 
gas gradually disappears, due to clean-up, with a modification in 
the performance of the tube due to this cause. In high-voltage tubes 
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Fig. 9-6 


the gas pressure must be maintained between narrow limits and 
hence in such tubes mercury vapour only is employed. In low- 
voltage tubes, gas pressure is not of such importance and sufficient 
gas may be initially admitted to compensate for such clean-up as 
occurs during the useful life of the tube. 

From what has previously been said, it is evident that where 
high inverse voltages must be withstood it is necessary to work at 
low gas pressures and, generally, de-rate the current output. How¬ 
ever, in addition to this, further steps may be taken which have a 
beneficial effect. 
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At the moment the inverse half-cycle commences there are in 
the vicinity of the anode the positive ions of the plasma. As the 
anode becomes negative, some of these are swept out of the plasma 
to the anode and thus may form a glow discharge which, if circum¬ 
stances are unfavourable, can develop into an arc. Now the glow 
current is proportional to the area of its cathode, and hence the 
area of the anode in the gas-filled diode is not made larger than is 
absolutely necessary. In considering the glow discharge we saw 
that it is probably the increasing density of the 
glow current which leads to an arc discharge. 
This density varies as the square of the gas den¬ 
sity and hence a low gas density leads to low 
glow current density. A further method of in¬ 
creasing the maximum inverse voltage is to 
enclose the anode in an arm attached to the side 
of the tube. This encourages a loss of electrons 
and ions to the wall of the tube, thus increasing 
the resistance to the initiation of a glow dis¬ 
charge. The placing of anodes in arms is, of 
course, a very common one with glass-bulb 
mercury-arc rectifiers and is partly done for the 
same purpose. 

Where very high inverse voltages must be 
withstood, up to 100 kV, mercury vapour is 
always employed, maintained at a low tempera¬ 
ture. Naturally, the filament vaporizes rapidly, 
and to obtain a useful life it must be heavily 
constructed. This means what would normally 
be an excessive filament consumption for a given current 
through the tube. The gas lost due to vaporization is, of course, 
continually replaced by the liquid mercury. A form of tube 
employed for high inverse voltages is shown by Fig. 9-7. It 
will be noted that the anode and cathode are placed in separate 
spaces with a condensing chamber between them. This leads to 
different gas pressures round the anode and cathode. The cathode 
space contains liquid mercury which continually vaporizes because 
of the heating in this space produced by the cathode and cathode 
sheath losses. After condensation, the mercury flows back to the 
cathode space under the influence of gravity. With this arrange¬ 
ment, the gas pressure round the cathode is relatively high, resulting 
in a relatively low degree of cathode vaporization, while, due to the 
condenser, the pressure in the anode space is relatively low. Thus, 
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a high inverse voltage may be sustained without undue cathode 
vaporization. 

Cathodes in Gas-filled Valves 

Because of the low voltage drop of the gas-filled diode, the 
current-carrying capacity of these tubes is not limited by anode 
heating. Hence the total emission of the cathode is of greater 
importance than with a vacuum tube. However, due to the presence 
of positive ions, a possibility exists of cathode disintegration, or 
atomization, as it is sometimes termed, caused by positive ion 
bombardment. As practically the whole tube drop is concentrated 
immediately in front of the cathode, it follows that practically every 
ion which strikes the cathode does so with an energy which corre¬ 
sponds to approximately the entire anode-cathode potential differ¬ 
ence. It therefore appears possible that this bombardment may 
result in the destruction of the cathode, particularly if this is of the 
coated type, as it usually is in gas-filled valves. Experiment has 
shown, however, that the cathode is but slightly affected provided 
the ionic energy (and hence anode voltage) and instantaneous 
current do not exceed certain limits. As the anode voltage is in¬ 
creased, due, say, to a reduction in gas density, the energy of the 
bombarding ions increases, but is ineffective until what is known as 
the disintegrating voltage is reached. The value of this is 22 volts 
for mercury vapour, 25 volts for argon, and 27 volts for neon. 
Hence the gas density must be such that these voltages are not 
exceeded if a reasonable cathode life is to be realized. 

With regard to current limitations, disintegration will occur if 
the peak current through the tube exceeds the total thermionic 
emission of the cathode. Should the peak current exceed the total 
omission, then the difference must be produced by ionic bombard¬ 
ment of the cathode, i.e^i^|i|^^ formation of a cathode spot. 
This results in an increas^Hj^^^^n^ of the cathode and its rapid 
vaporization and destructi^^^^^^H|||||Ohe foregoing, a gas-filled 
valve is often given two an average rating 

based on temperature rise, and^^^^|P9^^ instantaneous rating 
based on cathode life. For exam^Tw^^Rrerage rating of the 
B.T.H. BD12 valve is 33 amp. and the maximum instantaneous 
current, 100 amp. 

In tubes employing directly-heated cathodes it is obvious that 
one end of the filament is at a higher potential than the other. 
Thus the anode to cathode potential difference is greater for the 
negative end of the filament than for the positive. This is of no 
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consequence provided the potential difference is less than the dis¬ 
integration voltage. Hence if the arc drop in a mercury tube is 
10 volts the filament voltage should not exceed 12 volts. If the 
filament voltage is alternating, then its r.m.s. value should not 
exceed 12/V2 = 8-5 volts. The value adopted in practice is fre¬ 
quently 2 volts and seldom exceeds 5 volts. Incidentally, the latter 
figure is that for the BD12 valve referred to above. A further 
possibility with directly-heated valves is the striking of an arc from 
one end of the filament to the other and this again limits the filament¬ 
heating voltage that may be employed. With indirectly-heated 
cathodes the foregoing restrictions are not 
applicable and filament voltages of 110 volts 
are sometimes used. 

Cathode Emission Efficiency 

In the case of gas-filled valves, the exten¬ 
sion of the plasma down to within a fraction 
of a millimetre of the cathode surface permits 
a profound modification in cathode design, re¬ 
sulting in an enormous increase in cathode 
efficiency compared with that obtainable with 
vacuum tubes. In the latter the filament or 
cathode must be directly exposed to the anode 
and the distance between them kept to a 
low figure. With a gas-filled valve, the filament may be placed in 
a cavity at a considerable distance from the anode, and the plasma 
will penetrate this cavity, giving a virtual anode at a minute distance 
from the cathode surface. Thus, the cathode may be so shielded 
that heating losses are greatly reduced without electrons experiencing 
any difficulty in reaching the anode in spite of the shielding. For 
example, by corrugating the cathode, as shown by Fig. 9-8, the 
electron-emitting surface remains unaffected, but the heat-radiating 
surface is greatly reduced because of heat reflexion between adjacent 
parts. Thus, a given temperature may be attained for a smaller 
current than is necessary with the same cathode uncorrugated, 
with a consequent gain in efficiency. A typical heat-shielded cathode 
is shown by Fig. 9-9. In this, heat-shielding cylinders are placed 
round the cathode, the emitting surface of which is increased by 
the vane or fin-like structure as shown. The cylinders reflect the 
heat internally, while the vanes add greatly to the electron-emitting 
area but little to the heat-radiating surface. Cathodes of this form 
can give an emission efficiency as great as 1*6 amp. per watt at 




GAS-FILLED DIODES AND TKIODKS 301 

1000° K. compared with only 100 mA per watt for a plain oxide- 
coated cathode employed in a gas-filled tube. 

A precaution which must be observed with gas-filled tubes is 
that the cathode be allowed to attain its normal operating tempera¬ 
ture before passing current in the anode circuit. If this is not 
observed, the tube drop will ex¬ 
ceed the disintegration voltage in 
order to produce by ionic bom¬ 
bardment of the cathode the 
difference between the total 
emission of this and the current 
demanded. Thus the heating 
time of the B1312 is five minutes. 

Anode Temperature 

Although the out])ut of a 
gas-filled tube is not limited by 
anode heating, the anode tem¬ 
perature must not be too high. 

In due course the anode (and 
any other electrodes) become 
coated with a layer of material 
(deposited from the cathode) of 
low-work function. In order that 
any emission from the anode be 
kept to an inappreciable amount 
it is necessary that the anode 
temperature should not exceed about 400° C. for metal and 200° 0. 
for graphite. 

The Gas-filled Thermionic Triode: Thyratrons 

By adding a grid to a gas-filled diode a valve is produced, termed 
a thyratron or gas-discharge triode. A thyratron functions in the 
following manner. Providing the valve has not struck, the field 
produced by a negative grid potential can so affect that due to a 
positive anode potential that the striking potential is dependent 
upon both grid and anode voltages. As the grid potential is slowly 
changed from negative towards positive, a critical grid voltage is 
reached, dependent on the anode potential, at which the tube 
strikes and a plasma is formed. From this point the grid exerts 
no further appreciable effect, the valve potential falls to between 
10 to 20 volts, and the anode current must be limited by an external 
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resistance to avoid destruction of the tube. It will be appreciated 
that once ignition has occurred, the behaviour of a thyratron is 
practically identical with that of the thermionic gas-filled diode 
previously discussed. After a plasma has formed, no matter how 
negative the grid may be made, the discharge cannot be terminated 
except by reducing the anode voltage below the arc value or reversing 
it. Should the arc be extinguished, then after a short period, termed 



GRID VOLTS NEGATIVE 

Fig. 9-10 

the de-ionization time, the grid, if sufficiently negative, regains 
control until either the anode voltage is sufficiently increased or the 
grid negative potential sufficiently reduced for restriking to occur. 

Theory of Striking: Grid Current 

A characteristic curve for a thyratron, Cossor GT4B is shown 
by Fig. 9~10. This, obviously, shows the relationship between 
anode and grid potentials for striking, the relationship depending 
on the geometrical arrangement of the electrodes. The ratio of the 
anode to grid potential at any point of the characteristic is known 
as the control ratio and for the case shown is approximately 50 to 1 
for points removed from the origin. Before the tube strikes, the 
electron current which escapes from the cathode is very small, 
due to the negative grid charge returning most of the emitted 
electrons to the cathode. Thus, only those electrons emitted from 
the cathode with exceptionally high velocities will succeed in passing 
through the grid to the anode. From the few positive ions which 
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are formed some will be collected by the grid forming a positive-ion 
current to this, the current being conventionally termed a negative 
grid current. In addition to this, because of the initial velocities 
of the electrons and the cathode-grid contact potential difference, 
the grid may also collect electrons giving rise to a positive grid 
current. In })ractice the resultant grid current will be the sum of 
these two components. Although these two components pre- 
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Fig. 9-11 

dominate, other i)ossiblc (components which may be mentioned are— 

(1) Current due to seccondary emission from the grid. 

(2) Current due to jihoto-electric emission from the grid. 

(3) Current due to thermionic emission from the grid. 

(4) Current due to leakage along insulation-resistance paths. 

Because of the Maxwellian distribution of velocities amongst the 
electrons, it follows that the pre-striking grid current will gradually 
diminish as the negative potential of the grid is increased. 

The various currents in a thyratron prior to striking are shown 
by Fig. 9-11. The abscissa is the grid potential and the ordinate, 
to two different scales, the anode and grid currents. Two scales 
are necessary as the anode current may be of the order of milli- 
amperes and the grid current microamperes. 4 and ig are, respec¬ 
tively, the anode and grid currents, the positive and negative 
components of the latter being shown. The positive-ion current is 
a function of the rate of ionization^in the valve and is proportional 
to the anode current and the gas density. It follows that the 
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positive-ion current (negative grid current) must be zero when the 
anode current is zero, and that the former must be an image of the 
latter. 

Grid Action Before Striking 

In cases where the anode voltage of a thyratron is low it may 
be necessary to apply a positive potential to the grid before striking 
will occur. With a low anode potential, a, i.e. the number of elec¬ 
trons and ions formed per primary electron })er centimetre of ])ath, 
is small because of the low field strength X. Thus, a relatively 
high current is necessary to form a ]ilasma and this means that 
to attain such a current the grid must be made ])ositive. In these 

circumstances the grid current 
will be positive at the moment 
of striking, thence changing 
rapidly to negative. This condi¬ 
tion is shown by Curve 1, Fig. 
9-12. For higher anode voltages 
a is higher, less current is neces¬ 
sary to form a plasma, and the 
tube may strike for negative 
grid voltages and relatively low 
grid currents. Such conditions 
are shown by Curve 2, Fig. 9-12, 
where negative grid current is 
flowing at the moment of striking 
which, however, rapidly increases after the tube has struck. In the 
majority of instances the pre-striking grid current can be neglected 
and a thyratron regarded as a purely voltage-operated device. 
Nevertheless, in certain cases it may be necessary to include a re¬ 
sistance in the grid circuit where it is desired to limit grid current, 
for, with some grid-controlled apparatus, the grid current may 
amount to as much as 500 mA. 

Grid Action After Striking 

It has previously been stated that once striking has occurred 
the grid exerts no further control in a thyratron, no matter how 
negative it may be made. We must now examine this statement 
and the reason for it in greater detail. After the discharge has 
occurred, a positive-ion sheath forms at the cathode, the remainder 
of the discharge path consisting of a plasma in which the concen¬ 
trations of positive ions and electrons are approximately equal. 
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Because of the low field strength within the plasma the potential 
of the latter is, approximately, the same as that of the anode. In 
fact, the plasma may be regarded as an extension of the anode 
down to almost the cathode surface. When the grid is made negative 
it repels electrons and attracts positive ions, and thus a positive-ion 
sheath is formed round the grid. When conditions become stable, 
the positive-ion space-charge surrounding the grid is equal to the 
negative grid charge produced by the applied grid-cathode voltage. 
Hence the net charge within the boundary of the positive-ion sheath 
is zero and the plasma is unaffected by the presence of the negative 
grid. In consequence, conduction occurs through the grid spaces 
unaffected by the grid potential. The various conditions within 
the thyratron after striking are indicated 
by Fig. 9-13. 

The foregoing discussion is dependent 
on the assumption that the thickness of 
the sheaths surrounding the grid wires 
is small compared with the distance 
between the wires. Actually the sheaths 
may be considered as increasing the 
virtual diameter of the grid wires and 
under some circumstances this effect is of 



importance. As the current through the sheath to the grid is carried 
by positive ions only, this current may be regarded as a positive-ion 
space-charge-limited current similar to the electron current in a 
vacuum valve. If the sheath thickness is small compared with the 
diameter of the grid wire, the space-charge ec^uation for parallel 
planes may be applied with appropriate modification. Thus, in the 
present case, (8-5) becomes 


2»33 X 10-^ 


(9-9) 


where is the positive ion current per square centimetre of grid 
surface, M the atomic weight of positive ions, the potential 
difference between grid and anode, and d is the thickness of the 
positive-ion sheath. Actually Ega should be the voltage across the 
sheath, i.e. the potential difference between grid and plasma. As, 
however, the potential of the latter is practically the same as that 
of the anode, Ega may be taken as stated. 

An important difference between the space-charge-limited elec¬ 
tron current in a vacuum valve and the similar positive-ion current 
in the thyratron grid sheath must now be noted. In the former the 
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current, of course, varies with the cathode-anode potential difference, 
whereas in the latter, providing the grid is more than a volt or 
two negative, the current tends to be constant and independent 
of the magnitude of the grid voltage. This is because the positive-ion 
current to the grid is due to the random motion of the ions in the 
plasma rather than to a directed motion. In fact, after striking has 
occurred, the behaviour of a thyratron grid is exactly similar to a 
negative probe. Hence as the grid voltage is varied remains 
constant, from which it follows that the thickness, d, of the positive- 
ion sheath must vary. Thus, from (9-9) 


/2-:}3 X 10-* 


(9-10) 


As the positive-ion density in the plasma is proportional to the 
anode current, will vary directly as the latter (piantity. Thus the 



Fig. 9-14 


greater the anode current the greater will be the grid current and 
the smaller the thickness of the grid sheath. 

In order to gain some idea of sheath thickness we maj^ select 
typical values for the various terms in (9-10) and calculate d. 
Assume a mercury-vapour tube to be under consideration, with a 
cathode-anode drop of 10 volts, and a negative cathode-grid drop 
of 5 volts. The random positive-ion current density is taken to be 
10~® amp. per cm.^ and M, 200'6. Thus Eg^^ — 15 and d = 0*015 cm. 
or 0*15 mm. Now, although it has been previously stated that once 
a thyratron has struck the grid is without further control, there is, 
nevertheless, a special case where the grid may exert an influence on 
the anode current and even extinguish it. Referring to (9-10) we 
see that by making large and small, relatively thick sheaths 
may be produced, and thus the effective diameter of the grid wires, 
or grid dimensions, considerably increased. If this process is carried 
sufficiently far, it is possible to cause the grid sheaths to overlap 
in the manner shown by Fig. 9-14. As this condition is approached, 
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the anode current will be reduced and, at overlap, extinguished. 
Now is proportional to anode current and, therefore, grid con¬ 
trol, after striking, can only be effected for low plasma densities 
as well as high grid potentials. 

Considering now the effect of reducing the negative potential 
of a thyratron operating under normal conditions, as a positive 
potential is approached some of the electrons within the plasma, 
because of their random 
motion, find their way to the 
grid, thus constituting a 
positive-grid current. The 
negative-grid current, while 
the grid is still negative, re¬ 
mains unchanged, and the 
resultant grid current is now 
that due to the ions and 
electrons. Hence as the grid 
approaches a positive poten¬ 
tial the grid current at first 
decreases. As the random 
current density of electrons in 
the plasma is in excess of that 
of positive ions, the grid cur¬ 
rent generally becomes zero 
while the grid is still negative. 

As the grid potential changes 
from negative to positive the 
electron current increases 
while the positive-ion current 
decreases. When the positive 
grid potential becomes that of the plasma, the positive-ion sheath 
disappears, and a pure, saturation, electron current results with the 
plasma extending to the grid surface. If the positive grid potential 
is continually increased the grid begins to usurp the function of the 
anode. 

The manner in which the grid current varies with changes in 
grid potential at different anode currents is shown by Fig. 9-15. 
It will be noted that an approximately linear relationship exists 
between grid and anode currents when the grid voltage is held 
constant. In the vicinity of zero grid voltage the rate of change of 
grid current is very high and, in practice, it is frequently necessary 
to include a current-limiting impedance in the grid circuit. This 
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is particularly so when only an inappreciable load must be imposed on 
the grid voltage source, or uhen the grid potential is alternating in 
character and thus may become largely positive at every half-cycle. 

Thyratron Grids 

The grids employed in thyratrons are markedly different from 
those in vacuum tubes. Striking occurs when the current density 
reaches a certain critical value and this may occur at 
various places in the cathode-anode space. Further, 
it is possible for the critical current density to be 
reached at a position outside rather than through the 
grid spaces. Tn view of this it is necessary to restrict 
the anode current to paths which must pass through 
the grid, and this means that, in gas tubes, the grid 
must more completely surround either the anode or 
cathode than is necessary with vacuum tubes. Where 
the grid surrounds either the anode or cathode alone, 
the space between the grid and the unshielded elec¬ 
trode will be subjected to the influence of fields pro¬ 
duced by charges on the glass walls of the tube. Such 
charges and their accompanying fields are variable 
from time to time and result in erratic starting char¬ 
acteristics. Hence it is frequently necessary to extend 
the grid function to include screening the anode and 
cathode from the walls of the tube. This, of course, 
refers to a non-conducting wall, such as glass. When 
the wall is metal, as with grid-controlled mercury-arc 
Fig. y~iG rectifiers, the potential of the wall remains constant 
and screening of the electrodes from the walls is un¬ 
necessary. A typical grid enclosing both electrodes is shown by the 
thyratron of Fig, 9-16. 

Referring to Fig. 9-16, it will be noted the grid spaces consist 
of circular perforations. The visible part of the grid forms the 
shield necessary to neutralize the influence of the tube walls, while 
the grid proper consists of a perforated horizontal disc mounted 
within the shield between cathode and anode. As striking occurs 
due to the pre-striking anode current attaining the critical density 
at some point, it follows that if the grid possesses a number of 
perforations, only one of these will be utilized at striking. Thus, such 
grids frequently possess one opening only, as shown by Fig. 9-17. 
In this case it will be noted that a shield is employed without 
perforations, the plasma being thus confined within the shield. 
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A disadvantage of the shielded grid is that its relatively large 
dimensions lead to large grid currents and a high inter-electrode 
capacitance. In order to minimize this, thyratrons with two grids 
are sometimes employed. These grids are, respectively, termed the 
shield and control grids, the function of the first being largely to 
absorb the grid-starting current. This is effected by connecting the 
grid to a source of fixed potential, when it will tend to intercept 
most of the positive-ion current. The control grid, which may be 


ANODE 



CATHODE 
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ANODE 



a short cylinder, is mounted between the shield grid baffles, as 
shown by Fig. 9-18, and because of its small area has a low capaci¬ 
tance and only requires a small starting current. 


Ionization and De-ionization Times* 

In many thyratron applications the speed with which striking 
may be effected and also the rapidity with which regain of grid 
control is possible are of great importance. The first case is con¬ 
cerned with the time necessary for formation of the plasma, and 
the establishment of the anode current to its final value, after the 
anode or grid potentials are suddenly adjusted to values at which 
striking occurs. In general this time is exceedingly short, seldom 
exceeding a few microseconds, and depends on the tube geometry, 
the electrode voltages, the gas pressure and the circuit in which the 
thyratron is connected. Evidently the circuit, particularly if in¬ 
ductive, may have a greater effect than the previously-mentioned 

* “Note on the Ionization and De-ionization Times of Gas-filled Thyratrons,” 
J. C. H. Canoe, J . Sci . Inst ., Mar. 1946, p. 50. 
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factors. The de-ionization time depends on the same factors as 
the ionization time, but is generally longer, and may be of the order 
of several hundred microseconds. De-ionization depends on the 
removal of ions and electrons from the discharge path. This may 
occur by two methods: (1) re-combination within the plasma, 
(2) diffusion to the electrodes and walls of the tube. The first of 
these may be neglected, as it is known that the possibility of re¬ 
combination rapidly decreases with an increase in the relative 
speed of the ions, being practically non-existent at energies greater 
than 0*1 volt. Thus, do-ionization depends on the diffusion of the 
ions to the electrodes and walls of the tube, where those of opposite 
sign will neutralize each other. In the case of insulated surfaces, 
these acquire such a potential that equal numbers of electrons and 
ions arrive at unit area in unit time, this, of course, being thejnost 
effective condition for promoting re-combination and de-ionization. 
Because of the higher velocity of electrons within the plasma, an in¬ 
sulated surface acquires a potential a few volts negative to the plasma. 

Referring to (9-10), we may note that as the positive-ion con¬ 
centration decreases the grid sheath thickness increases. When the 
concentration is such that overlapping occurs the grid regains 
control and re-application of a positive anode potential may be 
made without conduction recurring. 

Influence of Gas Pressure on Tiiyratron Characteristic's 

The operating characteristics of a thyratron after striking has 
occurred are effected by variations in gas pressure in an exactly 
similar manner as the characteristics of a diode. In addition, the 
starting characteristics are also affected by gas pressure in the 
manner indicated by Fig. 9-19, which concerns a mercury-vapour 
thyratron. As the temperature is raised the gas density and collision 
frequency increase. This results in an increase in the efficiency of 
ionization, which means more ions per primary electron. Thus, 
the critical current required for plasma formation may be attained 
at a lower anode voltage, and hence for a given negative grid potential 
the anode voltage necessary for striking the tube becomes lower as 
the temperature and gas density are raised. In the case of tubes 
filled with an inert gas, such as that of Fig. 9-10, variation of the 
striking characteristics with temperature change does not occur. 
However, due to clean-up, the gas pressure progressively decreases 
during the life of the tube and, for a given anode voltage, the negative 
grid voltage necessary for striking must be reduced as the age of 
the tube increases. 
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A further limiting effect of gas pressure in thyratrons is the 
permissible grid-anode poti^ntial difference. It is evident that, if 
this exceeds a certain value, depending on the gas density, a glow 
discharge may develop betw^een grid and anode. Should this occur, 
a positive-ion sheath may form round the grid, causing this to lose 
control and permitting the main discharge to start. Thus, the grid- 
anode ])otontial diflerence is definitely limited and a maximum 



Fig. 9 19 

rating is generally specified for tubes dependent on their tempera¬ 
ture. As the grid-cathode potential difference is usually relatively 
small, it is customary to specify the maximum forward cathode- 
anode voltage whicli a thyratron will withstand without a breakdown 
occurring between anode and grid. This voltage is governed in a 
similar manner to that of the curve of Fig. 9-0, an increase in 
temperature and gas density resulting in a reducjbion in the maximum 
permissible voltage. Accordingly, the upper limit of the operating 
temperature of a mercury-vapour thyratron is governed either by 
the maximum forward anode voltage or the maximum inverse 
voltage which the tube must withstand. In the case of tubes filled 
with an inert gas the maximum forward voltage is unaffected by 
temperature and for the tube of Fig. 9-10 is fixed at 350 volts. Such 
tubes generally withhold a lower voltage than mercury-vapour 
tubes, as an excess of gas must be initially admitted to allow for 
clean-up. 

11—(T.889) 




CHAPTER X 


HIGH-VACUUM THEKMIONIC TJRIOBES AND MULTl-ELECTKODE 

VALVES 

The introduction of one or more additional electrodes into a ther¬ 
mionic vacuum diode may ]>rofouiidly modify its characteristics 
and certainly vastly increase its field of a|)})lication. In the case 
of a diode, for a given filament temperature, the properties of the 
tube may be expressed by a single characteristic relation = /(«^a)> 
where are, respectively, the anode current and voltage. 

In the case of a multi-electrode tube, the current to any particular 
electrode generally depends on the potentials of all the electrodes 
relatively to the cathode. In ihe case of a triode, a third electrode 
of grid-like structure is interposed between the cathode and anode. 
If the cathode is a straight filament surrounded by a concentric 
cylindrical anode, the grid usually takes the form of a widely-spaced 
wire spiral, concentric with the cathode, occui)ying a ])Osition in 
the cat;hode-anode inter-electrode space. With the grid at zero 
potential the cathode electrons pass through the meshes of the 
grid and are collected by the anode in a similar manner as with a 
diode. 

Mutual Characteristics 

As the anode and grid cun-ents in a triode are, respectively, 
functions of both the grid and anode ])otentials, they may be 
expressed as 

ia = fl{Va, Vg) .... ( 10 - 1 ) 

i«=U^a,Vg) . . . . ( 10 - 2 ) 

where Vg and ig are, respectively, the grid potential and current. 
The principal function of the grid, however, is not so much to 
collect current as to control the anode current, and, in practice, 
means are usually adopted to prevent grid current flowing. Hence 
we are usually more concerned with than /g. Because of the 
closer proximity of the grid to the cathode than the plate to the 
cathode, the controlling effect of the grid on the anode current is 
generally far greater than that of the anode. A result of this is 
that grid-cathode potentials are usually much smaller than are 
anode-cathode potentials. As the relation of the anode current to 
the grid and anode potentials can only be expressed by simple 

812 
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functions over a limited range, it is customary to express (and f^) 
by a family of curves. A particularly important set of curves is 
that showing the relation between the anode current and grid 
]iotential for various constant values of the anode potential. Such 



curves are shown by Fig. 10-1 and are known as mutual character¬ 
istics, It is found that (10-1) may be replaced by 

* * " ia ^ 1- 

where k, fi, and v are constants. It is evident that expresses the 
relative infliuaice of the grid potential on the anode current as 

- ANODE 

4- •+' + 4 + 4- + *f+4 
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- CATHODE 

FlO. 10-2 

compared with the anode potential. Hence fx is known as the 
anqylification factor, n is approximately equal to 3/2 and this 
indicates that (10-3) is an expression of the three-halves power 
law. We shall now attempt to justify (10-3) and determine the 
factors on which // depends. 

Referring to the triode structure of Fig. 10-2, assume that both 
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grid and anode potentials are positive with respect to the cathode. 
Then the combined positive charges on grid and anode will be equal 
to the negative space-charge. Thus, the grid and anode combined 
are equivalent to the anode of a diode and it is possible to replace 
any triode by an equivalent diode, the anode potential of which 
simulates the combined effects of the grid and anode of the triode. 
The anode of the equivalent diode may be considered as situated 
at the same position as the grid of the triode it represents, these 
conditions being indicated by Fig. 10-3. 

It is now desired to find a potential v at which the anode of 
the diode must be maintained in order that it may simulate the 
triode when the grid and anode potentials of the latter are, respec¬ 
tively, equal to Vg and Va> This means that v must be such as to 
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make the charge on the diode anode equal to the combined charges 
on the grid and anode of the triode. Each of the systems of Fig. 
10-3 may be regarded as a capacitance and, in the case of the triode, 
the grid and anode may be considered as a single /electrode. The 
capacity of the diode will be denoted by Ci^ and those of the triode 
by and The charges on the two systelns will be equal when 

CiaV, + = C'u*’ 

c / c \ 

from which v = Vg -f ) 

this giving the anode voltage of the equivalent diode which will 
simulate the combined effects of the grid and anode of the triode. 
In practice, 0^2 frequently differs but slightly from 0^4 and in this 
case we may write 

V^Vg+^ Va 
^12 

Thus, the diode anode potential necessary to simulate the triode 
is equal to the grid potential of the latter plus a fraction of its 
anode potential. The quantity Oja/Cig is known as the penetration 
factor (denoted by D) and may be regarded as a measure of the 
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extent to which the field from the anode penetrates through the 
grid to the cathode. The reciprocal of D is termed the am[)lification 
factor and is denoted by //. It is evident that if ^^3 can be 

determined from the geometry of the electrode system, then D and 
fjt may be evaluated. 

If the value of v is substituted in the diode formula of (8-5) 
there results 

i == ia 1- ig = 2*33 X 10-® - ' — —amp./cm. (10-4) 


or 


2-33 X 10“6 






amp./cm. 


(10-5) 


where i is the total cathode current. From these formulae the 
importance of I) and [jl is at once apparent, for it is seen that control^ 
by the grid^of the current leaving the cathode is fi times as effective 
as control by the anode. The expressions given by (10-4) and 
(10-5) justify (10-3), for it is evident that (10-5) may be written 


2-33 X 10-« 




We have so far considered the potentials of both the grid and 
anode to be positive with respect to thcj cathode. However, pro¬ 
viding (Vg -1 Dvg) is positive, current will flow in the equivalent 
diode even if one of the electrode potentials is negative. If one 
electrode is negative^ then the entire cathode current passes to the 
positive electrode. In this case (10-4) may be written 




2*33 X 10 \ 


f- 


on the assumption that Vg is negative. In practice the usual function 
of the grid is to control the current to other electrodes rather than 
collect it, and hence it follows that the absolute value of v,, is gener¬ 
ally small compared with When both grid and anode are positive, 
both collect current. However, the electrons acquire high velocities 
in the inter-electrode space and the majority of these pass through 
the meshes of the grid and are collected by the anode. Those which 
are collected by the grid consist, principally, of electrons which 
leave the cathode from positions immediately opposite grid wires. 
Thus, approximately, the ratio of ig to ig is the same as the ratio 
of the projections of the grid and anode as viewed from the cathode. 

From the foregoing study of the triode it is evident that grid 
control of the anode current is greater than that of the anode because 
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of the proximity of the grid to the (iathodo. The grid is greatly 
inferior to the anode as a collector of current because of the high 
velocities of the electrons and its small proje(ited area. Thus the 
main function of the grid is to control the current, while that of the 
anode is to collect it. 

Triobe Characteristics 

In practice the three-halves power law has little a])pli(Nation to 
triodes and multi-electrode valves, partly because of the small rangi^ 
over which it is applicable, and partly because of difticulties of 

employing it for (quantitative pur- 
])oses. Referring to Fig. 10-1, as 
saturatio]! is approacheci it will be 
noted that these characteristics tend 
to be linear ov(u* an appreciable part 
of their length and, in practice, con¬ 
ditions are usually arranged so that 
the linear portion is the effective 
working ])art of the characteristic. 
Hence it is evidcuit that here the 
three-halves ])ower law is inapplic¬ 
able and that the characteristics of 
Ftg, 10-4 the tube must bo represented by a 

series of curves as shown by Pig. 10-1. 
With the assistance of Fig. 10-4, three important triodo constants 
will now be defined. 

Let a triode condition be such that its operating point is P, 
Fig. 10-4. The anode jiotential is now inert^ased by an amount 
6Va, while the grid potential is simultaneously decreased by an 
amount dVgy so that the operating jioint is moved to Pj, the anode 
current remaining imchanged. Then, when bv^, and bVg become 
indefinitely small, the fraction dvjbvg is the amplification factor of 
the triode denoted by f/. Now with the initial point again at P 
let the anode voltage be increased, while remains constant, so 
that the operating point moves to Pg and the anode current increases 
by a small amount dia- Again, when bVg and big are indefinitely 
small, the fraction bvjbig^ is termed the avodc impedance or slope 
resistance of the triode. It must be emphasized that this resistance 
is different from that obtained by the application of Ohm’s Law. 
In the latter case the resistance is, of course, whereas the 

slope resistance is the resistance offered by the triode to a change 
in current. This latter resistance is denoted by the symbol p. There 
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romains one constant to be defined. Commencing from the ])()int 
P with the anode voltage maintained constant, let the grid voltage 
be increased so that the anode current increases from P to P.y II 
the respective increases are' dv^ and then, wlien the'se are 
indefinite!}^ small, the fraction difjfdVy is termed the mutual con- 
duetanee of the triode and is denoted by Collecting results we 
have 

* 


9m 



from which it is evident that = ///p. 


The foregoing results may now be applied to tlu' conside'ration 
of the variation of the anode current with variations in the grid 
and anode potentials. Thus 
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— - dv, d g,,dVy 
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* ^ [bVa I pbVy) 

Now, if conditions are such that only tlu^ straight portions of the 
characteristics of Fig. 10-4 are employed, then fji and p are constant 
and we may write 

ia-=^(Va I jUVy) . . . (10-6) 

where i,, v,, and v, are understood to refer to variations of these 
quantities from their initial steady values. Comparing this result 
with that of (10-4), it will be seen that although the total current 
follows the three-halves power law, the law relating changes of i, 
with changes in v, and v, is linear. 

The initial steady values of i,, and Vg arc produced by steady 
d.o. potentials, the latter originating either from batteries or 
smoothed rectified a.c. sources. The effect of grid current has been 
ignored in the study of the triode characteristics because, generally 
speaking, conditions are so arranged that its magnitude is negligible. 
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The Triode as a Circuit Element 


In coiiKidering Ihe applications of a triode as a circuit element 
it may bo regarded as a three-t(‘rminal network, the terminals being 
the anode, the cathode, and the grid. Conventionally the cathode 
terminal is considered as being at zero ])otentiaI and the potentials 
of the other two terminals are measured relatively to this. Some 
circiiit ])roperties of the triode will now be considered. 

The fundamental circuit of a triode employed as an amplifier 
or rectifier is shown by Fig. 10-5 (a). 1'he steady potentials and 




(Jb) 


anode current are produced by and while in the anode circuit 
is an impedance. Now, from (10-6) 

Pia — 'fU = 

or, as E is constant, -| = i) and 

P^a I 

Thus, the sum of the instantaneous voltage changes on the anode 
and Za is ecjual to the change in grid voltage multiplied by the 
amplification factor /i. From this result it follows that the circuit 
shown at (a) may be replaced by the equivalent one at {h)\ i.c. 
the actual circuit may be considered as one consisting of p and 
in series with an e.m.f. pV^ impressed upon it. Hence if pVg is of 
sine form we have, employing symbolical notation, 

pV\hXp B-V JX) 
where j ~ V - 1 and Z ~ V 1 

It will be noted that although we are dealing with alternating 
quantities, ])olaritios have been marked in the diagram of (6). 
These polarities are instantaneous ones and indicate the phase- 
reversing action of the triode. Thus, when the grid potential is 
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increasing, so also is the anode current. It follows that in those 
circumstances the anode potential must be decreasing and hence tlu* 
grid and anode alternating potentials are ISO"" out of phase. 

Although the results just derived may be considered correct at 
audio-frequencies, they are not necessarily so at radio-freciuencies. 
This is because account has not been taken of the various inter- 
electrode capacities of the triode. These are three in number, 
namely, the grid-cathode capacity, the anode-grid (*apacity, 
and C^, the anode-cathode capacity. Hence the actual circuit should 



Fio. 10-6 


be shown as that of Fig. 10-6 (a), where an input impedance 
has been included to represent a condition frequently met in prac¬ 
tice. In drawing the equivalent circuit the capacitances 6\ and 
will be assumed as included in Zg and respectively, while it is 
evident that C 2 will connect G and A in Fig. 10-G (6). Hence the 
equivalent circuit when the inter-electrode capacities are considered 
is given by Fig. 10-6 (6). 

Tbiodb Input Impedance 

Consideration of Fig. 10-6 shows that, unlike the circuit of 
Fig. 10-6, where the input impedance is infinite, the input impedance 
of a triode is finite because, not only is an impedance Z,;* directly 
connected to its terminals, but the grid circuit is coupled to the 


* Bold face type is here employed to denote complex quantities. 
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anode circuit by Cg. Denoting the impedance of the circuit to th(^ 
right of BB by we have 

Z.-=F,/7, . . (10-7) 

and if is determined Z, may be found. 

From the network of Fig. 10-6 (6) we have, employing IvirchhofF’s 
Laws, 

/l-/2-/3=0. 

— -t- 4/> = a + 

— 

wliere p ~ 2nf, f being the frequency of V 
From (10-8) 

h-h-h 

and substituting in (10-9) 

~ IjjlP^z + (fj — 4 )/* = ^ a />y u 

or 4(p-j/2j6y-4p-(1 I-/OF, 

From (10-10) 

r _ ^4 -I- JJI pfU 
4 - 

and putting in (10-11) we have 


(10-8) 

(10-9) 

( 10 - 10 ) 


( 10 - 11 ) 

( 10 - 12 ) 


hip-JipCz) - -I- hjlpC^) - (1 + P)V, 

"a 


from which /i — 

Thus, from (10-7), 

Z,= 


(1-1 4 p/ZJ_ 

\P~jlP^2/ (1 + Pl^a)] 


[p-j lpCz • (1 + P/Zg)] 

(1 + /* + p/Zo) 



(10-13) 

(10-14) 


We shall first consider the value of Z, at audio-frequencies. 
Replacing Z, by Ba + jXa, it is evident, if Z, is zero, 

Zi--=-jlpC2 

and the input impedance corresponds to a capacitance 

t- 6'2 

If Zo tends to be extremely large then 

„ p-jIpC. 
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or, as IjpG^ is invariably large compared with p, 

z---(n:7)y' jxtt 

Hence, in this case, the input impedance corresponds to a (‘apaeitance 

f 1 I (1 + 

Of course, in the latter case the input impedance actually consists 
of a resistance in series witli a capacitance. 


Triode Input Impedanc^e at Radio-erequencies 


Considering now the value of Z* at radio-frequencies, three cases 
of practical interest may be distinguished: (1) when the anode 
impedance is a pure resistance {X^ = 0), a pure inductance ~ 0, 
positive), or a pure capacitance — 0, negative^. For 
case (1) 


[ p~jlpC^ . (1 - I pIRg)] 

(I p I pjRa) 

_ Kip _if_1 

■^a(l + Z') + P pG^ L-^a(i + p) H pj 


(10-15) 


From which it is evident that Z* consists of a resistance in series 
with a capacitance. If is very high then the offcctive resistance 
is p/(l + p) - 1/^^, approximately. Also the input capacitance is 
approximately equal to G^j^l ^ p). At very high frequencies, the 
reactance of Cg tends to zero and in this case the input impedance 
of the triode consists of a resistance, jf?^p/[E„(l | //) H pi, in 
parallel with a capacitance G-^, 

When the anode impedance consists of a pure inductance, 

(1 + 4 Plj^a) 

whoro Xa is positive. 


Writing a = (1 + p), and rationalizing, 

„ _ r/>-j/yc?2(i + - p/AJ 

■ aM {plXaf 

ap — jalpC^ . (1 } p/jX„) — pyjX„ -( p/pOiX,, . (1 + p/jX„) 

(P/Xar 

ap — jalpC^ — apIpC^Xa — pyjX„ ^ plpC^X„ + p^ljp(\Xa^ 
-- + (p/Xj^ 
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Collecting real and unreal terms 

(ap - aplpC\X„ I- plpG,X„)-j(alpG,- p^/X^ + P^lpGzX^ 

4 {p/X„^) 


P 1 + i« — 


pG^X 


:) ^xXpG^X,. 0 . 


(1 -I- nf + {pIXaf 


(10-16) 


From this result it will be noted that it is possible for the input 
resistance to be negative. This means that, under certain conditions, 
it is possible for the circuit to generate and thus behave as an 
oscillator. In most cases this is undesirable, and steps must be 
taken to neutralize the grid-anode capacity to which the possibility 


la 
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of spontaneous oscillation is due. The usual method is to place an 
internal screen between grid and anode of the valve, in which case 
the valve is termed a tetrode. This valve is dealt with towards the 
end of the present chapter. The effect of the screen is to reduce 

to a very low value in which event, although J?, may be still 
negative, the absolute value of the input impedance may be so high 
as to prevent oscillation occurring. 

Referring to (10~10), if the anode impedance is a pure capacitance, 
Xa is negative. In these circumstances it will be noted that the 
input resistance is always positive and oscillation cannot occur. 

The Rectifying Properties of Triodes 

Because the grid voltage/anode current and grid voltage/grid 
current characteristics of a triode are not strictly linear, it is possible 
to employ triodes as rectifiers. Considering Fig. 10-7, let the anode 
voltage be such that the operating point A occurs on the curved 
portion of the characteristic. If an alternating potential, whose 
mean value is zero, is now applied to the grid the increase in anode 



THERMIONIC TRIODES AND MULTI-ELECTRODE VALVES 323 


current during the positive half-cycles will be greater than the 
decrease during the negative half-cycles, with the result that an 
increase in the mean anode current will occur. If the initial operating 
point were at then, of course, a decrease in anode current would 
occur. 

To deal with this matter quantitatively, let the relation between 
grid voltage and anode current be given by 

ia =-io + * • • (10-17) 

If now a sinusoidal e.m.f., sin 'pt, is applied between grid and 
cathode, we have 

ia = [- sin pt 4- sin pi 

and the mean value of this taken over a period is 

la = iQ + 

Hence it is evident that an increase in mean current of value 
occurs. 

Rectification of Modut.ated Voltages 

An important application of the rectifying properties of the 
triode is the rectification of a modulated voltage wave. Such waves 
usually consist of a radio-frequency oscillation of constant amplitude 
which is modulated at audio frequency. Included in Ihe anode 
circuit of the triode are telephones or a loudspeaker the purpose of 
which is to record the audio-frequency component. Referring to 
Fig. 10-8, which shows a modulated wave, this may bo represented by 

Vg = F^(l + rn sin wt) sin pt . . (10-18) 

where m is the fractional depth of modulation, w the angular fre¬ 
quency of modulation, and p the angular frequency of the high- 
frequency wave. Applying (10-18) to the grid of a triode, the anode 
current is given by 

-f aF^(l + m sin wt) sin pt -f 6F^2(1 + m sin wt)^ sin^ pt 
— io + <^F^(1 + m sin wt) sinpf 

r 1 

+ | 6 F^ 2 (i_ cos 2pt) 1 -f 2m sin wt (1 — cos 2wt) 

Now the telephones will not respond to the high-frequency com¬ 
ponents in this expression and hence these components will bo 
ignored. Rewriting and neglecting terms containing pt, 

( m^\ hV 
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From this it will be seen that due to impressing a modulated voltage 
between grid and cathode the following results are obtained— 

(1) An increase in mean anode current equal to 

(2) A periodic variation in anode current of amplitude at 

the modulating frequency wl27r, 

(3) A periodic variation in anode current of amplitude 
at fre(j[uency w/tt. 

If the grid voltage/anode current characteristic were linear, no 
effect would have occurred in the anode circuit. Thus, because of 




the rectifying properties of the triode, it is possible to produce an 
audio-frequency current in the anode circuit, although a second 
harmonic of this is produced at the same time. The ratio of the 
amplitude of the harmonic to that of the fundamental is 



and thus depends on the depth of modulation. 

An extremely important application of the foregoing phenomenon 
is, of course, what is termed anode-bend detection in wireless 
telegraphy. 
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Combination Frequencies 

By moans of the rectifying properties of a triode it is possible 
to produce combination frequencies from two dilFerent high- 
frequency oscillations. Let the two frequencies be represented by 
sin iht and sin Then the resultant e.m.f. on the grid is 
(V^i sin Pit -1- F 

m2 sin P 2 O 

Substituting this in (10-17) 

ia == iQ -\ «(F „1 sinpi/ I- F^j sinpzO + HVmi sin p^t -)- F ,„2 sin p^f 

rv ® 

= ip I- a( F,„1 sin pjt - 1- V ,„2 sin p^t) + b I (I ~ cos 2pit) 

+ 2 F™iF „2 sin Pit sin Pa< + ' (i — ‘’o® 

or + I (+ a( V„,i sin Pit -f F „,2 sin pj) 
b 

- 2 ®os 2pit + nosp4) 

+ ftF„iF«2 cos (Pi —Pa)/— 6F„jFm2 cos (Pi -f-Pa)/ (10-19) 
With telephones in the anode circuit there will bo no res})onse to 
the high-frequency components and hence the current affecting the 
phones is 

ia = *0 -I- 2 + ^"12®) + bY„,iV,„z cos (Pi —Pa)/ 

Thus, because of the rectifying properties of the triode, a combina¬ 
tion frequency — jp^l^rr is produced. 

Cumulative Grid Rectification 

As previously mentioned, because the grid voltage/grid current 
characteristic of the triode is non-linear it is possible to produce 
another form of rectification in addition to that already treated. 
In order to effect this the arrangement of Fig. 10-9 is employed, 
where it will be noted that a capacitance and resistance are con¬ 
nected to the grid. As the rectifying process depends on the flow 
of grid current the point B is made positive to the cathode as shown. 
If Fig. 10-10 represents the grid current/grid voltage curve, then 
the initial potential of the grid due to B may be found in the following 
manner. If Vg is the grid potential, then the potential drop on B 
is {v^ — Vg) and B is given by {v^ — Vg)lig where ig is the grid current. 
Hence 


B = {Vj,— Vg)/ig = cot 0 
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and, if a straight line is drawn as shown, making an angle 6 with 
the axis, this line, at its point of intersection with the grid 
current/grid voltage characteristic, will indicate the steady potential 
and current of the grid in the absence of an applied e.m.f. at AB. 

We shall now suppose that a small high-frequency voltage is 
applied to AB, and, to simplify conditions, take P as the origin of 
co-ordinates. It is assumed that the values of B and C are so chosen 
that practically the whole of the applied e.m.f. is developed between 
grid and cathode of the valve. This e.m.f. will, in a similar manner 
to anode bend rectification, cause the increase in current above P 
to be greater than that below P, i.e. rectification will occur. The 




resulting d.c. component of the current will flow through R while 
the high-frecpiency components will pass through C. A result of 
the d.c. component is to increase the volt drop on R and decrease 
the mean grid jjotential. If is this decrease, and the d.c. com¬ 
ponent of the current, then Vq = Ri^, and the ultimate e.m.f. on 
the grid, as a result of applying an initial e.m.f. sin is 
(Vyn sin j)t — jBio). Hence 

in = a{V^ sin pt — Ri^) -f 6(F^ sin pt — Ri^f 
remembering that P is taken as the origin. Now, ig contains the 
d.c. component so equating d.c. components we have 
io = aRiQ -f- bRH^ -j- \bV^ 
or bR\^— (1 -f ai?)io + = 0 

Solving, io = [(1 + ± 

Expanding the term under the radical by means of the binomial 
theorem, and, since F is small, neglecting all terms beyond the 
first two, 

^ {(1 + aR) ± (1 + aR)[l - b^RWJ/(l + aR)^]}/2bR^ 
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As io = 0 when = 0, the positive sign is inadmissible and, there¬ 
fore, 

« - 1 + 

Now as i„ = aVg + bVg^ 


and if is very small 


dvg 


= a + 2bVg 



where is the slope resistance of the grid-cathode circuit. Hence 


^0 


Ra R 


. ( 10 - 20 ) 


and from this result we may consider the rectified current, ip, to 
be due to a hypothetic generator of e.m.f. \RJ>V and internal 
resistance Ra working into an external load resistance R, 

If now a modulated e.m.f., represented by V -1 m sin wt) sinp^, 
is applied to AB, the rectified current will contain low-frequency 
components as well as a direct component. Hence in this case the 
rectified current may be regarded as caused by a series of hypothetic 
generators, each of which is responsible for one component of the 
current. Each generator will possess an internal resistance R^ and 
deliver current to an external resistance R, assuming, of course, 
that C offers a relatively high impedance to low-frcqueucy com¬ 
ponents. Now if we assume for the moment that R is zero, the total 
grid current is 

ig == aV sin wt) sinp^ + + m sin wt)^ pt 

or + m sin wt) mvpt -f \bV^\l — cos 2pt) 

r m2 

1 + 2m sin wt — cos 2wt) 


If it is desired to record the modulating and direct components 
only, we see that the components concerned are those which were 
listed from (1) to (3) in dealing with anode bend rectification, except 
that in this case they are grid currents and not anode currents. 
Taking the low-frequency component b sin wt, this is-the current 
which results when jB = 0. Regarding (10-20), the current in this 
case for jB = 0 is IbVm^. Hence we see that to obtain the current 
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for R ^ 0 the current at i? ~ 0 must be multiplied by RsKRa + R)- 
Thus the low-frequency component of frequency wJ'Ztt is 

RJ) V sin wt 

~~r:+r ' 

and the low-frecpiency e.m.f. dovelo])ed between grid and cathode is 

RR.bVJmmnwf 

-R _^R . • . 

Similarly the decrease in grid potential is 

lRR,bVJ(l +jmy2) 

Rs -I a 

the second harmonic potential being 

IRRgb sin 2wt 

RV+ R 

An extremely important application of the foregoing form of 
rectification is grid detection in wireless telegraphy. For this 
purpose the function of C is to provide a negligible impedance for 
the high-frequency components, so that pracjtically the entire input 
voltage is applied between grid and cathode. The purpose of R is 
evident, for without it no low-frequency component can be developed 
at the grid. The ampUtude of (10-21) increases with R and has 
a maximum value of RJbVJ^m when R is infinitely large. However, 
R must be definitely limited because, due to the shunting effect of 
C, ampHtude distortion will occur if R is too large, low frequencies 
producing a higher e.m.f. at the grid than high frequencies. In 
practice the values of C and R should not exceed 0*0001 and 
0*26 megohm respectively. 

So far only the effects occurring in the grid circuit have been 
considered. As already shown, an e.m.f. Vg in the grid circuit is 
equivalent to an e.m.f. fiVg in the anode circuit. Thus various 
currents will flow in the anode circuit corresponding to those in the 
grid circuit and, if a suitable anode impedance is employed, amplified 
copies of the grid-cathode e.m.f.s will result. 

Multi-electrode Valves 

The evident advantages due to the introduction of a third 
electrode into the vacuum diode naturally led to valves with further 
electrodes. Such valves are denoted by characteristic terms such 
as tetrodes, pentodes, pentagrids, octodes, etc., according to the 
number of electrodes they possess. The earliest of the multi-electrode 
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tubes was the tetrode which, in addition to the usual cathode and 
anode, has two grids. One of these is the normal control grid, while 
the other is generally held at a fixed positive potential relatively 
to the cathode. Typical circuit connexions are shown by Fig. 
10 - 11 . 

A property of primary importance possessed by the tetrode, or 
“screen-grid,” valve is a' very small inter-electrode capacitance 
between the control grid and 
anode. The screen grid is 
similar in structure to the con¬ 
trol grid and is placed outside 
the latter, i.e. between the 
control grid and anode. The 
electrostatic screening of the 
second grid is such that it may 
reduce the grid-anode capacity 
by a factor of 1000 or even ^ 
more, although the meshes of 
the screen are sufficiently wide input 
as not to offer mechanical 
impedance to the electrons. As ^ 
an example it may be stated 
that the grid-anode capacitance of the Ferranti VPT4 valve is only 
0*002 fjLfjLFy whereas this capacitance for an ordinary triode might- 
be as high as 10 ^^F. 

Because of the screening action of the second grid, the electric 
field at the cathode resulting from the anode potential is extremely 
small. The result is that the anode has but little effect on the 
space-charge current drawn from the cathode, control of this being 
almost entirely effected by the control grid. Thus, in contrast with 
a triode, the anode of a tetrode merely collects the current passing 
through the screen, whereas in the former case the anode both 
controls and collects the current. 

As the anode current is but slightly affected by a change in 
anode potential, it follows from the definition of slope resistance 
that this quantity for a tetrode must be relatively high. Thus, in 
the case of the VPT4, the slope resistance is approximately 1*0 
megohm. Although the inter-electrode capacitance and slope resis¬ 
tance of the tetrode differ so greatly from those of a triode, the 
mutual conductances of both valves are similar. This is because 
the disposition of the cathode and control grid is similar in both cases. 
As ^ = pg^ it follows that the tetrode possesses a high amplification 
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factor and thus is a much better amplifier than a triode. For 
the VPT4 valve = 2-0 mA j)er volt and thus (i = 2000. 

Tetrode Characteristics 

As stated above, the mutual characteristics of triodes and 
tetrodes are similar. However, if a family of mutual characteristics 
for a tetrode is plotted, it will be found that curves for different 
anode voltages lie very close together. This, of course, is due to 
the relatively small influence of the anode voltage on the anode 
current. Although the mutual characteristics of triodes and tetrodes 
are similar, the anode characteristics are very different. In consider¬ 
ing these characteristics it is assumed that the screen voltage is 
maintained constant at a value equal to about 75 per cent of the 
normal anode voltage. With a given voltage on the control grid, 
as the anode voltage is raised from zero the anode current con¬ 
tinually increases until, at about 10-20 volts, it reaches a maximum 
and then commences to fall. The anode current continues to de¬ 
crease as the anode voltage is increased until the latter approaches 
a value of the same magnitude as that of the screen. At this point 
a minimum occurs and thereafter the current increases with voltage 
until saturation sets in. A set of typical anode characteristics is 
shown by Fig. 10-12, from which it is evident that over a considerable 
portion of the curves the valve possesses a negative slope resistance. 

The cause of the negative slope is secondary emission from the 
anode due to the impact of primary electrons. Thus, when the 
anode voltage is higher than about 10 volts, the electrons which 
strike the anode release an appreciable number of secondary elec¬ 
trons from its surface. Because the screen potential is higher than 
that of the anode the secondaries are attracted to the screen, 
resulting in an increase in screen current and a decrease in anode 
current. The negative slope- of the anode characteristics depends 
on the number of secondary electrons released per primary electron 
and increases in steepness with an increase in this ratio. Under 
some circumstances the anode current may become negative. As 
the anode voltage is increased and becomes of the same order as 
that of the screen, the secondary electrons formed at the anode are 
immediately drawm back to it, and from this point, for higher anode 
voltages, play a decreasing part in the behaviour of the valve. 

Owing to the shielding effect of the screen, the field due to the 
anode has little effect on the cathode "space-charge current, with 
the result that the current from the cathode is practically constant 
over the range of variation of the anode voltage. Hence the sum 
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of the screen and anode currents tc'nds to be constant as shown by 
Fig. 10-12. It will be noted that the total current tends to rise 
slightly as the anode voltage increases. This is because secondary 
electrons are liberated from the screen and are collected bj the 
anode. 

For normal purposes tetrodes must be operated with the anode 



ANODE VOLTS 
Fig. 10-12 


potential in excess of that of the screen. However, operation of 
the valve where the slope resistance is negative has several important 
applications, one of which is described on page 395. Operated in 
this region the valve is capable of supplying power and may be 
employed to produce sustained oscillations. Applied in this manner, 
the valve is termed a dynatron. It may^be mentioned that a negative 
slope resistance is also possessed by a triode when the grid is operated 
at a higher potential than the anode. 
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Tetrode Input Impedance 

If the ideal assumption is made that the tetrode grid-anode 
capacitance is zero, then, from (10-14), it will be seen that Z, is 
infinite. However, the capacitance formed between the two grids 
is in parallel with C\ and hence the input capacitance is 




ANODE VOLTS 
Fio. 10-13 

where is the ca})acitance between the grids. With the above 
assumption it will be appreciated that spontaneous oscillation 
caimot occur. 


The Pentode 

In spite of the several advantages of the tetrode it possesses 
the disadvantage that for the usual applications the anode voltage 
must not be allowed to decrease to the extent that it approaches 
the screen voltage. Thus, when employed as an amplifier, the anode 
voltage swing must be distinctly limited in order that the kinks in 
the anode characteristics and consequent distortion shall be avoided. 
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The foregoing disadvantage is overcome by the introduction of 
a further grid situated bcitween the screen and anode. This fiftli 
elecjtrode is termed a snppressor grid, because it suppresses tlie 
secondary omission. TJie suppressor is usually connected either 
internally oj* externally to the cathode and hence is at the potential 
of the lall(*r. Thus, because of the direction of the field between 
suppressor and anode, secondaries produced at the screen are also 
returned to this. However, the electrons from the cathode are not 
apj)reciably affected and readilv*^ ])ass through both screen and 
suppressor to the anode. 

A typical set of anode characteristics for a pentode is shown by 
Fig. 10-13, the valve being identical with that of Fig. 10-12, except 
for the inclusion of the su})j)ressor grid. It will be noted that the 
kinks are absent and also that the screen current tends to remain 
constant except in the vicinity of the origin. The magnitude of the 
screen current is determined by the number of electrons interceptefl 
by th(' s(Teen wires. As with Ihe tetrode, the anode current is but 
slightly affecjted by variations in anode voltage and hence the 
pentode has a relatively largo slope resistance and amplification 
factor. The exact values of these quantities depend on the purpose 
for which the pentode is intended, for it may be employed as either 
a voltage amplifier or a power valve. In the former case the values 
are similar to those already (juoted on page 329 for the tetrode. As 
explained on page 3()7, the power sensitivity of a pentode is much 
higher than that of a triode and for this reason the pentode is 
frequently employed as a j)Ower valve. In these circumstances the 
slope resistance is of the order of 10^ ohms, the amplification factor 
being of the oj’der of 100. The value of the mutual conductance is 
similar to that of a triode. 

Variable-/^ Valves 

By modifying the normal structure of the control grid it is 
])OSsible to provide a valve with a variable amplification factor. 
The modification is usually applied to either tetrodes or pentodes, 
and takes the form of having either the grid-cathode spacing, the 
spacing between the grid wires, or the diameter of the grid wires 
non-uniform along the length of the grid structure. By this means 
various parts of the grid will exercise different degrees of control 
over the anode current. Thus, one part of the grid will cut off the 
anode current at a different grid voltage than some other part, the 
former part, for example, having more turns per centimetre than 
the latter part. The result of this is that the anode current will 
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decrease more and more slowly as the grid becomes more negative. 
Thus the mutual characteristics of a valve constructed in the above 
manner show an asymptotic approach to the axis as indicated by 
Fig. 10-14. Different parts of the grid may be considered as con¬ 
ferring on the valve different amplification factors, and for this 
reason such valves are termed variable-^ valves. The principal 



Fig. 10-14 


application of these valves is for volume control in radio-receiving 
circuits. The steady grid bias is varied in order to vary the mutual 
conductance, and hence the amplification factor and output. 

Other Multi-electrode Valves 

In addition to diodes, triodes, tetrodes, and pentodes, other 
valves, exist which, generally, are combinations of the foregoing 
types in one envelope. Thus the class B valve (dealt with in 
Chapter XI) consists of two triodes. • 

For frequency conversion in superheterodyne receivers a single¬ 
valve frequency changer is often employed, one form consisting of 
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a triode-pentodo as shown by Fig. 10-15. The triodo constitiiies a 
local oscillator, while the input signal is apjilied to the pentode. 
Both triode and pentode have a common cathode. From Fig. 
10-15 it will be noted that the voltage between the pentode control 
grid and catliode consists of the input signal voltage plus that, of 
the grid coil voltage of the oscillator. For this reason tlie })entode 


H T + 



is sometimes termed a ‘‘mixer.” The result of these two voltages 
on the pentode anode current is given by (10-10), from which it will 
be noted that various frequency combinations result. That of 
importance is the frequency difference of the two voltages and to 
this resultant frequency (termed the intermediate frecpiency) the 
anode circuit of the pentode is tuned. The other components are 
by-passed to the cathode by the docoujding condenser C. As 
(Pi — is due to the rectifying properties of the pentode this 

valve is often referred to as the first detector when employed in a 
superheterodyne circuit. The method of combining the two fre¬ 
quencies in Fig. 10-15, i.e. that of the signal and local oscillator, is 
termed cathode injection. 
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The Octode Fre(^iten(^v~chancer 

The signal and oscillator voltages Fig. 10-15 are directly 
coupled. By means of an octode or liepiode valve iheso voltages 
may be electron-coupled. An octode is shown by Fig. 10-16 and 
will bo seen to consist of a cathode and anod(' with no less than six 
grids. The structiu’al arrangeFuent is sucli that the grids and anode 


HT 



are concentric with the cathode, the anode being the outside elec¬ 
trode. tWsidering Fig. 10-16, the cathode and grids 1 and 2 form 
a triode employed for generating the local oscillator voltage* Because 
of the positive potential on grid 3 and the grid-like structure of the 
triode anode, i.e. grid 2, the electrons pass into the space between 
grids 3 and 4. However, due to a negative bias applied to the control 
grid 4, the electrons are repelled, with the result that the region 
between grids 3 and 4 is occupied by a pulsating sjiace-charge of 
heterodyne frequency. This spac(‘-charge may be regarded as a 
virtual cathode from the viewpoint of the anode, the latter drawing 
its electrons from this cathode. In the absence of a signal voltage 
the electron stream to the anode will oscillate at heterodyne fre¬ 
quency. However, when a signal is impressed on the control grid 4, 
the signal frequency and that of the local oscillator will be mixed 
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by electron coupling and combination frequencies produced. The 
anode circuit is tuned to the frequency difference, the various olbc'r 
components being by-passed to earth by the docou])ling (jondeiiser. 
The virtual cathode with grids 4, 5, 6, and the anode form a ])onl()d(^ 
mixer or first detector and this may be designed io have variable-// 
characteristics if desired. 

The heptode is similar in construction and principle to the 
octode, but has no suppressor grid. 
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CHAPTER XI 

VALVE AMPLIFIERS 


Voltage Amplification Factor 

CoNsrpERiNG the circuit of Fig. 10-6, if a voltage Vg is applied 
between grid and cathode the resulting current in the anode circuit 
produces a voltage across Zg equal to Zgl^- Consequently the ratio 
is termed the voltage amplification factor, and to determine 
this quantity we must first determine From (10-12) and (10-13) 

V I- + p/Zq)_ „ 

r _ _ 3’^2[/>-^7 i>^-(L+p/?„)L " 

•'a — 2 


Hence, denoting the voltage amplification factor by M, 


M = 1 + -: 


(1 + I- p/Z„) 

pCzip — jlpC^. (1 + /)/ZJ1 


which for low frequencies reduces to 

_ 

Za + P 


( 11 - 1 ) 


From this result it is at once apparent that M must always be less 
than /I, the two only being equal if Z® = oo. In the event of Zg 
being a pure resistance, then 

TlyT 


if we disregard the sign. In this case it is evident that if a high 
amplification is required, Eg should be large. However, as Eg is 
increased, the anode potential is decreased if the high-tension supply 
voltage is maintained constant. The result of this is that, in practice, 
M seldom exceeds 0*8//. 

In order to discuss amplification to some useful purpose it is 
necessary to take into consideration the effect of any circuit which 
may be connected either across Zg or between the cathode and 
anode of the valve. For example, the amplification obtainable from 
a single valve is frequently inadequate for the purpose in view, and 
in such cases the amplification may be greatly increased by adding 
further valves, the output voltage of one constituting the input 
voltage of the next. If Mi, Jfg, M^, etc., are the voltage-amplification 
factors of succeeding valves (Jfj in this case being termed the stage 
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gain), then the overall gain is which, if — M^y 

is equal to Moreover, the promise held out in this manner of 
enormous gains is seldom realized in practice, because beyond two 
or three stages instability arises which definitely limits the amplifica.- 
tion which may be obtained. 

Resistance-capacitance Coupled Amplifiers 


With this form of amplification takes the form of a ‘‘pure” 
resistance and the valve is coupled to the output circuit (or input 



Fig. 11-1 Fig. 11-2 


circuit of the succeeding valve) by means of a coupling condenser 
Cy as shown by Fig. ll-I. The purpose of 0 is to isolate the output 
circuit from the d.c. component of the anode potential while allowing 
the a.c. component a free path. If the output circuit is the grid 


and cathode of another valve, 
then the arrangement of Fig. 
11-2 is employed where 
is a high resistance which 
permits the grid to be main¬ 
tained at an appropriate mean 
d.c. potential. This potential 
is negative and of such value 
as to prevent the grid from 
becoming positive when an 



alternating e.m.f. is impressed 


Fig. 11-3 


on it from the preceding 

valve. also serves the further purpose of returning any charge 
acquired by the grid to the cathode, thus preventing the grid 
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from floating. For this reason is sometimes referred to as a 
‘'grid leak.” 

The equivalent eireuit of Fig. 11-2 is shown by Fig. 11-3 where 
C\ is the input ea])acitauce of the succeeding valve, being com¬ 
posed of C\ in ])arallel with a circuit whose impedance is given by 
(10-14). Now at audio-frequencies the shunting effect of is 
negligible, and in this ease it may be neglected. Hence, for audio- 
fi‘e(|ueiicies the circuit equations are 

pA -/.F, . . . (1K2) 

-jljpc \ BJ, ^RMi~h) . • (11-3) 


Tlie value of M being given by 1® necessary to determine 


From (11-2) and (11-3) we have 


h- 


(p + ^ 


“) (-^1 ^ 




J 

pC 


hikI 


M 


(P I «.){«, + 



Now, if C is sufficiently large, M will be inde[)endent of frequency, 
and in this case 

M ^ 

JiaRx 
Rg 1 Rx 

^ ^ Rx 


p + 


(11-4) 


where is the resistance of and R^ in parallel. 

At all but extremely low frequencies the effect of C is negligible, 
but at high frequencies the shunting effect of must be taken into 
account. The equivalent circuit is shown by Fig. 11-4 and the 
circuit equations of this are 


pli + ^ 2 ) = 0 


j^2fp^t — ^ 2 ) 
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from which 

I 2 — 

(P H -Kal) 

pVyRai 
( P^(i\ 

\P ‘1 ^al 

In this cas(' 

M = 

_ ih .y 

pvJ 





^'1 

1 

1 




which leads to 


and 


jpP^\ + (P + ^al)l^al 

^ (p' I • 


( 11 - 6 ) 


In ])ractic*(% Jt„^ is usually large compared witli p, so that (p H 

will he ap[)ro\iinate]y equal to unity. Hence, if the ainplilicalioii 


p 



is to be independent of frequency, p^ 2 ^^C\^ must be small compared 
with unity. Practical values of p and C^ are such that, generally 
speaking, resistance-capacitance coupling is unsuitable for fre¬ 
quencies much above 5 x 10^ cycles j)er second. Hence it finds its 
chief applications in the audio-frequency range, where, providing 
G is not too small, a voltage-amplification factor almost independent 
of frequency may be obtained. 

VaLIJEvS of Ba AND 

If p^p^C^^ is small compared with {p |~ it will be 

noted that (11~5) approximates to (11~4). Hence, in order that the 
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amplification shall bo high, it is necessary that both It a are 

large compared with p. However, neither of these quantities may 
be in(*reased indc^finitely, for as we have already seen, increasing 
R„ loAvers the valve anode ])otential. If R^ is limited, then as R^ 
is in parallel with /i\,, there is no point in having greatly in excess 
of In practices R„ is nsnally limited to about 10^ ohms and 
Rj to 1 megohm. 

Choke-capacitance Coupling 

In order to avoid the d.c. drop in voltage which occurs on 
it is possible to re})lace this resistance with a choke. If high- 
frequency anqditication is desired the choke must be air-cored, 
while an iron-cored choke is employed for low-frequency work. A 



(a) (jb) 

Fi(,. 11-5 


circuit emj)loying a choke is shown by Fig. 11-5 (u), the equivalent 
circuit being given l)y (b). In the latter, includes the self¬ 
capacitance of the choke and also the input capadtance (^f the 
next valve. In this case we shall take Za to be the impedance of 
L, 6\, and R^ in parallel. Thus 


I _1 

Za~ Jti'^ jpL 


+ jpO, = 




+ — ^/pL) 


Now 


M = 


Za + P 


1 + p/Za 


and, substituting, we obtain 


M- 


_ R' _ 

1 -f p/iZi - IjpL) 


From this result it is evident that M will be a maximum when 
conditions are such that i.e. when = IjC^L. Nor¬ 

mally, of course, the values of Ci and L are fixed, and as the amplifier 
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will, generally, be required to operate over a wide range of frequencies 
it ivS desirable that the (quantity (p(7, — ^IpL) shall be as small as 
possible. This quantity may be written {p^C,L — 1 )/pL and, as C,L 
is constant, it follows that the ratio C.JL should be as small as 
possible. 

As stated above, for low-fre(juency work iron-(*ored ehokes must 
be employed because of tlie low value of p. As the direct current 
flows through the choke, this must be so designed that magnetic 
saturation does not occur. 

Tuned Anode Coupling 

As an alternative to having 6\ and L fixed, it is possible to 
have (\ variable by eonnecting a variable cd])acitaiiee across L and 
tuning the circuit C,L to resonance. Now it is well-known that a 
parallel circuit of this type at resonance Ix'haves as a pure resistance 
LjC where is the ohmic resistance of the chok(‘. Hence, in 
this case we have 

- LjC.Rj^ f p 

Transformer-coupled Amplifiers 

By employing transformer coupling in an amjdifier at least two 
very important advantages are gained: (1) a voltage-amplification 
factor higher than that of the 
valve may be obtained, (2) it is 
possible to dis})ense with (), the 
coupling condenser, because the 
primary and secondary windings 
are isolated from each other. 

Before discussing transformer 
coupling in detail, it is first 
desirable to consider some pro- ii-e 

perties of transformers. 

Considering the transformer circuit shown by Fig. 11-0, let 
impedances be connected in both primary and secondary windings, 
as shown. In the case of the primary winding, Bj, is the primary 
resistance and the primary reactance. Actually, is due to 
the leakage inductance of the primary winding. In the case of 
the secondary, R^ is the sum of the secondary winding and load 
resistances, while includes the effects of the secondary leakage 
inductance and self-capacitance as well as the load reactance. Now, 

12—•{T.a89) 
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if perfect coupling exists between tlie primary and secondary 
inductances Lj, and L,, then 

where m is the mutual inductance. Also, if Lj, and are assumed 
to be respectively proportional to the squares of the numbers of 
turns on the primary and secondary windings, then n ~ VLJLj,, 
where n is the transformer turns ratio. If is the voltage across 
then 

jpKIp 1 == 

JP^s^s J^S^S i~ 

Solving for and /g, we obtain 



(c) 


Fig. 11-7 

From this result it is evident that from the viewpoint of the primary 
the circuit consists of the impedance (JB^ + jXj,) in series with the 
combination oijpL^ and (R^ parallel. Also, it is clear 

that the voltage across is Tie,,. 

The usual method of coupling two valves by means of a trans- 
foiimer for audio-frequency working is shown by Fig. 11-7 (a), the 
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equivalent (?ircuit being shown by (5). In (b) C\ includes the primary 
and secondary self-ca])acitanco, the inter-winding capacitance, and 
the input capacitance of the next stage. and are respectively 
the primary and secondary leakage inductances. The circuit of (b) 
can be modified still further to the equivalent circuit of (c). Referring 
to (c), at low frc^quoncicis tlie branch containing will behave as 
a high-capacitive reactance, so that its shunting effect on may 
be neglected. For example, let — 50 honrys, = 4-5 henrys, 
C\ = 100 /ffiF, and qi — 3. Then at 100 cycles per second the 
reactance of is 31,400 ohms, and that of 1*77 megohms. 
Hence, as the impedance of and Isjn^ is negligible compared 

with that of the voltage on the latter will be practically iden¬ 
tical with that on L^. 3'hus the input voltage to the next stage is 
tapproximately 

jpL„n^lV, 

P+jpL„ 


and 


_ jpL,n fi 

p-i -jpL], 


(11-0) 


where p may be considered to contain My. From this result it is 
evident that at very low frequencies M will be small, falling to zero 
as }) ay)])roaches zero. 

Now as the frequency increases, the reactance of will increase, 
while that of the branch containing n^Ci will decrease. However, 
even at 1000 cycles per second the voltage on is still practically 
identical with that on Lj, and M will, therefore, still be given by 
(11-6) if the effect of ly is neglected. It may be noted that when 



a condition of resonance exists, Ly and its shunt then behaving as 
a pure resistance equal to 

At. 

CiR. 


For the values given, this resonant effect occurs at about 715 cycles 
per second, but is practically without effect on M. 

As the frequency increases above 1000 cycles per second the 
reactance of Ly will tend to be such that it may be neglected in 
determining M. In this case we may include RJn^ in p and write 

„ ^_ —jnpIpnKJi 

P + (jpi—jlP^^i) 
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where / = The magnitiule of M is 

M ^ _ . - 

y /-|- (pi— IjpnHJ,)^ 

n/iXi 

Vp^ + (Xi-x,)^ 

Differentiating with respect to p and equating to zero for a maximum, 
it is found that the latte^r occurs for 



from which ]> = — P- 

^ V2/ 

and as is usually negligible compared with 2ll7hKlf 

1 

~ VinK', 

which gives the resonant frequency /. For the values of I and 6\ 
given above, / = 5340 cycles per second. At this frequency wo have 


np ^ -np / I 

m^C,p ~ yV r^C^ 


( 11 - 8 ) 


which, for the values given, is 2-22 np. Beyond the resonant fre¬ 
quency the value of M tends to fall rapidly and it is evident that 
this peak in the voltage-amplification curve may be a very undesir¬ 
able feature. 


From the foregoing analysis of transformer coupling as applied 
to the audio-frequency range several outstanding features engage 
the attention. 


1. In order to avoid a decline in the amplification at low fre¬ 
quencies the transformer primary impedance should bo high. Con¬ 
sideration of (11~6) shows that should be such that pL^ is high 
compared with p, 

2. In order that the voltage amplification shall be as uniform 
as possible over a given range of frequencies, it is desirable that the 
resonant frequency shall lie beyond the upper frequency limit; i.e. 
/, as given by (11-7), should be high. This may be effected by making 
I and Ci as small as possible. In order to obtain a low value of I 
the coupling of the transformer primary and secondary windings 
must be of a high order. 
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3. Referring to (11-8) it is evident that to avoid excessive 
peaking I again should bo low. Furthermore, varies inversely 
as p. Now in deriving (11-8), p was taken to contain 72^ and 
For reasons to be given presently it is not desirable to increase the 
slope resistance of the valve and to decrease Hence to 

effect this R„ may be made high, either by winding the secondary 
of high-resistance wire or, alternatively, by connecting a resistance 
in parallel with the secondary windings. 

As the overall amplification is np, it might appear that n and p 
should be as high as possible. However, a high value of p also 
means a high slojie resistance and this will cause a falling off of the 
amplification at low frequencies. It is, of course, for this reason 
that Rp is not increased to reduce If ^ is large, this means 

either a small primary or a large secondary. 

With the first alternative will be small, and 
with the second will be large. Hence in 
practice n seldom exceeds 5, and is usually loss. 

One method of ensuring that I and shall 
bo small is to form the transformer core of 
high-permeability material such as Mumetal 
or Permalloy. If this is done then, for a given 
primary inductance and voltage ratio, the 
numbers of primary and secondary turns will 
be relatively small. This, of course, leads to small values for the 
leakage inductance and self-capacitance. 

From Fig. 11-7 (a) it will be noted that the d.c. component of 
the valve current traverses the transformer primary winding. An 
effect of this is to reduce the incremental permeability of the iron 
core and thus reduce the value of the primary inductance.* This 
may be avoided by the arrangement of Fig. 11-8, known as 'parallel 
feed. Here the function of the condenser is to isolate the transformer 
primary from the d.c. component. Its reactance should be such as 
to provide a negligible impedance to the lowest frequency a.c. 
component. Also the value of the anode-feed resistance should be 
high compared with the transformer primary reactance. 

High-frequency Transformer Cioupling 

For amplification of frequencies above the audio range an iron- 
cored transformer is not suitable because of the iron losses which 

* “Iron-Cored Inductances,” F. G. Spreadbury, The Electrical Engineer^ 
Vol. VI., p. 768, 
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occur. The effect of such losses may be simulat(Hl by a resistance 
in parallel with the primary winding, the value of this resistance 
decreasing with an increase in frequency. This, of course, has a 
shunting effect on the primary, thus reducing the amplification. 
A further effect of eddy currents at high frequencies is to reduce 
the area of the core which is penetrated by the magnetic fiux. 
This, of course, reduces the primary inductance. For these reasons 
air-cored transformers are usually employed for high-fre(][ueucy 




Fig. 11-9 

amplification, or transformers possessing a core formed of iron dust 
bonded with a synthetic resin. 

Most of the analysis as previously applied to audio-frequency 
amplification holds good for frequencies outside the audio range. 
However, as in this case p is large, Lp, 2/,, and C, will be correspond¬ 
ingly small. Also, because of the absence of an iron core, or, at the 
best, the presence of one of low permeability, the coupling factor 
of the transformer will be much lower than that for an audio¬ 
frequency transformer. This, naturally, leads to a relatively high 
value of L 

In the case of the audio-frequency amplifier this is frequently 
employed for the simultaneous amplification of a wide variety of 
frequencies such as are found in speech or music. High-frequency 
amplifiers, however, often deal with only one frequency at a time 
and hence the possibility exists of tuning the amplifier to a particular 
frequency. In this case the amplifier often takes the form shown by 
Fig. 11-9 (a), the equivalent circuit being given by (6). Here Ci 
includes the self and interwinding capacitances, the input capacitance 
of the following valve, and a variable capacitance for tuning L^^Ci 
to resonance. In determining Vg, Bp will be neglected, as it is 
negligible compared with p. If m is the miitual inductance between 
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the priiuary and senjondary windings, then the circuit equations arc 
jpLJ^\-jpmI, + pl^:= /iV„ . ( 11 -!)) 

jphh \- jpmh -\- ^Js — jhlpC, = 0 . ( 11 - 10 ) 

Solving for we obtain 

—.;>«/< r. 


h --- 

and Fs. — 


ip ^-i/)/.,) [(ie. +jpL.-jipc,) + ^ J 




pmpVg 


pCiip A-jpL^) {Rs +jpRs—jlpC,) -I 


m 




P +jP^pJ 

taking the absolute value. 

Now when the secondary circuit is tuned to resonance (jpL, 
~ Therefore 

P __ 

" <KR,{p I jpR„) Otm^p^ 

^_ mpV„ 

(-KR„P -i jp(-',l->pR-: I C,m2/>2 

Multiplying numerator and denominator by LJtii 

L/^Rsphn + jpLfi,Lj,RJm -|- L,0\mp^ 

But LjC, = 1 /p® and 

I r ft 

’ ” J^fiiRsplm -I- jLpRJmp + m 

or, as LjfiJwp is generally extremely small, 


F,= 


F, = 

where a = mfL^ 


C,R,pfa f aL, 


( 11 - 11 ) 


Now 


m 


m 




h Vlj., 

and hence a = kjn, where k and n are, respectively, the transformer 
coupling factor and transformer ratio. In order to find the maximum 
value of (11-11) we difierentiate Vf^ with respect to a and equate to 
zero. Thus 

a=VCMdRs ■ • • ( 11 - 12 ) 

Now Ci varies inversely as the square of the frequency and, as 
a is presumed to be fixed by the transformer construction, can 
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only be a maximum for one ])artieular fre(iuenoy. Hence in practice 
it is customary to design the transformer for a frequency inter¬ 
mediate to the extreme values likely to be met. 

Now C\RJL, is the reciprocal of tlie effective resistance which 
the circuit offers at resonance. Denoting this resistance by 

a --- VpIJi, 

and substituting in (11-11) 

v.= i,,v„VI{,/p 

From this result it is evident tliat for high am])lification to be 
obtained, should be large. This, of course, requires that R,^ shall 
be small. Also a valve with a high value of jj is desirable. 


Distortion in Amplifiers 


Various forms of distortion may occur in amplifiers, one form, 
i.e. frequency distortion, having already been dealt with. With this 
form the ratio of the amplitudes of the output and input voltages 


is constant at a given frequency, but- varies with different frequencies. 
Of the various ty])es of amplifiers discussed that employing resist¬ 
ance-capacitance coupling is the best where freedom from freqiiency 
distortion is desirtni. An extremely important form of distortion 
occurs when the amplitude of the out])ut voltage, at a given fre¬ 
quency, is not proportional to the am^ditude of the input voltage. 
This form is known as amplifttde, non-linear, or harynonic distortion 
and is characterized by the introduction of harmonics into the 
output voltage wave which are not present in the input wave. 
The cause of this arises from the fact that the iajog characteristics 
of Kg. 10-4 are not strictly linear. As we have already seen, the 
relationship between and Vg, with a pure resistance in the anode 


circuit, is given by 


P + 


(11-13) 


and, if p and p are constant, this relation is linear. The curve drawn 
from (11-13) is known as the dynamic characteristic and, because 
of variations in p and p (particularly the latter), is non-linear. 
However, the variations in p are minimized by the presence of Rg 
and hence the dynamic characteristic departs less from linearity 
than does the static characteristic, the latter being given by i^ 
= fiv^jp. 

For the reasons just given the dynamic characteristic is more 
accurately represented by 


*a = O'Vg + bVg^. . . . (11-14) 
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than by (11-13). Hence if the input voltage is sinusoidal and is 
given by sin pt, then, ignoring the quiescent current, 
sin pt + sin2 pf 

= bV^^{2 )- aV^ mxpt — hV^^12 . cos 2pt 

The first term in this result is the increase in the mean d.e. luirrent 
resulting from the rectifying property of the triode. Tho last term 



Fig. ll-io* 


shows that because of the non-linearity of the characteristic a 
second harmonic has been introduced. With a linear characteristic, 
we have = avg and thus a = p/{p -+- JK^). Hence 

ia = bVJ^I2 H-sin pt — bVJ^I2 . cos 2pt (11-15) 

P T" -^o 

where p and p are evaluated at the origin Q, Fig. 11-10. It will be 
noted that the amplitude of the second harmonic is proportional 
to 6. Differentiating (11-14) twice 



from which it is apparent that the amplitude of the second harmonic 
is proportional to the curvature of the dynamic characteristic. 
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In order to estimate the amount of harmonic distortion it is 
necessary to draw the dynamic characteristic. We may note here 
that if fx and p are constant tlic slope of this characteristic is given 
by = /^/(P H* ^a)- Hence if the current througli the valve 
is known in the absence of any applied voltage, the dynamic charac¬ 
teristic is simply obtained by drawing a straight line of slope 
fx/ip -J- Jta) through the quiescent or Q point as in Fig. 11-10. 
(k)nsidering the non-linear case, the Q })oint must first be deter¬ 
mined, this being effected with the assistance of a family of curves 


»/) 

a 

2 

< 

-j 

2 


Va 

Fig. 11-11 



known as anode characteristics. As will be seen on referring to 
Fig. 11-11, these characteristics give anode current against anode 
volts for various negative grid-cathode potentials. If E is the d.c. 
high-tension supply to the valve the anode voltage must be less 
than E because of the volt drop on Ba- Hence 

Va = E— iaBa 

T> 


and 


E—Vg 

Ra 


Hence is a linear function of Vg and is shown by the straight line 
drawn across the anode characteristic of Fig. 11-11. This line is 
known as the load line and its slope is given by Rg — cot 0. Evi¬ 
dently the Q point for any particular value of v, is determined by 
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the intersection of the load line and the anode characteristic for 
this value of v^. 

Having deWmiTicd the on the anode characteristics we 

may now d('terinine the dynamic characteristic for a given input 
voltage. To eflbct this the anode and mutual cliaracterislics are 
drawn side by side, as shown by Fig. 11-12. Corresponding values 
of iff and v,, up to the limits of the variation of the latter are now 
transferred to the mutual characteristics in the manner shown. 
Then, drawing a curve tlirough the derived co-ordimites on the 
latter, the dynamic characteristic results. 

Being in possession of the dynamic characteristic and assuming 
it to be represented by (11-14), ])lus a quies(;ent term, it is noted 
from Fig. 11-12 and (11-15) that when^/ = 7t/2 

ia max = + hV + J^a) 

also when pi = — 7tJ2 

ia min = J — flV + 7^a)* 

where ig is the value of the quiescent current. From these two 
equations 

P V ffff ^ ifj ffi fix ig m I n 

^ f R, ^ 2 

max ^ nun 

2 ~ '4 

which give the am])litudes of the fundamental and the second 
harmonic. The percentage second harmonic distortion is then 

1006F^V2_ 

pVJ(p + Ra) 

Although the assumption that the dynamic characteristic may 
be expressed by an equation of second degree is valid for the majority 
of purposes, it is inadequate should the grid swing be such that the 
value is operated over the very curved portions of the characteristics, 
or should the grid go positive and upper bend curvature occur. In 
this case the dynamic characteristic is better represented by a cubic 
equation of the form 

K == + CV/ 

Replacing Vg by sin pt, there results after simplification 

ia = bVJ/2 + (aF^ + ScVJ/4:) sinpt 

. cos 2pt — cVrr?I^ sin ^pt 

* majc 'Ia nun 0-^6 here taken to represent total instantaneous values. 
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When j)f = 7r/2 

I bVJ 1-(aF„ + 3rr,„V4) | cF,„-V4 
Also /„ - /y T i>V J - {aV,„ f- 3e]",„»/4) — rF„,»/4 

/i 2 j 4— i _ ^^0 

All* f m ru a I i ‘a min ‘^*'0 

Adding 2 -= 4 

which gives the increase in d.c. current and the amplitude of the 
second harmonic. 

Subtracting 

ia ma, — K v,m ^ 2(crr„, I ^cV Jji) + 2cT',//4 

and (aF„, | 3cF„,74) =eF,„V4 . (11-16) 

In order to obtain tlie amplitude of the third harmonic, i.e. 
a tang(*nt is now drawn to the dynamic charact(Tistic at Q 

4.0 



as shown by Fig. 11-13. Now, if the dynamic characteristic wore 
a straight line, the limits of the anode current would be AC. Thus, 
in this case the amplitude of the fundamental would be // V„J{p + fia) 
or AB. Substituting in (11-16) 

{AB + 3cF„,74) = oF,„74 

cF ia max ia mtn ^AB 


8 
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which gives the amplitude of tlie tliird harmonic. Also, as the 
amplitude of the actual fundamental is (AB + 3rF,//4), we have 
for this 3(i, + 

8 

Generally speaking, the two foregoing analyses will cover most 
cases of harmonic distortion occurring in practice. However, if a 
more detailed study of the output waveform is desired, the wave 
may be constructed from the dynamic characteristic and then 
analysed by Fourier’s method. 

Load Line with Rea(^t[ve Load 

In the event of the anode load being a pure resistance it has 
been shown that the locus of the anode current and voltage is a 
straight line, known as the load line. When the anode load is 
inductively reactive this is no longer true, the locus then being 
an ellipse. This is because the total anode voltage and current are, 
respectively, given by 

Fa max sinp^ . . . (11-17) 

and Iq + la max SUl {pt +0) . . (11-18) 

where 0 is the angle of phase displacement between Fa and 
If ia is plotted against Va for various values of pt an ellipse will 
result if 0 0. If 0 = 0 then the result is a straight line passing 

through the point ^Q, Vq, the slope of the line being Vq/Iq = B 
= cot 0, as before. 

In order to construct the ellipse for a given case, the load line 
is first drawn across the anode characteristics, as in Fig. 11-14, 
and the Q point determined. We then have 

(Vq + Va) + (ig + ia)^a + ^ ^ 

or E— (ig + ia)Ba — La 

Now. when (ig + ia) is a maximum or minimum, 

Vq ■+ Va = (ig + ia)Ba 

and hence under this circumstance the current and voltage co¬ 
ordinates lie on the load line at A and B. The maximum value of 
the current is, of course, given by 

• j____ 
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Again, when — 0 

E— ipRa 



and Ladijdt is a maximum. In these circumstances the points C 
and D lie on a horizontal line passing through the Q point. Also 

E ipRa ~ '^Q 
din 

so that Va — La~T: 


and at C and 1) the anode voltage is Ladijdt volts smaller and greater 
than Vq, The value of Ladijdt is, of course, 

T V _ _ mE a _ 


Further points on the ellipse may be found from (11-17) and (11-18) 
by assuming arbitrary values for pt and thus determining various 
corresponding values of (Vq + v„) and (ip + ia)- ® is, of course, 
given by 


cos 0 ~ 


Ra_ 


As the j)oints on the load line of Fig. 11-12 were transferred 
to the mutual characteristics to form the dynamic characteristic, 
so also may the points on the ellipse of Fig. 11-14 be transferred. 
In this case, however, the dynamic characteristic is also an ellipse, 
as shown by Fig. 11-14 (6). 


Power Amplification 

The subject of amplification has so far been approached from 
the viewpoint of magnifying the input voltage only. However, 
the purpose of many amplifiers is to deliver power to some system 
such as an aerial, loudspeaker, or relay. Hence the output of an 
amplifier must now be considered from the aspect of power rather 
than that of voltage. Amplifiers are generally classified as Class 
A, AB, B, or C. Those previously discussed are of Class A, and this 
type as applied to power amplification will be dealt with first. It 
may be briefly stated that Class A amplifiers are those in which the 
anode and grid potentials are such that they operate over the 
appreciably linear portions of the characteristics, thus introducing 
a minimum of harmonic distortion. Of course, where resistance 
exists in the anode circuit of voltage amplifiers, power is developed 
therein, but in power amplifiers this resistance is usually of such 
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value that the power is as large as possible consistent with absence 
of distortion. It follows that power-amplifier circuits are funda¬ 
mentally similar to those employed for voltage amplification, and 
hence in analysing the former ve may employ the methods already 
used for studying the characteristics of the latter. 

Considering a triode with a resistance in the anode circuit, 
the current is given by 

j — 

“ ~ P H- 

and thus the power supplied to is 



Fig.11-15 


If p, and Vg are assumed to be constant, then maximum power 
will be developed in when dPJdRa = 0. Differentiating, 

dP _ ( ixV, Y _ 

dR,-\p + Rj {p + RJ>-^ 
or p + i?a = 2i?„ 

and Ra = p 


Hence for maximum power, R^ — p and under these conditions 






/It n/\\ 
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In order to consider the effc(jt on P of a departure from p, we 
may plot PjP^aoc against Palp- (11-19) and (11-20) 

P~ma. (P + Pa? (1 + Pjp? 

Reference to Fig. 11-16 shows that the loss of power from P^ax 
small, providing 0*5p < Ba <. 2/). 

From (11-19) it will be noted that in order that largo powers 
may be developed // and Vg should be large and p low. Hence, 
valves for power amplifiers usually have relatively low values of 
p and high values of p. Also valve design is such that large grid 

swings may be handled without 
distortion occurring. 

Graphical Determination of 
Power 

With the assistance of a set of 
anode characteristics the power may 
be determined graphically. Referring 
to Pig. 11-16 the load line is drawn 
and the Q-point determined. Now 
if the dynamic characteristic corresponding to the load line of 
Fig. 11-16 may be represented by an equation of second degree 
then, as shown on page 354, the amplitude of the fundamental 
component of the current is 

max mtn _ j 

9 -^o max 


Lt 



Fig. 11-10 


The fundamental power developed in the load is I a ^aa^^g max!^ and 
hence 

p _ (^g mga; mtn) (^g max mtn) 

8 


In previously determining the conditions for maximum power 
it was assumed that p and p wore constant. Although this may be 
approximately true for p it is not for p, and hence, as we have already 
seen, the power will be distorted. The investigation of conditions 
to give maximum undistorted power is evidently a matter of some 
importance and must now be considered. The method of approach 
to this problem is j)o assume that the mutual characteristics of a 
triode are equidistant parallel straight lines, providing the anode 
current does not fall below some minimum value 4 In this case 
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the dynamic characteristic will be a straight line with its lower 
extremity terminating on the line AB, as shown by Fig. 11-17. 
Below AB lower bend curvature commences. Now if the grid swing 
is such that grid current flows, this 
will impose a load on the output cir¬ 
cuit of the previous valve, thus tending 
to introduce distortion into the input 
voltage, and hence the output voltage, 
of the amplifying valve. It follows 
that the grid voltage and steady bias 
should be such that the grid voltage 
never becomes positive. This results 
in the upper extremity of the dynamic 
characteristic terminating on the line 
Oia as shown. Static characteristics for 
anode voltages Va max and mtn are now 
drawn through A and C respectively. 

Midway between these characteristics 
is Vq, the Q-point voltage, depending 
on Ba* The power output is propor¬ 
tional to 

(^rt max mtn) {^a max 

or to (Vq — Va mtn)GB 

or to CD . CB 



n) 


As D and B are fixed, this product will be a maximum when CD 

= CB, Now . V, 

CD — mtn)fp 

~ (^a max mtn)I^P 

and thus the output will be a maximum when 

(^a mar min)/^P ~ CB = {i^ max win) 

or when {v^ max w*n)/(^a max win) ~ ^P 


But the left-hand side of this equation is equal to and hence the 
maximum output occurs for 


and 
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Optimum Value of Gmu Bias 

It is necessary to determine the value of the grid bias in order 
that the maximum undistorted power may be obtained. We have 

= 2p) 

:^p 

and Vn ^ 

Also 1 fi ~ (?*(j — ifi 2 — (?\f fuffj 

Hence E„ ^ V2 F, = ~ 

4// 

where Eg is the value of the steady d.c. bias rocpured. 


Parallel-feed 

When the anode load resistance is placed directly in the anode 
circuit, the quiescent current passes directly through this resistance. 

This, of course, leads to a loss of ])ower because 
the only power which is usually ap])lied to some 
purpose is that juoduced by variations of the 
anode current about the quiescent point. Also it 
is sometimes desirable to prevent the direct 
component of the anode current from passing 
through the load. In view of these considera¬ 
tions the choke-capacitance arrangement of 
Fig. 11-18 is frequently employed in which the 
direct component passes through a choke. Be¬ 
cause of the relatively high reactance of the choke 
over its working range it passes but a negligible portion of alternat¬ 
ing current, the bulk of this passing through the load resistance 
Ra- The function of C is to block the d.c. voltage from while 
passing practically unimpeded the alternating voltage. It follows 
that over the working range of frequencies the reactance of L 
must be high compared with the resistance of Ra, while that of 
C must be low. Departure from these conditions, say at low 
frequencies, will, of course, introduce frequency distortion. 

The operating conditions when employing a parallel-feed system 
are shown by Fig. 11-19. In this'case wo have a static as well as 
a dynamic load line. The former is determined by the resistance, 
of the choke and, as this resistance is normally low, the static load 
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line will bo almost vertical as shown. The ^-point is fixed by the 
intersection of this load line with the anode characteristic corre¬ 
sponding to tlie particular value of grid bias employed. Vq will, 
of course, be approximately ecpial to ii, the d.c. supply voltage. 
Over the working frequency range the alternating component of 
the anode current will flow in and hen(?e the dynamic load line 
passes through Q with a slope given by R,^ -= cot 0, 

It is evident from the nature of the ])arallel-feed system that 
it cannot be (‘inployed for very low frequency work. As the fre- 


id 



¥io. JI-19 

quency decreases, the impedance of L falls until it reaches such a 
value that the sliunting effect on Ra causes the amplification to 
suffer a rapid decline. In general a parallel-feed amplifier is not 
suitable for distorted waveforms or transients because it tends to 
amplify the high-frequency components of the signal to a greater 
extent than the low-frequency ones. This, naturally, results in the 
output voltage wave not being an exact copy of the input wave. 

impedwee Matching 

In certain instances the load resistance is of fixed value and 
cannot be adjusted to give maximum undistorted power in the 
anode circuit. A typical case is, of course, the moving-coil loud¬ 
speaker, where the speech coil may have an effective resistance of 
no more than about 10 ohms. Evidently if this were connected 
directly in the anode line very little power would be developed. In 
practice adequate power is developed in the speech coil by matching 
its impedance to the slope resistance of the valve by means of a 
matching transformer, a typical circuit being shown by Fig, 11-20, 
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Now on page 344 it was shown that a resistance i?, in the 
secondary circuit of a transformer is equivalent to a resistance of 
value Rsjn^ in the primary circuit. Hence if n is fractional, i.e. 
if a step-down transformer is employed, the effective value of 
will be RJn^. Hence by a suitable value of n, the transformer turns 
ratio, Rs/n^ may be made equal to 2p or any other desired value. 
As with the parallel-feed circuit, a distinction must be recognized 
between the static and dynamic load lines for a transformer coupled 
load. In this case the static line is established by means of the 
transformer primary resistance, and the dynamic line by means of 



Fici. 11-20 Fig. 11-21 


Ra = Parallel-feed may be employed with a transformer- 

coupled load as previously shown on page 347. Either an anode- 
feed resistance or a choke may be employed, and if the latter the 
circuit of Fig. 11-21 results. 

Anode-circuit Efficiency 

Under quiescent conditions the d.c. supply to a valve is largely 
dissipated in the form of heat at the anode, this heat being produced 
by electron bombardment. When the grid is excited by an alter¬ 
nating voltage, power is generated in the anode load, and this results 
in a reduction in the anode dissipation. The power developed in 
the load is, of course, supplied from the d.c. source, and we must 
now consider the relations existing between the alternating and 
direct current powers. 

The power supplied by the d.c. source is Eig, while that absorbed 
by the static load resistance, JB, is iq^B. If is the average 
power dissipated at the anode and laVa fhe load, then 

Eiq = iq^R + laVa + Pa 
Pa = Eig — hVa 

E ^ Vq iqB 

Pa == igVg — laVa 


and 

But 

and hence 
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In the event of the load not being a pure resistance, the load power 
^aVa cos 0, where 6 is the angle of phase dis[)Iacement between 
la and Va- Thus, more generally, we have 

From this result it will be at once appreciated that the greater 
the a.c. power developed in the load the smaller is the rate of energy 
dissipation at the anode. Obviously the latter is a maximum in 
tiie absence of grid excitation and decreases by exactly the same 
amount as the output power increases. 

The efficiency of the anode circuit is defined as 


a.c. power output 
d.c. power input 
hVa cos 0 
- '?'■ - ICi^ 

If the overall efficiency of . 
th(' valve is desired, then 
to the d.c. power injjut 
must bo added the power 
dissipated in the grid and 
heater circuits. In this la min 
case the efficiency is given 

t>y iaV« 


la 



Fra. 11-22 


—-Va 


whore Pf, and Fy are, respectively, the rates of energy dissipation 
in the heater and grid circuits. 

In order to obtain some idea of the anode*circuit efficiencies 


possible with triodes it will be assumed that the anode characteiistics 
consist of equidistant parallel straight lines, as shown by Fig. 11-22. 
I'his, of course, is not in accord with practice but, nevertheless, will 
permit limiting values of the efficiencies to be determined. The 
grid swing will be taken to be such that it causes rnin be zero 
and Vg rnax = 0. In this case 
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Now in the case of a series-fed load 

E = 2Va ma. + 2/, ,,, p (SOC Fig. 11-22) 
0-5F 

' a ninx 

2( Ffl ninj + ^« tnax p) 

0-25 


Hence 


1 + 


1 a m 

Tv 


0-25 

25 


per cent 


From this result it will be seen that the maximum possible efficiency 
with a series-fed load is 25 per cent, this necessitating ii„ to equal 
infinity. In the case of maximum power output = p and rja 
= 12-5 per cent. For maximum undistorted power /i« — 2p and 
= 16-6 per cent. In practice, figures somewhat less than these 
are obtained, as it is not possible to utilize the entire load line 
without curvature of the characteristics and distortion occurring. 
Considering the case of the shunt- or transformer-coupled load 

E Va max max P 

0*5F a 

Va — T7 


and 


f + 21 a 


0-5 


1 + 
50 




1 + 


Ba 


per cent 


Thus, the maximum possible efficiency with a shunt-fed load is 
twice that of a series-fed load. For maximum power rja = 10*0 per 
cent, while for maximum undistorted power rja = 25 per cent. 


Amplification with Pentodes 

The power developed in the load resistance of a triode is vJa 
and the ratio is termed the power sensitivity of the triode.* 

♦ Because the power is proportional to v,®. See (11-19). 
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Providing the valve is operating on tlie liiu'ar portions of the 
characteristics, we may write 

dvydv,, 

dv„ di„ 

~ d??,; dvg 


Plui mutual conductance of triodes and pentockjs is of th(‘ same order 
of magnitude, whereas the amplification faotoi* of pentodes is much 
larger than that of triodes. Thus, it follows that the power s(‘nsi- 
tivity of ])entodos exceeds that of triodes, this rendering the ])ejitode 
a more suitable valve for ]jowcr work than a triodc. Ln particular, 


a pentode will give the 
same power as a triode 
for a much smaller signal 
voltage. 

As we have already 
seen, the anode charac¬ 
teristics of ]:)entodos differ 
considerably from those 
of triodes, and this results 
in the power analyses pre¬ 
viously made for triodes 
being invalid for pen¬ 
todes. In particular, the 
dynamic characteristic 
of the pentode does not 
approximate to a para¬ 



bola, nor is maximum 


Fig. 11-23 


undistorted output 

obtained when — 2p. In the case of triodes, increasing Eg 
increases the linearity of the dynamic characteristic, thus leading 
to a decrease in distortion. With pentodes, however, increasing Rg 
beyond a certain value increases the curvature of the dynamic 
characteristic, thus increasing the distortion. A result of this is 
that, in practice, R^ is very much less than p; in fact, in some cases 
Ra may not exceed 10 per cent of p. 

In order to determine the value of the anode resistance for 


minimum distortion, the Q-point and grid swing must be known. 
The Q-point is, of course, determined by the values of E and Eg, 
As the power that may be developed increases with E it is desirable 
to employ the maximum voltage permitted by the manufacturer’s 
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rating of the valve. Referring to Fig. 11-23, which gives the anode 
characteristics for a typical power pentode, the maximum anode 
voltage and anode dissipation of this valve are, respectively, 200 
volts and 7 watts. Assuming E to be approximately 200 volts, 
then Kg may be takeui as — 6 volts, whieli limits the anode dissipation 
under quiescent conditions to about 7 watts. Under these circum¬ 
stances ig = 35 mA, and with a 6000-ohm load and a grid swing of 
4 volts it will be noted that — 1,, 25 mA. Also Vg 

“ Va mtn ~ b^O volts. As the maximum and minimum values of 
the oscillatory components of the anode current and voltage are 
equal, this shows an absence of distortion. Now, let a load of line 
corresponding to li^ — 3000 ohms be drawn. In this case 
= 32 mA and I a mm -= 25 mA, Va max -=110 volts, Va mm ^ 00 
volts. Hence distortion has been introduced. Again, let a load line 
corresponding to 7000 ohms be drawn. Then = 22 mA, 

la mm -= 25 mA, Vg max =-210 VOltS, Va mtn “=160 VOltS. ThuS, it 

appears that 6000 ohms constitutes the optimum load if distortion 
is to bo avoided. 

In order to compare the power in the throe cases wo have 

P ~ i^a max win) i'^a max '^a min)l^ 

and substituting values there results 

Ba ohms P watts 

3000 1-3 

6000 1-88 

7000 1-48 

'l"hus, it appears that the highest power results from a load that 
renders the distortion a minimum. In the case of the 6000-ohm 
load the anode efficiency is 

1*88 

Va = J.Q- = 27 per cent 


Also 


1-88 

(4/V2f 


0-235 watt per volt 


From the foregoing it appears that, when the Q-point and grid 
swing are known, the optimum load may be determined by suc¬ 
cessive approximations; i.e. a series of load lines is drawn through 
the Q-point and that which gives a minimum of distortion then 
determined. In effecting this it may be noted that because of the 
parallelism of the characteristics to the right of the Q-point there 
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is practically no variation in /„ as lia i« varied. Hcmce 7^ 
shoidd first be found and a load lino then selectcid which gives 

^a max ~ ^a min* 


Push-pull Amplification 

By the employment of push-pull amjdificiation scweral iinpoi tant 
advantages may be secured over the forms of amplification already 
discussed. This system employs pairs of valves aiiajigod in tlie 
manner shown by Fig. 11-24. By means of a centni-ta])i)ed trans¬ 
former two equal voltages differing in phase by ISO® are applied 
to the grids of the 
valves. The output 
transformer is also 
centre-tapped, and as 
the quiescent currents 
of the two valves flow 
through the two halves 
of the winding in oppo¬ 
site directions, it follows 
that d.c. magnetization 
of the transformer core 
is absent. Thus, the 
])rimary inductance of 
tho transformer is a maximum which at once shows one advantage 
of push-pull working. 

Assume now that two voltages reiiresented by ~ sin pt and 
Vg^ = — sin pt are applied to the grids of the valves. Then on the 
assumption that the anode current/grid voltage relation is given by 

ia = CiVg + hVg^, 



iaj ^ (iVm i^inpt 1 bVJ^ pf 
ia2 sin pt + bVrrt^ sin^ pt 

or iai = aVfn sin pt + ^bVJ — IbVm^ sin 2pt . (11-21) 

ia 2 ~ sin pt -f IbVrri^ — gin 2pt . (11-22) 


Now when equal currents flow through the two halves of the output 
transformer in opposite directions, the resultant magnetic effect is 
zero. Thus, terms with the same signs in (11-21) and (11-22) 
produce no effect, and from this it follows that the second harmonics 
neutralize each other, as do also the increases in mean current. 
The terms with opposite signs directly assist each other so 
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that the efFoctive e.m.f. across the total primary winding of the 
output transformer is 

(iffl ^ I ~ m 

P ~r -^a 

From this analysis it is apparent that a far morci linear response 
may be obtained from a push-pull amplifier than from the amplifiers 
previously discussed. 

A further advantage is as follows. If the source of d.c. supjdy 
to the valve anodes has appreciable internal resistance, a fluctuating 
load current will cause fluctuations in the d.c. voltage. Those 



fluctuations will be impressed on the valves, but will be without 
effect on a push-pull system as the algebraic sum of the anode 
currents flowing to the valves is constant. 

Power Output of Push-Pull Amplifiers 

Assuming a push-pull amplifier is operated under Class A condi¬ 
tions, the equivalent circuit may be represented by Fig. 11-25 (a), 
which may be further modified to (6). The mid-point connexion 
may be omitted because the fundamental component of the current 
does not pass through this. Referring to (a) the value of Ba is 
given by 

The anode current is 

T _ 

P + -^0/2 


or 
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The power developed in Ra is 

^\p + RJ2) 2 

( fiV. YRg 
\p/2 \-Bj4) 4 


From this result it is apparent that a Class A push-pull amplifier 
may be regarded as eonsisting of a single valve with a slope resistance 
of p/2 working into an anode resistance equal to /ia/4. In order to 
find the conditions under which the power is a maximum, P must 
be differentiated with respect to Ra and the result equated to zero. 
Thus 


dP ^ 2R,f^Wl(p/2_+Rj4)/4. 

dRa 4(p/2 + i^j4)^ 


from which 



P 

2 


or 


Ra = 2p 


Composite Anode Characteristics 

The foregoing results are only correct providing fx and p are 
constant. Frequently, however, push-pull amplifiers are operated 
with grid swings of such magnitude that and p vary. In this case 
the operating conditions must be analysed by a graphical method. 
As the valves work in pairs it is desirable to devise a set of mutual 
characteristics for a pair as a single unit, such characteristics being 
known as composite static characteristics. 

To effect this an ideal output transformer is first assumed. In 
tliis case, if v is the voltage across each half of the primary, then 
the load voltage is 

. . . . (11-24) 

At every instant the primary ampere-turns are exactly balanced by 
the secondary ampere-turns and thus 

where instantaneous anode currents. Also 


Vi == iRi = - iag) ;r 


. (11-25) 



372 


ELECTRONICS 


From (J1-24) and (11-25) 
or, from (11-28), 

0 — ia2) 


(11-26) 


Those results show that the load current is })roj)ortional to (i^i — ^ 02 ) 
and hence the pui-pose of the composite characteristics is to show the 



Fic. Jl-20 


relationship between (iai— ^a 2 ) 
and Va with the grid voltage 
as a parameter. 

Taking a set of anode 
characteristics for one valve 
of the pair, the Q-point of 
this valve is determined by 
the d.c. supply voltage E 
and the steady bias voltage 
— E,, Fig. 11-26. Con¬ 
sidering point A, this 
corresponds to == {E — v) 
and Vg^ = (— Eg + Vg), the 


anode current being Point B corresponds to Va 2 , = 


and Vg 2 ^ - (— Eg - Vg), the anode current being Subtracting 


B from A gives a third 
point C (equal to 
corresponding to an arbi¬ 
trarily chosen valut^ of v 
and a specified signal vol¬ 
tage Vg, It follows that 
the co-ordinates of C, i.e. 
(Ki — K 2 )y form a point 
on the composite charac¬ 
teristics, Assuming other 
values of v, and main¬ 
taining Vg constant, further 
points on the characteristic 
may be derived and a 
curve drawn through these 
points. 

By taking several dif¬ 
ferent values of Vg a family 
of composite characteristics 



Vg = 40“ 20 O -20 -40 


Fig. 11-27 
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may be derived as shown by Fig. 11-27, wliich concerns a medium- 
size output triode. In this case the ©-point corresponds to K — 240 
volts, Eg = ~ 40 volts. Tt will be noted the characteristics form 
a series of })arallel straight lines. The load lino to Ixj employed 
with composite characteristics is given by 

= E—v 

K 


which is tlie (npiation to a straiglit line passing through the ])()int 
— 7?, — 0, the slope ])eing given by 72^4 — cot 0. TIj(‘ 


intersection of the 
P gives 

and, from (11-25), 


load lino with the composite eharactcaislics at 
{iai ■ " ^ " 






«'al ■ 






Composite Dynamic Chakacteristkvs 

In order to derive the composite dynamic characteristic of a 
push-pull amplifier, a similar process is employed to that on page 



353, where the dynamic characteristic is derived from the anode 
characteristics. The fact that the composite mode characteristics 
are practically straight lines results, of course, in the composite 
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dynamic characteristic being a straight line, as shown by Fig. 
11-28, this being derived from Fig. 11-27. Hence it follows that a 
sinusoidal signal voltage results in an almost sinusoidal output 
voltage. 

Class B Amplification 

Class B ])ush-pull am])lification em])loys the same form of circuit 
as Class A, but conditions are so arranged that the quiescent current 



is very small or zero. These conditions may be brought about either 
by biasing ordinary valves to cut-off or by employing special 
valves having a very small (quiescent current (or none) without 
the application of negative bias. The latter valves often consist 
of two triodes housed in a single envelo])e, the Mu Hard 1W2BA 
and PM2B being examples. It follows that with Class B o])eration 
anode current mainly flows when the grids are driven positive, and 
hence grid current may be expected to be relatively large. That 
this is the case will be seen from Fig. 11-29, which concerns a 
class B valve. Because of the relatively high intake of the grids 
the previous valve is called upon to deliver appreciable power 
and must be of such character as to deliver this power without 
waveform distortion. For obvious reasons this valve is termed the 
driver valve. 

The principal advantages of Class B operation are the small or 
non-existent demand on the d.c. supply when no signal is applied 
to the grid, and a high anode-circuit efficiency. The disadvantages 
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are the necessity for a driver valve, greater distortion than Class 
A operation, and tlu^ inability to employ self-bias. 

AMODE-ciRcniT Effioi fnc V 

In order to dcrivci tlio anode-circuit eliiciency th(^ same assump¬ 
tion will be made as on ])age 3()r>, i.e. that the anode characteristics 
are e(|uidistant, j)arallel straiglit lines. It will be further assumed 
that the valves are biased to cut-off, that the grid Swing does not 
extend beyond zero volts (see Fig. 11-30), and that the dynamic 

id 



characteristic is a straight line. Th(\se assumptions are by no means 
justified in practice, but their adoption will, as before, lead to an 
u})|)('r limiting value for the anode-circuit efficiency. 

Referring to Fig. 11-30, this shows the effect of a sinusoidal 
signal voltage on one of the two valves. It will be noted that the 
anode current consists of semi-sine waves, one of these occurring 
for half of each period followed by a completely quiescent half¬ 
period. In this respect each valve behaves in a similar manner to 
a half-wave rectifier. Iluring the quiescent half-period of the first 
valve the anode current of the second valve describes a semi-sine 
wave exactly similar to that of the first valve. Hence these two 
successive half-waves produce the effect in the output transformer 
of a complete sinusoidal wave. The output power is given by 



2 


I 3 -~(T. 289 ) 
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The mean anode current i)er valve is 

27r 

I 


I,, sin OdO 


' a war 
7T 


Hence the d.c. power is 


r yt 


1 I pfRa 


per cent 


(11-27) 


the factor 2 occurring as there are two valves. The anode-circuit 
efficiency is 

la^max^a I a ma a ^ 

2 

_ ^ ^ a m o I -^a 

~ 1 E 

Referring to Fig. 11-30, 

~~ la mat P t~ ^a u 

or, as 1 

~ la mat (p + J'^a) 

Substituting in (11-27) 

~ 4p + ]i„ 

0*785 
1 + Pl^a 
78-5 


Comparing this result with that for Class A on page 366, it will be 
noted that Class B operative shows a considerable gain in anode- 
circuit efficiency. As previously shown, for maximum power output 
Ra = 2p, and hence in these circumstances rja = 52*3 per cent. 

In order to obtain the composite characteristics of a Class B 
amplifier, exactly the same procedure is followed as when deriving 
those for Class A. However, if the valves are biased to cut-off, 
the composite characteristics will coincide with the anode charac¬ 
teristics. If special valves requiring no grid bias are employed, 
there will be a small quiescent current. Hence in this case the 
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composite characteristics will not coincide with the anode charac¬ 
teristics at low signal voltages, but the curves will tend to merge 
as the amplitude of the signal voltage increases. As the composite 
characteristics are not linear it follows that the dynamic char’acter- 
istic is also non-linear. Of course, with Class B the curvature of 
the characteristic of one valve is no longer compensated by the 
curvature of the other, as with Class A working. Reference to Fig. 
11-29 shows that the anode characteristics for a positive grid triode 
are similar to those for a pentode. Hence, in determining the value 
of the load resistance for a minimum of distortion, similar considera¬ 
tions as when dealing with a pentode load will apply. 


The Driver Stage 

As stated above, because of power consumption by the grid 
the previous value must supply power in a Class B system. From 




this it follows that the impedance of the driver valve circuit must 
not be too high or distortion of the input signal will result. Dis¬ 
tortion is likely to arise because the relation between grid voltage 
and grid current is non-linear, as is evident from Fig. 11-29. Hence 
a non-sinusoidal voltage drop will be subtracted from the input 
voltage, which if the latter is sinusoidal, results in a non-sinusoidal 
voltage being applied to the grids of the Class B valves. To avoid 
this difficulty it is customary to employ a step-down transformer 
of low secondary resistance, in the manner shown by Fig. 11-31. 
For the valve of Fig. 11-29 the overall transformer ratio should 
be IJ : 1 and the total resistance of the secondary should not 
exceed 400 ohms. Thus, the ratio for each secondary is 3 : 1 and 
the resistance not more than 200 ohms. 
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Class AB Amplification 

A form of amplification intermediate between Class A and Class 
B is Class AB. In this form the value of the negative bias is inter¬ 
mediate between the values empJoyod for Classes A and B, with 
the result that the quiescent point of each value occurs at lower 
bend curvature. This allows a given output to be obtained with a 
smaller quiescent current than with Class A amplification, but with 
little more distortion because of the second harmonic eliminating 
properties of push-pull amj)lilication. It follows that with Class AB 
amplification and a sufficiently large input voltage, lower bend 
cut-off may occur, thus causing the valve to conduct for less than 
a period but for more than half a j)eriod. 



CHAPTER XIT 

l^EED-BACK—^VALVE OSCILLATORS 


Negative Feed-back 

By provision of suitable coupling between the output and input 
circuits of a valve it is possible to effect a considerable modification 
of its (jharacteristics. The result of the coujfiing is to combine a 
portion of the output voltage with the input voltage, this process 
being termed feed-baric. The degree of coupling may be either 
“tight” or “loose,” according to whether the effect of feed-back is 
pronounced or slight. If the result of feed-back is to increase the 
original input voltage, it is said to be “direct,” “positive,” or 
“rogcnerativo.” If the input voltage is decreased, then the feed-back 
is said to be “inverse,” “negative,” or “degenerative.” At first 
sight it might appear that all the advantages would be with positive 
feed-back, but, as will bo shown later, considerable advantages are 
attacjhed to negative feed-back. At present it may be briefly stated 
that tlie principal functions of positive feed-back are the amplifying 
of weak signals and the production of continuous oscillations. In 
the negative case feed-back may be employed for the reduction of 
frequency and harmonic distortion and improvement of amplifier 
stability. 

Let a voltage be applied to the input terminals of an amplifier 
and an outj)ut voltage result. Following this, let a fraction a 
of the output voltage be fed back in such a manner that a voltage 
aV« is connected in series with so as to reduce the input voltage. 
Then 

1 - aVa 


where V<,r fhc resultant of and aVa- Vector notation must bo 
employed in this connexion because and Va are not necessarily 
in phase or antiphase. The gain of an amplifier is given by 



M = 

hence 


and 



V 

• gr 

Ye 

M 

MV, 

l-oM 
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( 12 - 1 ) 
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The resultant gain is given by 



_ M 

“ i-oM 


(12-2) 


Considering now the influence of feed-back on an amplifier, if 
oM is large compared with unity (12-2) becomes 


a 

and the gain depends only on the system produ^^mg feed-back. 
For example, if a is independent of frequency, the amplifier will 
be free from frequency distortion. If cxM > 1, then Mr < M and 
the gain is much smaller with negative feed-back than when this 
is not employed. Hence to secure the advantages attached to 
feed-back some loss of amplification must be sustained. However, 
this loss may be made good by an additional stage of amplification. 


Influence on Harmonic Distortion 

In addition to its beneficial influence on frecpiency distortion, 
feed-back may be employed to reduce non-linear, or harmonic, 
distortion. For example, suppose a second harmonic is produced 
by a valve in its output circuit. If A is the amplitude of this har¬ 
monic, this amplitude will appear in the output in the absence of 
feed-back. However, when feed-back is employed, the amplitude 
is, say, A^. Because of Ai, the amplitude due to this and feed-back 
is oMAi, hence the two components in the output are A and 
oMAi. follows that the vector sum of these must equal Ai and 
hence 

Ai = A + oMAi 

A A 

- 1 _ oM 

This result at once shows that harmonic distortion may be reduced 
by the employment of negative feed-back. Thus, if |1 —odM| is 
10, the second harmonic distortion is only one-tenth of the value 
it would have in the absence of feed-back. As the magnitude of the 
harmonic depends on the amplifier output voltage the latter must 
be the same in both cases, i.e. with and without the feed-back. 
This means, of course, that Vg must be |1 — aM| times as great in 
the presence of feed-back as in its absence. 
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In order to increase tlie input to the aniplific^r by the factor 
|l — aM| it is ne(;essary to increase the aTn])lifi(‘ation of the preceding 
stages or add a further amplifying stage. It is hardly necessary to 
state that these processes must not introduce additional distortion. 

Negative Feed-back Circuits 

Negative feed-back may be a])pliod to an amplifier in either 
one, or a combination, of three basically different ways. Referring 
to Fig. 12-1 («), this shows a ‘‘current” feed-back circuit, feed-back 



behig aj)plied bv means of the cathode resistance In this case 
a = RJZ,, and for large feed-back factors 

M, - - 1/a - - ZJJir 
Also V„ - Z„V,/«, 

which is proportional to the load impedance. Tins load current is 

T Y? 

-Z„- B, 

To determine I^,, we note from the equivalent circuit, Fig. 12-1 (6), 
that 

JJZa 1- loRc -I- /«P ar 
But Mgr - Mg — IgRc 

P + (1 + “f Za 


and hence 
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This result shows tliai the anij)lification factor of the valve is 
but the slope resistance* must !)(*> regarded as equal to 

{p j- (I 1 

Thus, in this case feed-back increases the eflective sloj)e resistance. 

A fui’ther met hod of produ(*ing feed-back is indicated by the 
circuit of Fig. 12 2, tJiis i)cing known as a ''voltage” feed-back 
circuit. Ji is made large* comparexl with Z^, while the reactance of 



C is small cennpareel with H, The function of G is te) isolate R from 
the el.c. su])ply ve)]tage. Now fre)m (11-1) 


M 


- i^Z., 

P 1 z„ 


and as 


M, 


M 

1 -aM 


M, 


(12-3) 


- /^Z„ 

P 1“ (I + 0C/<)Zo 

a in this case not being eoin|)lex. Dividing the numerator and 
denominator of the last expression by (1 |- a/<), it may be written 

P I Z„ 

whore //' — /</(! -|“ P — /»/(! + */*) 


M.. 


This expression indicates that feed-back of the type indicated by 
Fig. 12-2 gives conditions which would result from a valve having 
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a slope resistance p and an amplification factor // ieculing into a 
load Zft, without feed-back being omjdoyod. it will be noted that 
both p and [jl are reduced in the same ])roj>ortion. 

Compound Feed-ba(jk 

By simultaneously employing both curreiil and voltage feed¬ 
back, what is known as com})ound feod-l)ack is produced. The 
circuit for effecting this is shown by Fig. 12-3 and will be soon to 



be a combination of Figs. 12-1 and 12-2. As we hav(^ already 
found, the effect of current feed-back is to increase p to p + (I . 

Hence, combining this result with (3 2-3), w^o have 

lyr ^ _ 

P + (3- + -1 (1 + aip)Za 

— jn'Za 

or /, , y 

P i- 

where / == /^/(l + and p" + l)iK,]/(l |- aj/i). 

From this result it will be noted that while // is reduced, p\ 
i.e. the effective slope resistance, may be made larger than, equal 
to, or less than p by suitable choice of values for Bf. and a^. 

Figs. 12-1, 12-2, and 32-3 refer only to basic feed-back circuits. 
In practice feed-back may be employed with more than one stage 
of amplification, the feed-back occurring from the last stage to the 
first or to any intermediate stage as desired. As an example of this, 
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reference may be made to Fi^. 12-4, which sliows a two-valve 
resistance-capacitanc(^ cou])le‘(l am])lilior feeding back from the 
second valve to tlu^ first. Consideration of the potential changes 



througiiout the circuit for a given })olarity on the grid will show the 
feed-back to be negative. 

Positive Feed-back 

Under negative feed-back conditions |1 —aMj > 1. However, 
if |l —aM| < 1 the feed-back is positive. An immediate result 



of this is that Mr> M and thus positive feed-back may be employed 
for increasing the output of an amplifier for a given input voltage. 
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Positive feed-back is frequently employed in connexion with the 
reception of wireless signals, where it is termed reaction. One method 
of application is shown by Fig. 12-5, where it will bo noted that a 
coil in the anode circuit of the second valve is back-coupled to the 
tuned anode coil in the first valve. Jl has been stated previously 
that if the anode circuit is tuned to resonance it behaves as a pure 
resistance of value LfCR. Hence it is desirable that It shall be as 
small as possible if a high value of M is to bo obtained. By coupling 
the anode coils in the manner indicated by Pig. 12-5, it may be 
shown that the effective value of R may be reduced below its normal 
value. 

If is the current flowing round the tuned circuit, then the 
voltage applied to the grid of the second valve is 

hijpc 


the resulting current in the anode circuit being 

r —— 

If V is the e.m.f. acting in the tuned circuit, then 

I- jpmh = V 

or substituting for 




+ 


/mi 


C(p -f Z„ 

If the anode circuit is tuned to resonance j)L — ^JpC and 


y j f - l/l'f'’) 

nee j)l 


(^{P 4 Za 


or 




pm 

0(p -f ZJ 


V 

h 


(12-4) 


Now the left-hand side of this equation may be regarded as the 
effective resistance of the tuned anode circuit and, as m may be 
made either positive or negative, it is evident that R may be reduced 
and the amplification thus increased. 


Valve Oscillators 

In the foregoing example of the application of reaction, it has 
been shown that an increase in the voltage amplification factor 
results from a reduction in the effective resistance of the tuned 
anode circuit. It is evident from (12-4) that with m negative a 
possibility exists of making the effective resistance negative. In 
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the event of this occurring, the amplifier passes into a state of self¬ 
oscillation. Without feed-back from the second valve an oscillation 
started in the LG circuit of the first valve quickly dies away because 
of the losses in R, However, if the energy can be supplied to L 
from at a rate equal to or greater than that at which it is dissipated 
in i?, the oscillation will continue or even increase in amplitude. 

To consider this matter in detail the conditions of the single 
valve circuit of Fig. 12-6 will be analysed. Let it bo supposed that 



Fia. 12-0 Fm. 12-7 


the amplification factor of this valve is sufficiently high that the 
value of the anode current is almost solely determined by the value 
of the grid potential. Then, according to (10-6), 

% = 


Assuming an oscillation to bo started in the LC circuit, the conditions 
may be written 

L-j: m -jr Ri Vg — 0 


where i is the oscillatory current. Now i = CdVgfdt and == g^Pg- 
Substituting, we may write 



or 


1 

L 



C ) dt'^ LG"' 


From this result we again see that because of coupling between the 
anode and grid circuits the effective resistance of the latter has 
been altered from 22 to (i? + mg^fC). Again if the coil connexions 
are arranged so that m is negative, it is possible by varying m to 
make the effective resistance equal to zero. In this case an oscillation 
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once started will persist at a frequency approximately equal to 
1/2 77V LG. If the effective resistance becomes negative, then the 
oscillations will increase in amplitude. 

In order to cause oscillations to occur some electrical disturbance 
is necessary, such as the closing of the switch in the anode circuit. 
Once started, the osciillations build up spontaneously to an amplitude 
the magnitude of whi(5h will be considered below. Tlie fact that 
oscillations have started is conveniently indicated by an ammeter 
in the anode circuit. Because of the rectifying properties of the 
valve, there is usually an increase in the value of the mean anode 
current when oscillatory action commences. 

The condition for oscillations to be maintained in the circuit 
of Fig. 12~6 may be regarded from another* viewpoint. The e.m.f. 
induced by the anode coil in the grid coil is mg^^dvgjdt, this being 
in phase with the current i. Hence the anode circuit introduces 
energy into the grid circuit at a rate img,^,dv„ldt, while R dissipates 
energy at a rate i^R. Now i ~ Cdt^gldf and, for oscillations to be 
maintained, it is necessary that energy shall be supplied as rapidly 
as it is dissipated. Hence 



and 


( 12 - 5 ) 


or 

as before. 


< 0 


Tuned Anode Oscillator 

As the alternative to the tuned grid circuit of Fig. 12-6, the 
tuned anode circuit of Fig. 12-7 may be employed for the main¬ 
tenance of oscillations. If I is the oscillatory current in then the 
losses are I^R, For oscillations to be maintained energy must be 
supplied to the tuned anode circuit at a rate equal to I^R. Now, 
when oscillating, the anode circuit behaves as a pure resistance of 
value LfCR and hence the anode current is 

T_ 9 

L 
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The voltage across C is pLI and the power supplied to the anode 
circuit is 


TV - (iphnLP 

For oscillations to 1)0 maintained wc must have 

p2)hnLP 


P + 


r 

Jb 


or, putting — l/i>(^^ 


and 



CEp + L CB L 

7n> ^ >-H - 

P 9m P 


( 12 - 6 ) 


Power tn Oscillatory Circuit 

By coupling the inductance in the circuits of Figs. 12-6 and 
12-7 to some other circuit, it is, of course, possible to draw power 
from the oscillator. At any instant the current supplied by the 
d.c. supply is shi pty while the voltage between anode 

and cathode is K -|- sin (pt + tt). Hence the instantaneous 

power dissi})ated as heat at the anode is 

('Iq t- fa max sin pt)[E + F^ maoj 81 ^ (pt + Tt)] 

-= (iQ + la max Sm pt) (K - Fa Sm pt) 

== FAq + El ^ sin pt — ig Fa ,aaa- sill pt — la max Va max Sm® pt 

and the moan value of this over a cycle is 

I V 

■gjT* ■'a max ^ a max 

Eiq -2- 

This is less than the power supplied by the d.c. source by an amount 
laYa which is, consequently, the power available for maintaining 
oscillations. 


Maximum Power 

The maximum oscillatory power occurs when laVa is a maximum. 
If is the saturation current of the valve then la max = is/2; also 
ig = is/2- The maximum value of Va is equal to E, These values 
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are, of course, purely theoretical limiting values but will, nevertheless, 
give a limiting value to the maximum power and eiticiency of the 
valve. It follows that 


1 


a m 


, 1 ' 


a /// ti t 


«) 


The d.c. input ])ower is 
and the efficiency is tiuis 




KIJ2 F/u 
2 4 

Fiji 


Fij4 
Ei l'2 


Anode Tapfing Point 


In order that a valvi^ oscillatoi* of the tuned anode type may 
deliver theoretical maximum jiower, a certain value, of the ratio 
LjC must be achieved. We have. 


V 

^ it mm 


> LI<'B 


or 


K 


i. /- 

2 ■ CR 


and 


L 'IRK 
(' i~ 


Now for a given freqxiency the product LC is fixed and hence for 
maximum power the ratio LjO must be adjusted without altfTing 




the LC value. This is effected by jdaeing pai t of L in series with C 
in the manner shown by Fig. 12-X. With this anangement the 
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frequency of oscillation is still given by II27tVLC but the com¬ 
bination of Lg C ill series ads as a capacitance of increased 
value because the reactance of t he combination is less than that of 
C acting alone. If the value of the effective capacitance is then 
I 1 j l — 

l>(\ pC “ pC 


Now 

or 


1 1 
“ v', “ 


and 


1 


1 

LG 


'' (4 + 4 ) 6 * 

which shows that the frequency is unaffected by the distribution 
of tlie inductance. 

Again ^ 


and 


A 

(h 


V 

LG 


A 


From this result we se(' that the ratio of the inductance of the 

circuit to the eilcctiv(‘ ( apacitance is L^jLG and hence the effective 

circuit resistance is , ^ „ 

Ly L^ 

G^R LGB 


Thus the effective circuit inductance and resistance have been 
decreased and tiu' effective ca})acitance increased. It is now neces¬ 
sary to determine />,. We have 


from which 


m in 


L 


I 




V 


2LGRE 


LGR 


Again, if conditions are arranged for maximum efficiency, i.e. 
50 per cent, the internal and external resistances of the oscillator 
must bo equal. Hence 



and 


L, - y/RpLG 
-- y/Rpjp 
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By placing part of the inductance in the capacitance arm the 
value of m to maintain oscillations is altered from tlie value given 
by (12-6). We now have 

ftpmJ 
^ ' LVK 


and 

y,. ~pL,i 


Hence 

IjphnLJ^ 

P + LCR 


and 

^ LCJRp 1 L,^ . LCR , i, 

W > . * - - 

■ (12-7) 


Of course, if all the inductance is in one branch of tlie circuit, 

= L and (12-7) reduces to (12-6). 

In addition to the two oscillator circuits previously described, 
a very large number of other valve oscillator circuits exist, so 
numerous in fact that space does not permit their descri})tion hero. 
However, the circuits of Pigs. 12-() and 12-7 may bo regarded as 
basic, the great majority of other circuits conforming to those in 
principle. This means that coupling exists between grid and anode 
circuits so that energy may be fed from one circuit to the other in 
order that oscillatory action may be maintained. Oscillator circuits 
need not consist of one valve only, but energy may be fed from the 
anode circuit of one valve to the grid circuit of another. In many 
cases the efficiency of a single-valve oscillator is of no great moment 
as it may be coupled to an amplifier, and it is the efficiency of the 
latter which is then of principal importance. 

Grid Excitation 

In the circuits of Figs. 12-6 and 12-7, the grid is excited by 
what is termed mutual inductive coupling. An alternative method 
of grid excitation is direct inductive coupling and is exemplified 
by the circuit of Fig. 12-9, sometimes referred to as the Hartley 
circuit. In this it will be seen that the inductance is divided into 
two parts with the junction connected via a blocking condenser 
to the cathode. There may or may not be mutual inductance 
between the two parts; actually this is immaterial. It is evident 
from the figure that the anode-grid and grid cathode voltages are 
180° out of phase. The circuit may be re-drawn in the manner 
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shown by Fig. 12-10, in which case it is evident that the circuit 
resembles that of Fig. ] 2-8 with taking the place of m. Hence 
the analysis ap[)]ied to the circuit of Fig. 12-8 is applicable to that 
of Fig. 12-10 if Lg takes the place of m. It follows that for the 
maintenance of oscillations 

JjCIt Lj 

*1 ~~ 


u > 


Ll9n 




An important ])oint whicli may bo noted witli this circuit is that 
the anode-grid inter-electrode capacitance is in parallel with the 

HT-I- 




tuned circuit capacitance, and thus does not act as an uncontrolled 
coupling capacitance. 

A circuit employing direct capacitance coupling is shown by 
Fig. 12-11. This is sometimes referred to as the Colpitts circuit, 
and the capacity is so divided as to provide a voltage between grid 
and cathode sufficient to maintain oscillations. 


Feed 

As with amplifiers, oscillator circuits may employ either series 
or shunt feed. The Colpitts circuit shown has shunt feed, while 
the three previous circuits are series fed. The alternative shunt- 
feed circuits for the tuned-anode and Hartley circuits are shown by 
Figs. 12-12 and 12-13, respectively. 

Use of Grid Bias with Oscillatory Circuits 

It has been shown that the maximum efficiency of a tuned-anode 
oscillator is 50 per cent. By negatively biasing the grid the quiescent 
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current may be reduced and also the mean anode dissipation. This, 
of course, makes possible an increase in efficiency beyond 50 per 
cent. However, a detrimental effect of grid bias is the introduction 
of harmonics into the output. If the grid is so biased that when 




Fia. J2--12 Fio. 12-13 

oscillations build up the lower curved portion of the ijv^ charac¬ 
teristic is involved, then evidently distortion will occur. A further 
point in connexion with the employment of grid bias is that the 
value of m must be greater to start, and maintain oscillations. When 
bias is employed is smaller than when it is 
not, and reference to (12-6) and (12-7) shows 
that, in consecpience, m must be increased. 

Two methods of applying grid bias to an 
oscillator may be employed: (1) the grid may 
be self-biased as shown by the circuit of Fig. 

12-14, or (2) a steady bias may be employed 
derived from an external source. Regarding the 
latter, if the bias is too great, may become 
too small for oscillations to start. This objection 
does not, however, arise with method (1). With 
this method, when the valve is not oscillating, 
there is no bias applied to the grid. Hence 
has its maximum value and, when an appro})riate disturbance 
occurs, oscillations commence. During the positive half-cycles of 
oscillatory grid voltage the mean grid potential goes negative in the 
manner described in Chapter X. Hence the grid is only negatively 
biased while oscillations are occurring, and in this manner the 
biasing arrangements in no way affect the initiation of the oscillatory 
state. 
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AmPLITTTDE of OsriLLATIONTS 

So far the conditioiiK neceHsary for starting and maintaining 
oscillations have l:)eon studied without closely considering the 
amplitude reached by the oscillations. In determining the efficiency 
of an oscillator, it was assumed that the oscillatory component of 
the anode current varied between 0 and ig. However, in practice, 
this is not necessarily so. Jn the various cases considered it has 
been assumed in (12-5), (12-6), and (12-7) that is constant. 
However, this is only true for the middle portion of the iah^g charac¬ 
teristic. As up])er and lower bend curvature are approached, 

Fig. 12-15, the value of be¬ 
comes less than at the quiescent 
point. Hence a point will be 
reached on the characteristic 
at whi(di the inequalities 
(12-5), (12-6), and (12-7) be¬ 
come equalities. At this point 
the amplitude of the oscillations 
will no longer increase but will 
remain constant. Thus it will be 
ap])reciated that it is the non¬ 
linearity of the valve character¬ 
istics which is responsible for the 
stability of the oscillator. Re¬ 
garded in another way, we may 
say with respect to the circuit of Fig. 12-6 that ultimately the value 
of becomes such that the efl’ective resistance of the circuit changes 
from negative to zero. Beyond this point the resistance becomes 
positive and hence the oscillation amplitude is limited by the value of 
g„^ which causes the effective circuit resistance to change from nega¬ 
tive to positive. With regard to the tuned-anode circuit, the losses in 
this circuit increase as the oscillation amplitude increases. Ultimately 
g^ decreases to such a value that the rate of introduction of energy 
into the anode circuit is just equal to the rate of dissipation of enegy 
therein. At this point the oscillation amplitude will cease to increase. 

It is evident that when a self-biased oscillatory circuit is em¬ 
ployed this will also tend to stabilize the oscillator and limit the 
amplitude of oscillation. As described on page 393, with this 
system of bias, before oscillations commence, g^ is a maximum. 
On initiation of the oscillatory state the mean grid potential travels 
negative. Thus the working point moves down the characteristic 
resulting in a decrease in g^. 
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Further Types of Oscillators 

Before proceeding to describe several other oscillators it is 
desirable to offer some remarks concerning oscillators in general. 
Those so far described an^ of the feed-back ty])e and actually consist 
of an amplifier feeding back ])art of the output to the input so that 
the amplifier provides its own excitation. Such oscillators may be 
also termed fiiniimidal oscillators because, in general, they produce 
sinusoidal voltage and current waves. WJiere the output waves 
are markedly non-sinusoidal, the oscillator is frequently termed a 
relaxation oscillator, as the oscillations are C/luiracterized by an abrupt 
change, or relaxation, from one unstable stat(‘ to another. The 
time-base circuits described in Chapter XVll generally comprise 
oscillators of this typo. 

A further form of oscillator is the negntive-resistanr^e oscillator. 
In such oscillators a circuit cleimiut is employed possessing a negative 
volt-ampere charaotc?ristic over some operating range. An example 
of this is the dynatron described in (liapter X. A valve operated 
in this manner possesses a negative slope rosistam^e over a ])ortion 
of its characteristic and this may counterbalance the positive resis¬ 
tance of an LC circuit in the anode lead, thus making continuous 
oscillations possible. 

The basic circuit of a dynatron oscillator is shown by Fig. 
12-16 and the valve characteristic by Fig. 12-17. Under oscillatory 
conditions the oscillatory circuit behaves as if possessing a resistance 
equal to L/CB. Hence if B^ is the value of the negative slope resis¬ 
tance of the valve, oscillations will commence ])roviding B^, > LJCB. 
The slope of the load line is L/C YiJ and under oscillatory conditions 
this must be less than B^. Thus, referring to Fig. 12 -17, oscillations 
are not possible with the load line (a), but are with (6). Although 
the load line will not, in general, coincide with the line jK,, never¬ 
theless the current-voltage locus must be along the valve character¬ 
istic. Hence two current-voltage loci are necessary to describe 
the operation when Bg > L/CB, That of {b) gives the value 
of the fundamental component of the total current, while 
the valve characteristic gives the total current. The difference 
between these two currents at any point corresponding to a 
given anode voltage is the value of the harmonic current. Be¬ 
cause of the low reactance of the condenser to harmonics of the 
fundamental, the harmonic components of the current mainly 
pass through the condenser. Thus, the alternating component 
of the anode voltage is appreciably sinusoidal, although the anode 
current may contain appreciable harmonics. The harmonic 
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current for one value of the anode voltage is shown in Fig. 
12-17 by P 1 P 2 . 

It is possible for the oscillation amplitude to become such that 
the maximum and minimum of the valve characteristic are exceeded. 
In this case the slope resistance of the valve beyond these points is 
positive. Under these circumstances the average value of the slope 
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Fio. 12-16 


Ftg. 12-17 


resistance becomes less negative and the oscillation is stable at an 
amplitude at which the average value of the slope resistance is 
equal to LJCR. 

An alternative method of treating the dynatron oscillator is 
to assume that the characteristic of Fig. 12-17 is that of a cubic 
equation, which may be expressed as 

ia = ig— (X.V -)- Pv^ . . . (12-8) 

The conditions in the LC circuit may be written 

L --1- R{t + *„) + w 0 

-Lj^+S,., L-^ + v~» . . ( 12 -») 

as ia is small compared with i. Differentiating (12-8), 
dia __ dia dv 
dt ” dv dt 

fjffj 

Substituting in (12-9) and putting di/dt — Cdh)ldfi, 

LC + {CR — ia + v — 0 
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a dr 2 

dr^ [l~C C Jdf'^Li^ 


An approximate solution of this (upiation is 


V 



CR/L 

:i/r 


- cos 


pt 


where p — This result shows that oscillations will occur 

providing a > (^RjL, i.o. the recij)rocal of the slope resistances at 
Q must be equal to or larger than (^RjL. This, of course, is the 
same thing, as R^ > LJCR, the result previously found. 


The Magnetron Oscjillator* 

Under suitable circumstances the cyHndricnlly symmetrical 
system described on page 1112 may be employed to geneiale ultra¬ 
high-frequency oscillations. In these circumstances ihe oscillator 



Fig. 12-lS 


is termed a magnetron. In order to obtain the high froc|uencios of 
which the magnetron is capable, the external resonant circuit 
sometimes consists of two Lecherf wires arranged as shown by 
Fig. 12-18. The purpose of the three chokes is to prevent high- 
frequency currents from passing through the j)ower supx)ly (jircuits. 

Some uncertainty appears to exist concerning the principle by 
.which oscillations are produced by the magnetron. However, it is 
possible that it functions in the following manner. On page i:54 it 
is shown that the minimum value the anode voltage may have for 
current to flow is ^ 2 ^ 



* For recent magnetron developments .see An JvtfOilwthn to Mulfi-Itrsonator 
MagnettonSf R. Latham, A. H. King, J^. Ku.shfort}i, The KnffinceTf 5th April, 
1946, p. 310; The Engineer, 12th April, p. 331. 

t Electricity and Magnetism, p. 459, S. (1. Starling fT^ongmans, Green). 
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If, initially, the anode voltage is below this value, an increase 
above V will cause current to ilow in the external circuit. This will 
cause the anode voltage to fall, wheroiij)on, because of the weakened 
electric field, electrons emerging from the cathode will fail to reach 
the anode. Thus the current will cease and the anode voltage again 
rise. This re-initiates the current How and the cyclic behaviour 
will be indefinitely repeated. The transit time of the electrons from 
cathode to anode is one-half the ]>eriod of the cyclic behaviour. 
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(mPTER XIII 

ELECTRONIC RECTIFIERS 

IIkfore the dcvclo])ment of electrcmies, th(‘ derivtiiioii of a d.c. 
supply from an alternating source was invariably met by what was 
virtually some mechanical switcliing devic(\ Among such devices 
may be mentioned the vibrating reed rc'ctifier, motor-genc^rator sets, 
synchronous converters, rotary converters, tra ns venders, Such 
rectifiers function by virtue of the motion of cendain ])arts (such as 
a commutator) and thus this form of leedilication is sometimes 
reftOTed to as “dynamic.” With the growth of eh^ctronics rectifica¬ 
tion by mechanical switching has largely given way to electronic 
medhods, the various forms of the latter l)eing termed static 
rectification. 

Considerable advantages resull from the empU)ym(*nt of ^ta.tic 
rectifiers. Unlike rotary types, it is (^asily practicable to const/rued 
static rectifiers for almost any lower limit of capacity, a ])articularly 
important application in this respect lunng the operation of moving- 
coil instruments from a.c. sources. Th(‘ |)artieular advantages of 
electronic rectifiers may be stated as absence' of moving ])arts, low 
maintenance costs, high and ])ractically constant (^fficien(?y, negligible 
depreciation, and high momentary overload capacity. 

Although many different forms of electronic rectifiers exist, the 
majority of ap])]ications em])loy either one of two basically different 
types. These are the dry-contact and valv(‘ types of rectifier. 
Amongst the former are the selenium and copp(u-oxide rectifiers, 
while the latter consists of the vacuum tube, the hot-cathode gas- 
filled, and mercury-are rectifiers. The dry-conlact, vacuum-tube, 
and gas-filled types are mainly usckI for relatively low power supplies, 
the mercury arc being employed for heavy })ower work. With 
respect to current and voltage limitations, single units of the fore¬ 
going group are capable of su]>plying from 0*1 uiA for instrumcmt/ 
operation up to 10,000 amp. for traction jmrposes, these ranges, of 
course, being capable of extension by the em])loyment of units in 
parallel. With regard to voltage, single units of the vacuum type 
may be obtained to o{)erate at almost any upjK r limit, while hot- 
cathode gas-filled and mercury-are types hav(i hvvu constructed for 
50 kV and .‘10 kV respectively. In the case of dry-contact n^ctifiers 
the voltage range is extended by placing a number of units in series. 
Evidently the range is practically unlimited. Besides a natural 
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lower voltage limit for thci foregoing rcjctifiers, an economical lower 
voltage limit exists. This is about 0*5 volt for co])per-oxido, 1 volt 
for selenium, 10 volts for gas-filled hot cathode, and 100 volts for 
mercury arcs. 


As3rmmetrical Electrical Conductivity 


The majority of conductors ])ossess what may be termed sym¬ 
metrical conductivity, i.e. the magnitude of the current flowing in 
either direction through tlie substance is independent of the polarity 
of the a])pliod voltage. However, in certain conductors or arrange¬ 
ments of conductors, the magnitude of the current passing depends 
on the polarity of the ap])lied voltage. In such cases the conductor, 
or arrangement, is said to possess asymmetrical conductivity, which 
means that it passes current more freely in one direction than the 
other. The direction of higher conductivity is termed the ''per¬ 
meable,’' ‘'forward,” or ‘'conducting ’ direction, while the lower is 
termed the "impermeable,” "reverse,” or "non-conducting” direc¬ 
tion. An example of these })roperties with which we have already 
dealt is, of course, the thermionic vacuum tube. 

The essential property of all electronic rectifiers is that they 
possess asymmetrical conductivity. If an alternating e.m.f., whose 
mean value is zero, is ap])lied to an asymmetrical system, it is 
evident that for one half-period more current will flow than for 
the other. Thus the mean value of the current will be different 
from zero and rectification will ocnuir. Let it be assumed that the 
resistances in the forward and reverse directions are constant and 
respectively equal to Vj and If a load resistance R is placed in 
series with an asymmetrical conductor and a voltage given by 
e sin 6 apj^liod, then the mean current is 


1 

2 ^ 




e sin Odd 
Tf ^ R 




■ + 


e sin Odd 

Tt R 


= L( ^ _ 

77 \rf R -f- Rj 


which will be diiferent from zero, providing Vf 
appearing on R is given by 


. (13-1) 

The voltage 

TrVr, h-fi r, + R)- ' ' 

Commenting on (13-1) and (13-2) it is obviously desirable that 
should be as large as possible and Tf as small as possible, the ideal 


eR( I 


r, + i?) ' 
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condition being == cx), r, = 0. With this condition, (hVl) and 
(13-2) become efTrli and ejir respectively. In practice, of course, 
conditions are never ideal, but in many cases is so high that it 
may bo regarded as infinite. The ratio r,./ry is sometimes referred 
to as the rectification ratio. 

Contact Rectifiers 

Although numerous forms of contact rectifiers exist, only four 
may be said to be well known; these are the crystal, the electrolytic 
cell, the copper-oxide, and the selenium rectifiers. The first was, 
of course, extensively used in the early stages of radio-communica¬ 
tion, while the last two are the only types which have been developed 
and may be said to be indispensable to the electrical industry. 
The electrolytic I'ectifier was at one time oeveloped to the point 
that it was suitable for low-power work, but fell into disuse with 
the advent of metal rectifiers, i.e. the copper-oxide and selenium 
types. 

The Electrolytic^ REcrrmER 

Before passing to the detailed consideration of the two last- 
mentioned rectifiers, the electrolytic rectifier will be briefly con¬ 
sidered as its principle is similar to that of all rectifiers of the contact 
type. If two electrodes of aluminium and iron are immersed in a 
solution of sodium bicarbonate (NaHCXIg) and a current passed 
so that the aluminium is the anode, the current will rapidly fall 
to a negligible figure. If the direction of the current is reversed, 
it will flow quite freely and electrolysis will take ])lace in the usual 
manner. An cxjilanation of these ])henomena is the following. 
If aluminium is made an anode in a suitable solution, on switching 
on the current there will be a migration of OH ions towards the 
anode where they will combine with the aluminium to form a film 
of hydroxide on the surface. Successive ions on arriving find diffi¬ 
culty in penetrating this film and form a layer of gas in it, the film 
being porous. The function of the hydroxide film is thus largely 
mechanical; it provides a support for the gas layer. It will thus 
be seen that the presence of this gas layer gives the cell its high 
resistance when the aluminium is the anode. Jtectification may, 
therefore, be attributed to the comparative ease with which the 
aluminium can send its free electrons through the gas layer when 
made cathode, the gas layer forming a somewhat effective barrier 
to the comparatively massive anions (negatively charged molecules) 
when the aluminium is made cathode. 
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III the light of tho foregoing theory we may say that the electro¬ 
lytic rectifier consists of an electrolyte whicli is ]) 0 ()r in free electrons, 
an electrode rich in free electrons, and an insulating film which is 
formed on the electrode (anode) immediately after switching on the 
current. The metal used for the anode must be one which is easily 
oxidizable but reducible with difficulty. Thus, the action is elec¬ 
tronic?, electrons flowing from the aluminium through the film to 
the electrolyte, but not vice versa. 

A reason for the limited use of electrolytic rectifiers is the 
fact that the anode film is easily reducible^. During the reverse 
lialf-cycle the film tends to be destroyed, resulting in a relatively 
largo reverse current and low reverse resistance. In some cases 
the author has found the rectification ratio to ho no higher 
than 35 ; 1. 

The theory put forward for the action of the electrolytic rccjtifier 
is applicable to dry-contact rectifiers. In general, these consist of 
a combination of a metal carrying an insulating film and a poor 
conductor consisting of a binary metallic compound or mixture. 
The film is formed at tlie surface of the metal eitht^r by chemical or 
electrolytic action. Examples of such rectifiers are lightly oxidized 
aluminium and fused cupric sulphide; oxidized tantalum and lead 
peroxide; oxidized zinc and lead peroxide; copper and aluminium 
in contact immersed in ammonium sulphide, etc. All the foregoing 
are similar in that they consist of a good conductor, an insulating 
film, and a poor conductor. 

In dealing with now-employed metal rectifiers it is customary 
to refer to the insulating film as the barrier or blocking layer. 
Assuming a potential difference is produced between the two con¬ 
ductors, the barrier layer will create a steep potential gradient 
between them. Assuming the polarity of the poor conductor is 
positive, the intense electric field at the surfaces of the conductors 
will cause auto-electronic emission from the better one in the manner 
described on page 184. The electrons therefore will be accelerated 
and acquire sufficient velocity to pass through the barrier layer and 
roach the poorer or semi-conductor. On reversing the potential a 
similar effect will occur, but its magnitude will be much smaller, 
due to the comparative lack of free electrons in the poorer conductor. 
In order to produce the most pronounced rectifying effect it is 
evident that the differences in the work functions, and free electron 
densities of the two conductors should be as great as possible, i.e. the 
good conductor should possess a low work function and the poor 
conductor a high one. 



ELECTBOKIC RECTIFIERS 


403 


The Copper-oxide Rectifier 

The copper-oxide rectifier dates from (jroiidahrs ainioimcement 
in 1926 that a piece of copper having one side covered with a layer 
of cuprous oxide ((VigO), possesses marked asymmetrical conduc¬ 
tivity. In ord(ir to produce rectifying units either discs or strips 
of copper ar(‘ emj^Ioyed. The eojiper must ijossess a high degree of 
purity and it is essential that finish and cle.anliness are ])erfect. 
However, in spite of this it ajipears that no relationshi]) between 
chemical purity and asymmetry has yet been found. The co])per 
must possess about 0*03 ])er cent of oxygen, as oxygen-free copper 
fails to form an oxid('. with the necessary adherence. It is found 
that non-metallic im])urities such as sulphur, the Iialogens, and 
gases are of pjimary importance, while metallic impurities are of 
secondary importance only. The physical properties of the copper, 
such as hardness and grain size are of no importance and the most 
suitable way of testing cojiper for rectifier purposes is the construc¬ 
tion of actual rectifiers from it. 

The OxiDATTOJSi Trocess 

Having obtained copper of the right degree of purity, the next 
process of great importance is its oxidation. As gaseous impurities 
are of primary importance, it is evident that oxidation must b(‘ 
carried out in a pure atmos})here. The copper blanks are heated in 
air at between 900° C. and 1020° 0. for about ten minutes, during 
which time an oxide film approximately 0*1 mm. thick is formed. 
The copper is next transferred to a furnace at 600° C. and allowed 
to cool to this temperature. It is then removed and cooled to room 
temperature by quenching in oil or water. The purpose of both 
cooling processes is the production of a layer of cuprous oxide of 
the required resistance. At this stage the cuprous oxide takes the 
form of a hard crystalline layer, firmly adhering to the copper, but 
covered with a thin film of cupric oxide formed during the annealing. 
This film must bo removed, and this is effected either by abrasion, 
sodium cyanide, or, more latterly, by mineral acid processes. 

To describe the oxidation process in greater detail, it may bf* 
said that on first heating the copper from cold up to 400° 0. cuprous 
oxide alone is formed. Above this temperature cupric oxide also 
commences to form, but tends to be confined to the surface due to 
the low porosity of the film. Due to this, the quantity of oxygen 
reaching the cuprous oxide is insufficient to oxidize it completely. 
As the temperature is increased, oxidation proceeds more rapidly, the 
surface film of cupric oxide continuing to exist until approximately 
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975° C., when it is reduced to cuprous oxide. Up to a tem¬ 
perature of 1020° C. the higher the temperature the lower the 
forward resistance of the rectifier. Above this temperature and 
below 900° C, the forward resistance tends to be excessive. 

With regard to the annealing process, the second stage of this, 
i.e. cooling from 600° C., is the most important. The quicker this 
is accompUshed the lower the rectifier resistance and hence, in 
practice, water quenching is most frequently employed. 

The Barrier Layer 

The s})ecific resistance of pure cuprous oxide is of the order of 
10® ohms per cm.®, which is a far higher figure than that found for 
the oxide present in rectifiers. The latter is of the order of 10® ohms 
per cm.® or less. Tliis is because cuprous oxide formed by direct 
oxidation of copper contains oxygen in excess of that demanded 
by the chemical formula. Actually it is found that the conductivity 
of the oxide depends on the pressure of the oxygen in the surrounding 
atmosphere. From these facts it may bo considered that the copper- 
oxide rectifier consists of a good conductor, copper, a poor or 
semi-conductor, i.e. cuprous oxide having an excess of oxygen, and 
a barrier layer consisting of pure cuprous oxide. While oxidation 
is occurring, oxygen must be j>assing through the oxide already 
formed to reach the coj^per in order tliat oxidation may continue. 
When oxidation is discontinued, due to a reduction in temperature, 
the oxide will contain an excess of oxygen which must be retained 
so that the oxide may be partially conducting. The pressure of 
oxygon is greatest at the outer surface of the oxide, and it is probable 
that the oxygen immediately adjacent to the copper continues to 
combine with this, forming a thin layer of pure cuprous oxide. The 
latter will then form the barrier layer. 

Rectifier Resistance 

The total resistance of any copper-oxide rectifying unit must 
comprise the resistances of the following— 

1. The copper base. 

2. The contact between copper base and oxide. 

8. The oxide. 

4. The contact between oxide and counter-electrode, 

5. The counter-electrode. 

With reference to (5), this electrode is a soft foil washer pressed 
on to the oxide in order to obtain a low-resistance contact. Further 
details of this electrode will be given later. It is evident that the 
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resistances of (1), (4), and (5) may be neglected and we are thus 
left with those of (2) and (2). Referring to the latter, it is found 
that the cuprous oxide obeys Ohm’s Law, but the s])ecific resistance 
decreases from the outer surface towards the eo])per base. In 
y)ractice the average specific resistance is of the order of a few 
hundred ohms per cubic centimetre. The oxide resistance, of course, 
v^aries with its thickness, but not linearly, due to the variation in 
specific resistance refernnl to above. Variation in the tliickness of 
the oxide layer, therefore, affects the resistance of tJic rectifier, 
but principally in the forward direction, the effect on th(i high 
reverse resistance being iK^gli- 
gible. The oxide resistance 
does not comprise the (nitire 
forward resistance, as the 
barrier layer forms the gn^ater 
part of this. 

(.IJRRENT ANT) TEMPERATURE 

Effects 

Cbpper-oxide rectifiers are 
influenced by current and 
tem])erature, the resistance* 
falling with an increase in 
these quantities. Of the two, 
the current has the most })ronounced effect, as shown by Fig. 
13-1, which gives a forward resistance/current curve for a typical 
unit. As the oxide layer obeys Ohm’s Law it is apparent that 
the effect of an increase in current is to reduce the resistance 
of the barrier layer. This is also tnie for tlu* reverse direction as 
Fig. 13-2 shows. The influence of temperature on both forward and 
reverse resistances is indicated by the volt/ampere characteristics 
of Fig. 13-2. It will be noted that the resistan(*e temperature 
coefficient is negative in both cases. Actually the temperature 
coefficient of cuprous oxide is found to bo negative, but, in addition 
to this, it is evident that the barrier-layer coefficient is of the same 
type. 

Electrical Properties of ('opper-oxide Re(^tifiers 

As indicated by Fig. 13-2, it is evident that both forward and 
reverse resistances are dependent on the applied voltage and that in 
consequence the rectifier does not follow Ohm’s Law. In addition 
to the variation due to voltage, the rectifier resistance also varies 
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with time. This latter effect can be divided into reversible changes 
known as '‘cree[)/’ and irreversible changes known as “ageing.” 
Referring to Fig. 1 :^-2, it will bo noted lhat tlie forward conductivity 
of a rectifying unit is very low until the voltage reaches a value of 
about 0*2r) volt. At this figure a sharp increase in current occurs 
with an increasing tendency in the characteristic to linearity. It 



will be seen that the reverse current rapidly increases with increasing 
reverse voltage, but does not exhibit the sharp bend in curvature 
of the forward characteristic. In view of the rapid increase in 
reverse current it is essential in })ractico to limit the reverse voltage 
that is applied to a unit. The maximum allowable figure is between 
7 and 9 volts r.m.s., i.e. 10 to 12-7 volts peak. In order to withstand 
voltages in excess of these, a number of units must be placed in 
series. 

Creep 

The current flowing in the forward direction of a rectifier depends 
only on the applied voltage and the rectifier temperature. In the 
reverse direction, in addition to depending on both these quantities, 
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tlie (JiiTTont also dejx'Tids on th(^ time for which the voltage is applied. 
In cas(5S where the current tends to increase with time the creep is 
termed ‘‘positive,” and where the reverse effect occurs the creep is 
termed “negative.” On first applying the voltage the rate of change 
of current is ielativ(‘J\" lugh, thereafter deci-e^asing to zero with the 
curremt se^ttling to a value (‘orres])onding to the })articular voltage, 
temperature, and rectifier condition. 

In the case of the (X)])pcr-oxide rectifier creep is generally positive. 
(Veep characteiistics may be e^itlier instantaneous or otherwise, 
i.e. the curremt may be ro(5orded immediately after applying a 
r everse voltage or a ])criod may be allowed to ola])se until the current 
has become stable. In the latter case the current values are, of 
(?ourse, greater for tlie same voltage, than in the former. After the 
voltage is removed, the reverse resistance slowly returns to its 
original instantaneous value, the rate of return being relatively high 
initially and thereafter decreasing. Providing a sufficiently long 
])eriod is allowed before' reap])lication of a reverse voltage, the creep 
characteristic is reproducible. If, however, a voltage is reapplied 
before the initial conditions are attained the characteristic will not 
be repeated. If a stable curnmt value has been reached and a 
smaller voltage is then reapjdied, creo]) will be negative ; if a larger 
voltage, positives creejD will result. 

Ageing 

The irreversible change, known as ageing, is caused by the effect 
of temperature with legard to the forward direction, and by tem¬ 
perature and reverse voltage with regard to the reverse direction. 
The effect of temperature is to increase both the forward and reverse 
resistances. At room temperature the rate of increase of resistance 
is very slow, but becomes extremely rapid at excessive temperatures. 
In practice, rectifier temperatures should normally not be allowed 
to exceed SS'" C. The effect of reverse voltage is to reduce the reverse 
resistance and, in practice, this effect is of greater importance than 
that of temperature. Hence it is desirable to employ as low a 
reverse voltage per rectifying unit as is practicable. 

The Selenium Rectifier 

In many respects selenium rectifying units are very similar to 
those of copper-oxide. The unit consists of a metal support (usually 
a disc) on which is deposited a layer of selenium. The disc is either 
of aluminium or iron, generally the latter, and when iron is employed 
it is usually nickel-plated and roughened to ensure good adhesion 
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of the selenium. Selenium exists in tlin^e forms known as vitreous, 
a, and /i. The vitreous form is ])raetically an insulator, the a form 
has a high specific rc'sistajice, while the [i form lias a somewhat lower 
resistance, [t is the latter form which is em])loyed in the ])roduction 
of rectifiers. 

In order to apj)iy the selenium to the metal support, the vitreous 
form is reduced to a powder, which is then evenly spread over the 
support. Ihis is then heated to a temperature of, a]:)])roximately, 
125° C. while pressure is simultaneously applied. Under these 
conditions a homogeneous layer of uniform thickness is produced 
which changes to the a foiin on lowering the tem])orature to 100° C. 
Ilie thickness of the layei* is of the same order as that of the oxide 
in the copj)er-oxide r(icf-ifier, i.e. 0*1 mm. The selenium is next 
converted to the // form by heating it to ap])roximately 200" U, 
the time of heating varyhig somewhat with the actual tem])erature. 
following the above ])rocoss, a counter-(dectrode consisting of a 
low melting-])oint alloy (such as k^ad, tin, and bismuth) is spi> v^d 
over the entire surface of the selenium, except for two narrow rings 
at the centre and edge of the disc. These rings are, of course, to 
prevent contact occurring between the counter-cdectrode and the 
support. 

The theory of the selenium rectifier is very similar to that of 
copper-oxide; i.e. it depends for its action on the existence of a 
barrier layer situated between a good and a poor conductor. The 
latter consists of selenium of the (i form which, by the addition of 
agents having a similar effect to an excess of oxygen in cu])rous 
oxide, has a higher conductivity than normal. Thus, whereas the 
pure ff form has a s])ecific resist ance of several thousand ohms, when 
employed in the rectifier tlie resistance is usually only a few hundred 
ohms. 

In the case of the selenium rectifier it is found that the direction 
of electron flow is from the selenium to the metal base, which 
indicates that the barrier layer is not situated between these two. 
Actually the barrier layer is located between the counter electrode 
and the selenium. After the production process described above 
it is found that the rectifying unit possesses very little asymmetrical 
conductivity. In order to produce the necessary asymmetry an 
electrical forming process must be employed. This consists of 
applying a voltage to the unit in the reverse direction for several 
hours. Initially the voltage must be low in order to prevent over¬ 
heating, but as the reverse resistance increases, the voltage is 
increased until a safe maximum is reached. A proof that the barrier 
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layer is formed between the selenium and the eountei-(^le(}trode is 
that if the lattei is nmioved, and a fresh one a])|>liod, the asymmetry 
is destroyed, and the forming f)roeess must be repeated. The change 
in characteristics consequent upon forming a unit is shown by 
Fig. 13-3 for a typical case. II will be noted that both forward and 



reverse resistances are increased, but the latter to a much greater 
extent than the former. After a unit has been formed it remains 
stable, but there is some reduction in reverse resistance after long 
storage. Thus, if a reverse voltage is applied to a rectifier which 
has been out of action for some time it will be found that, initially, 
the reverse current is higher than normal. The reverse resistance, 
however, quickly reforms to its normal value. 

Electrical Characteristics of Selenium Rectifiers 

The characteristics of a selenium rectifying unit corresponding 
to those of the copper-oxide type are shown by Figs. 13-4 and 13-5. 
Referring to Fig. 13-4, it will be noted that the rectifier does not 
obey Ohm’s Law, the resistance falling with an increase in current. 
From Fig. 13-5 it will be noted that the volt/ampere characteristics 
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are very similar to tliosci of coppor-ovido, with a notable exception 
that the current turns s]iar[)l\ upwards af 0*5 volt instead of 0*25 




volt as with copper-oxide. It is evident that the reverse resistance 
of the selenium rectifier is higher than that of the copper-oxide and, 
furthermore, less affected by temperature. 
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The Hot-cathode Rectifier 

The thermionic gas-filled rectifier, or hot-cathodo rectifier as it 
is commonly called, may be regarded as a development of the 
mercury-arc rectifier. From the view]}oint of power (japacity it 
stands between the mercury-arc and 
metal rectifiers, and was introduced at 
about the same time as the latter. It 
(5onsists of a heated oxide cathode and 
two or more nickel or graphite anodes 
enclosed in a glass envelope with an 
argon or mercury-vapour filling. Some 
typical examples are shown l;)v Figs. 

13~6 and 13-7. That of Fig.l3-() is a ^ 

B.T.H. BD12 type with a maximum 
mean current output of 33 amp., the max¬ 
imum permissible voltage between anodes 
being 2 x 125. The gas-filliug is mercury 
vapour. That shown by Fig. 13-7 is a \ 

Philips 367 type, the maximum mean 
current being 6 amp. and the maximum 
voltage b(5tween anodes 2 / 45. The 
gas-filling is argon. The laws governing 
the behaviour of hot-(iathod(i rectifiers 
are substantially the same as those of 
the thermionic gas-filled diode treated 
in Chapter IX. However, due to the 
presence of two or more anodes in the 
same tube, furtheT limitations occur. 

Cross-firing 

When two anodes, for the purpose 
of full-wave rectification, are enclosed 
in the same tube, a possibi lity of a direct jjy co., mi. 

discharge between anodes, as well as 

back-firing, occurs. In the case of a bi-phase rectifier the maxi¬ 
mum potential difference between anodes is apy)roximately the 
same as that between anode and cathode, i.e. twice the phase to 
neutral voltage. Hence the practice has arisen of specifying the 
maximum permissible voltage between anodes as 2 X F where V 
is customarily expressed in r.m.s. values. Thus, for the two valves 
referred to above, the maximum phase to neutral voltages are, 
respectively, 125 volts and 45 volts r.m.s. If the voltage between 
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anodes is gradually increased, a figure will be reached at which a 
discharge will occur. The dis(*harge will, initially, be of the glow 
type, because normally the anodes are “cold.’’ The voltage at 
which striking between anodes takes ])lace de])ends on the gas¬ 
filling, its density, and the s])acing of the anodes. Witli regard to 
density and spacing, the striking potential follows Paschen’s Law 
and, for the usual gas-filling ])ressures, falls with an increase of 
density and pressure. Hence, in mercury-filled tubevs, the cross¬ 
firing voltage will depend on temperature in a similar manner as 
does the maximum inverse voltage. 

Prior to a glow discharge occurring between anodes, or between 
anode and cathode when an anode is lu'gative, a small current may 



be observed to flow to the ‘‘non-conducting” anode, providing a 
current is flowing to the conducting one in the normal manner. 
While the latter current exists so also does a plasma, and the anode 
which is at a negative potential will draw a positive-ion current 
from the plasma in the same manner as does a probe or the grid of 
a thyratron. As the negative potential of the “non-conducting’’ 
anode is increased a stage will be reached at which normal breakdown 
occurs with a glow discharge. Hence at this point the “non¬ 
conducting” anode current will tend to increase rapidly. In order 
to indicate the nature and magnitude of these phenomena, experi¬ 
ments were made by the author on a small argon-filled valve. The 
results of Fig. 13-8 were obtained by means of the arrangement 
shown by Fig. 13-9. Curve (1) shows the inverse breakdown voltage 
and glow current under open-circuit conditions. It will be noted 
that the maximum inverse voltage is 160 volts. On causing a cur¬ 
rent of 1 amp. to flow to the conducting anode, Curve (2) was 
* All dimensions are in mms. 
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obtained. It is evident that at a few volts negative a ]K)sitive-ion 
saturation current oe(*urs very similar to that of a thyratron grid or 
probe. As the voltage is increased, the current increases slowly at 



first and then much more ra])idly as the normal breakdown voltage 
is ap])roached. The absence of a shar]) increase at the breakdown 
voltage is probably because the positive-ion current wliich precedes 


0-5 A 



the glow discharge is considerably larger than the initial value of 
the latter current. On increasing the conducting-anode current to 
2 and 3 amp., Curves (3) and (4) were obtained. The increased 
values of the currents of these are, of course, due to the increase of 
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positive ions within the plasma. Jt is apparent that under all 
conditions the non-conducting” anode current is an increasing 
function of the anode-cathode voltage and hence ihe glow is ‘"ab¬ 
normal.” This, of course, indicates the likelihood of the glow passing 
over to an arc with a complete failure of the valve. 


O-IOOMA 0-5 A 



The arrangement of Fig. 13-9 was adopted mainly to show thc^ 
probe-like character of a non-conducting anode. Practical (‘condi¬ 
tions are more nearly ro])rescnted by Fig. 13-10 and the curves of 
Fig. 13-11 for a different, but similarly rated, valve were obtained 



with the latter arrangement. It will be noted in both cases that the 
positive-ion current is roughly proportional to the conducting-anode 
current. This, of course, should be so for, as we have already seen 
when dealing with probes, the positive-ion current is proportional 
to the positive-ion density in the plasma. The curves show that 
beyond a certain anode voltage the anode-to-anode current rapidly 
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increases, and also that this current tends to be ])ro])ortional to 
the load current. Hence cross-firing is more lik(‘l\ to occur at heavy 
loads than otherwise. It is evident that a cross or 1)aclv*fire is least 
likely under no-load conditions. 

In order to indicate the conditions just ])rior to a back-tire in the 
valve of Pig. 13-10, the anode-to-anode voltage^ was (*onsiderably 
increased and the results shown by Fig. 13-12 obtained. It was 
found that the tendency to back-fire became distinct at about 



50 mA, the possibility of the current rising to a dangerous value 
beyond this figure being quite evident. The mean anode current 
of this valve being 3 amp., it appears desirable from Fig. 13-12 
to limit the maximum voltage between anodes to that at which the 
rate of increase of glow current becomes pronounced, i.e. 2 X 75 
volts peak or 2 X 50 volts r.m.s. approximately. Apart from the 
danger of a back-fire, a glow discharge leads to losses the magnitude 
of which may be of a serious nature. This is sufficiently evident 
from Fig. 13-12. 

High-vacuum Rectifying Valves 

High-vacuum valves are employed for rectifying purposes when¬ 
ever large inverse voltages must be withstood and where the reverse 
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current must be nt^gligible. Thus such valves are largely employed 
in producing the d.c. sup]>ly for X-ray tubes and for high-tension 
cable testing. In small sizes vaeiiuin valves ar(' frecpiently employed 
for the d.c. suj)ply in wireless reeoivers. In such cases a full-wave 
valve is customary, i.e. two anodes arc enelos('d in the same envelope. 

. ANODE 

j J 22 H 1 SPECIAL CAP 


56%, 2'/4 
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20 % 




173 MIN 2% 
I 77 MAX 3 ' 


123 MIN 470^,. 
129 MAX 5'/0 
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640 + 7 
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58 %1 2% i 


2 % 

164 MAX 2^/^ 


60 MIN 


DIA 


T 


18 

FILAMENT 


SPECIAL CAP (ES) 


ALL DIMENSIONS ARE IN m/m 
AND ARE MAX EXCEPT WHERE 
OTHERWISE STATED 
NET WEIGHT 2%LBS 
Fig. 13-13 

Bu courtesy of the G.E.C., Ltd. 

With this arrangement, however, difficulties exist in causing each 
anode to collect efficiently the electrons from a common cathode. 
Hence each anode is usually provided with its own cathode, the 
cathodes being connected either in parallel or series. 

For high-voltage work diodes of the type described in Chapter 
VIII are employed. This is principally because of the difficulty of 
bringing out two anode leads in a manner to avoid flash-over. 

Some dimensional details of a EHT3A valve are shown by Fig. 
13-13, this valve being capable of withstanding a maximum inverse 




Fig. 13-14 

By myrte^y of the O.E,C .. Lid. 
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TABLE 13-1 

C'j I ARAt 'TK RISTICS 

J3-0 max. 

O-O amp. 
jr)0 kV 
200 250 mA 
S3 niA 
160 mA 

750 ohniK approx. 

Cap: Scrow for Filament. 

Anode Cap. 


Filament voltage ....•••• 
Filament ourront 

Max. reverse ])eak voltage . . • • 

Peak (for max.) reetified eurrent (total emission) 

Max. m(*an re(;tifier current for single-valve circuit 

Max. mean roc'tifior current in Gratz full-wave circuit (4 valves) 

Tmi)eilance 



Fio. 13-15 

Jiu courtesy of the O.E,C.y Ltd. 


voltage of 150,000 volts. Table 13-1 gives some characteristics of 
the valve and Fig. 13-14 typical circuits in which it may be em¬ 
ployed. Emission current curves are shown by Fig. 13-15. 

The Mercury-arc Rectifier 

The mercury-arc rectifier principally differs from the hot-cathode 
mercury-vapour type in that the cathode takes the form of a pool 
of mercury from which electrons are liberated by one of the methods 
previously described in Chapter II. Constructionally, three forms 
of mercury-arc rectifiers may be distinguished: the glass-bulb type, 
shown by Figs. 13-16 and 13-17; the steel-tank variety, illustrated 
by Fig. 13-18; and an intermediate form, known as the steel-bulb 

































Fig. 13-19 

Ji!) < oKrte'ty o) the G t! C , Ltd 
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type, shown by Fig. 13-HJ. T\h^ first and last are sealed off and 
have a maximum current ea])aeity of alxuit 500 amp., witli a limiting 
power capacity of 250 kW. 

The steel-tank rectifier is soo I -t-, 

housed in a vacuum (*hamlHU* j 

of steel, is demountable, con- ' 

tinuously evacuat('d, and eoo-V_— __ 

water-cooled. In t his form ree- \ 

tifiers have been constructed ^ \ 

for as much as 10,000 ^nn]). _\___ 

at reiativel}^ low voltages, S \ 

2500 kW at 3300 volts, and \ 

voltages as high as 20 kV at \ 

GOO kW. With regard to an 
upper voltage limit, voltages 

as high as 30 kV may be - — 

obtained, but only by derating -^- 

the current outymt as shown kilovolts 

by Fig. 13-20. The reason for 
this will appear later. Unlike 

the hot-cathode rectifiei*, the iner(*ury arc has no filanumt losses 
or deterioration, and the capacity foi* overload is not limited by 

A A EXCITATION ANODES 


has no filanumt losses 



Fig. 13-21 
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cathode conditions. Against this must be set the necessity of 
mechanism for striking and maintaining the arc, as indicated by 
Pig. 13-21. 

The Glass-bulb Rectifier 

A typical glass-bulb mercury-arc rectifier with the necessary 
mechanism for striking and maintaining the arc is shown by Fig. 
J3-21. Tlie arc is struck by the movable-ignition electrode, which 
is drawn by the electromagnet into the cathode pool and then 
released while current is flowing. This strikes an arc which, on 
opening of tlu^ ignition circuit by the ignition relay, is transferred 

to the excitation anodes. This 
holding-arc, as it is sometimes 
termed, is essential, for, in its 
absence, should the main load 
and arc be reduced below a 
certain value, extinction occurs 
necessitating restriking of the 
arc. The function of the chokes 
is to produce overlapping 
of the individual excitation 
anode currents, so that at no 
moment is the excitation 
current zero. 

An alternative but similar 
method of ignition and excita¬ 
tion to that described above 
is indicated by Fig. 13-22. Here it will be noted that ballast 
resistances RR replace the chokes of Fig. 13-21 and that the 
ignition electrode initially rests in the cathode pool. On closing 
the supply switch the electromagnet withdraws the ignition 
electrode from the pool, thereby striking an arc which permits 
the establishment of the excitation arc. The rectified current 
due to the latter then flows through the ignition relay, which 
in consequence opens and interrupts the ignition circuit. The 
necessary overlap of the excitation currents is effected by the 
self-inductance of the relay winding.* Compared with that of 
Fig. 13-21, an advantage of Fig. 13-22 appears to be a somewhat 
simpler relay. 

During operation of the rectifier, the body of the bulb is filled 
with ionized mercury vapour, emitted at high velocity from the 
cathode pool, from which it proceeds to the condensing surfaces. 

* In some motor applications the choke is replaced by the motor shunt field. 
See “A Variable-Speed Power Drive,” The Engineer, Nov. 8th, 1946, p. 423. 





ELECTRONIC RECTIFIERS 


425 


The evaporating mercury has a velocity of the order of 20 kilometres 
per second, and to avoid this vapour blast the anodes are placed in 
glass arms as shown. From where the vapour is emitted is known 
as the ‘‘cathode spot,” this being initially formed in striking the 
arc. Evaporation of the cathode is a natural accompaniment of 
arc conduction and it follows that for continuous operation the only 
practicable cathode is one which is a liquid at normal temperature. 
In this manner the cathode is self-restoring as the metal vapour 
condenses on the sides of the containing chamber. 

The cathode spot emits a brilliant light and acts as a copious 
source of free electrons. On the thermionic theory these are produced 
by reason of the spot temperature, the latter being maintained by 
positive mercury ion bombardment. Th*^ high-velocity vapour 
blast deflects these ions, which are, in consequence, ever seeking 
fresh points of contact on the cathode. The result is that the 
spot travels over the mercury pool in a highly erratic manner. 

The current density of the spot is about 4000 amp. per cm.^ 
and its temperature has been variously estimated at from 600^^ C. 
to 3000° C. Determination of the spot temperature by direct-contact 
methods gives results of.the order of the lower figure quoted, while 
pyrometric measurement indicates the temperature to be equivalent 
to that of a black body at 2400 K. The working temperature of the 
cathode lies between 120° (/‘. and 200° C. 

In some experiments carried out by Teago and Gill* the cathode 
spot was confined to a small area and a platinum-iridium couple 
arranged to be in the hottest region. With a current of 4 amp., 
the recorded temperature was 370° C., while a current of 15 amp. 
produced a temperature of 750° C. 

The Arc Voltage Drop 

Unlike the hot-cathode rectifier, the cathode drop in the mercury 
arc is not lower than about 10 volts. This is due to the ]) 08 itive 
ions having either to fall through a sufficient potential to liberate 
electrons from the cathode, or to produce a sufficient gradient to 
extract them by field emission. Such processes are, of course, 
unnecessary when a separately heated cathode is employed. The 
total anode-cathode drop consists of three parts, that already 
mentioned, the drop in the arc, and the drop at the anode. The 
latter may vary from 2 to 8 volts, while variations in the arc drop 
are from 8 to 15 volts. The cathode drop remains approximately 
constant, the arc and anode drops varying with the loading, vapour 

* Mercury Arcs (Methuen), p. 6. 
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pressure, and design of the rectifier. Pig. for the rectifier 

of Fig. n-24 shows tJio anode-cathode voltage drop for various 
current loadings. It will be noted tliat tiio arc strikes at about 30 
volts, the drop then rapidly decreasing with increasing current 
until an approximately constant figure of about 19 volts is reached. 
Although for practical and design jjurposos the anode-cathode drop 
may be regarded as constant, it is evident that it possesses a mini¬ 
mum, rising })eyond a certain current value. The initial fall of 
Fig. 13-23 is due to the increasing conductivity of the arc with 



increasing current. The rise in voltage, as the current is increased 
beyond the value at the minimum, is duo to the increasing current 
density in the arc, the latter being unable to expand because of the 
constricting effect of the anode arms or shields. As stated in Chap¬ 
ter II, the voltage drop in a gaseous discharge is a function of the gas 
density and hence the mercury-arc drop depends on the vapour 
density and thus on the vapour temperature. Immediately on 
switching on a mercury-arc rectifier from cold, it is found that the 
output voltage tends to increase during the first few minutes of 
operation. This is due to the rise in temperature and mercury- 
vapour pressure, the relation between these quantities being shown 
by Table 13-2. 

In the cold state the vapour density is such that the rate of ion 
formation is lower than at high temperature, with the result that 
the conductivity of the arc tends to be low with a relatively high 
drop for a given current. As the vapour density increases, so also 
does ionization, resulting in a reduced arc drop. Fig. 13-25 shows 
the rise in output voltage of the rectifier of Fig. 13-24 from the 
moment of starting from room temperature at full load. 
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TAI5LE 13-2 


Tjampekatuki. C‘. 


Saturated Vapour Pressure 
mm. of Hg 


0 


10 


Normal 
Working ol 
Mercurj arc 
llectifler 


/ 

20 
2 .') 


30 

3.) 

40 

50 

60 

SO 

100 


0 * 000 ] 6 
000026 
0 00043 
0 00060\ 
0*00100 I 
0*0016S I 
0*00257 I 
0*00387 ) 
0*00574 I 
0*0122 1 
0*0246 I 
0*0885 / 
0*276 


The anodes of the mercury-arc rectifier are formed of either 
graphite or iron, usually the former for the glass-bulb type and the 
latter for the stoel-tank rectifier. The purpose of tlie employment 



of these materials is that neither are wetted by mercury and both 
have poor electron-emitting properties. As previously shown, the 
anodes are housed in bent-glass arms in the glass-bulb rectifier and, 
to increase their heat-radiating properties, the anodes are usually 
fluted. Besides protecting the anodes from the vapour blast, the 
glass arms are also effective in preventing cross- and back-firing. 

Surmounting the pool and arms of the glass-bulb rectifier is 
the condensation chamber shown by Pig. 13-17. The function of 
this is, of course, to assist in condensing the mercury vapour and, 
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by virtue of its heat-radiating area, maintain the rectifier unit at 
the required tcm})erature. 

The Steel-tank Rectifier 

On the assumption tiuit the anodi^-catliode voltage (iroj) is 
constant, it follows that the arc losses are ])roportJonal to the d.c. 
output current. Thus, ibr a given temperature rise the radiating 



surface of a mercury-arc rectifier must be proportional to the 
current output. It is, of course, this fact which limits the size of 
the glass-bulb rectifier and for currents in excess of about 500 amp. 
the water-cooled steel-tank rectifier is employed. 

A typical rectifier of the latter type is shown by Fig. 13-26. 
It will be noted that the large condensing dome, prominent in the 
glass-bulb type, is absent as, of course, cooling is effected by water 
circulation. The anodes are attached to the top plate and are shielded 
by means of metal or insulated shields or sleeves.” The mercury 
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pool is insulated from tlie tank, for otherwise the arc may transfer 
to this, destroying the steel when' tlie cathode s])ot forms. The 
cathode spot is confined to the (*entral ])art of tlie mercury pool 
by means of a quartz cylinder, and it will l)e noted that the bottom 
casting of the rectifier ov(‘rhangs 1h(^ ])ool in ord(‘r that the condensed 
mercury in returning do<\s not short-circuit the cathode insulation F, 

Cooling 

Cooling of the rectituM' is eflected by water first passing in at A 
and then round the mercury f)ooL It leaves at B by means of a 
rubber i>i])e, and re-enters the bottom casting at C. A rubber or 
other insulating pipe is, of course, essential to avoid short-circuiting 
the cathode insulation. TIk* water now leaves the bottom casting 
at I) and enters the top casting radially at E by means of a metal 
pipe, finally leaving at F. 

In view of the fact that the tempc^rature of the rectifier is chiefly 
limited by water circulation it is unnecessary to make the arc 

chamber any larger than is neces¬ 
sary to accommodate the anodes 
within it. Thus a 600-volt 1500- 
kW rectifier has a container about 
0 ft. in diameter and 0 ft. high. 

Vacutitm Technique 

A highly important feature of 
the steel-tank rectifier is, of course, 
tlie means whereby the vacuum 
is effected and preserved. The 
anode scaling is very important 
because the anode stems must be 
insulated where they pass through 
the anode plate. At this point 
both the })otential difference and 
tlie temperature are a maximum. 

The Vitreous Seal 

A typical anode assembly and 
Fig. 13^27 seal of the vitreous type is shown 

by Fig. 13-27. The anode body 
consists of two steel castings separated by an insulator I. The 
insulator is formed by a number of thin mild-steel cones which are 
separately enamelled with a special glass having the same coefficient 
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of expansion as mild steel. After assembly the cones are fused 
together and to a and b in an electrically heated oven, the result 
being a gas-tight joint of high dielectric strength. To the to]) 
(lasting is welded the anode stem e, which carries the renewable 
head h. Surrounding the anode stem is an insulating sleeve ,v, 
which servos to concentrate the discharge on to the anode head. 
To the top of the anode is attached the radiator r. 

This form of anode assembly is fitted to the anode plate by moans 
of a tongue and groove joint as shown. The joint is rendered gas- 
tight by means of a lead gasket. 


The Mercury Seal 


The arrangcnumt of a mercury anode seal is shown by Fig. 
Kl-28. The porcelain anode insulator is located by spring pressure 



Via. 13-2H 
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on an asbestos ring a in a circular recess in the anode plate. This 
recess is sealed off from the atmosphere by a layer of mercury 
which is sealed at its upper end by the rubber seal r held by the 
gland g. The mercury is poured into the gauge-glass from which the 
permanency or otherwise of the sealing may be observed. This 
seal has the property of being able to take up differential expansions 
and contractions with a minimum of stressing. 

The Rubber Seal 

The rubber seal is shown by Fig. 13-29. It consists of a wide 
ring of rubber reinforced on the vacuum side by a thin flexible 
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iron ring. The purpose of the latter is to prevent gas from the rubber 
entering tlu^ arc chamluu* and also to prevent mercury vapour from 
contaminating the rubbei*. It will be noted that the rubber rings 
are ]oca< od in recesses in t}u‘. anode plate and to]) of tlie anode stem, 
the latter passing througli a large porcelain insulator /. 

Vac CUM Maintenance 

No matter liow good the anode s(^als may bo, or how small air 
leakage is, th(' vacuum of tlie steel-tank rectifier cannot be con¬ 
tinuously maintained at the necessarily high figure essential to 
satisfa(;tory operation without permanently attached pumping 
equij)ment. Apart from leakage?, this is due to the release of occluded 
gases from the walls of the container during operation of the rectifier. 
The pumping system consists of an oil or mercury-vapour diffusion 
pump backed by a rotary-vane pump operating under oil. The 
latter produces tlie ])reliminary vacuum, while the vapour pump 
produces the high vacuum necessary for satisfactory working.* 


Ignition and Excitation of Steel-tank Rectifiers 


In the steel-tank rectifier ignition and excitation may be effected 
by a sing]o-j)hase system similar to those employed with the glass- 
bulb rectifier and shown by Figs. 13-21 and 13-22. For several 



AUXILIARY 

RECTIFIER 


reasons, however, such as the elimination of the excitation anodes 
and to obtain greater stability under adverse conditions, a direct- 
current system of excitation is often employed. A typical system 
is shown by Fig. 13-30, in which it will be noted that a separate 
rectifier is employed. This is usually of the copper-oxide or selenium 

♦ “Aircraft Instrument Pumps,” F. G. Spreadbury, Aircraft Production, Aug. 
1941, p. 296. 

“ The Theory of the Mercury-Vapour Vacuum Pump,” P. Alexander, J. Sci, 
Inst,, Jan, 1946, p. 11. 
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types, preferably three or six phase. It will be further noted that 
there is only one auxiliary anode, this serving both for ignition and 
excitation purposes. On closing the supply switcli, current from the 
auxiliary rectifier ])asses through the resistance if and ignition 
solenoid. The action of the solenoid causes the ignition electrode 
to dip into the mercury })ool, thereby short-circuiting the solenoid. 
This releases the ignition electrode, whereupon an arc stiikes which 
is maintained by current from the auxiliary rectifier. The volt drop 
across the solenoid is now equal to that across the arc, and this is 
less than that before the arc was struck and insufficient to cause a 
further descent of the ignition rod. In the event of a failure of the 
supply and its subsequent restoration, automatic re-striking will, 
of course, occur. 

It will be observed that a further advantage of the system of 
Fig. 13-30 is the elimination of the relay of Fig. 13-21. 

The Ignitron 

The ignitron is a form of mercury-arc rectifier in wliich the arc 
is struck in a different manner from that previously described. 
Striking is effected by a rod of semi-conducting material {perman¬ 
ently immersed in the mercury pool) through which a current is 
passed into the mercury. The material is boron or silicon carbide, 
and the current needed is several amperes mider the influence of 
100 volts or so. Ignition occurs within a few microseconds of the 
current passing. The theory of the igniter, as the rod is termed, 
seems somewhat uncertain, but Slepian and Ludwig have considered 
it as the case of a homogeneous semi-conducting rod dipped into a 
good conductor. They have shown that with these conditions 
potential gradients of the order of 10® volts per cm. might be made 
to exist at the surface of a mercury pool if a suitable current were 
forced through the igniter rod into the mercury. In these circum¬ 
stances a movement of the mercury may occur, causing a breakage 
of the circuit between some of the particles of the rod and the mer¬ 
cury. It has been further suggested that circuit breakage occurs 
due to heating at the contact of igniter and mercury, thus causing 
a motion of the latter. Experiments with starting currents show 
that the magnitude of the current depends on the surface condition 
of the igniter rod and whether it is wetted by the mercury. If the 
latter effect occurs, the starting current is relatively high, as it is 
when the rod has a polished surface rather than a dull matt one. 
This indicates that it is‘ desirable to have a poor contact between 
rod and mercury, which leads to the idea that the igniter should 
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consist of many fine particles, which make contact with the mercury 
througli their edges and points only. 

It has been assumed by Cage* that ignition is due to the current 
flowing into the mercury through a narrow band of particles at a 
deptJi / beneath the surface of the mercury. Considering Fig. 13-31 
for a given (jurront in one ])articlo in the band /, the current through 
this band is 

1^ — ad 

where a is a constant and d is the diameter of the igniter rod. The 
ciirnuit which descends below the band and thus enters the mercury 
beneath is 

/g - bd^ 

where h is another constant. Thus the total current is 


I — 1^ f- /g = + bd^ 

Hence the ignition current should be a quadratic function of the 
igniter-rod (liaineter, and experiment shows that this is the case. 

It is evident that if at the moment at 

n which ignition occurs the anode is at an 

ad(^quate positive potential, an arc will 
occur and the ignitron will conduct. The 
■" f “ anode-cathode potential will then, of course, 
adjust itself to the customary value for mer- 
^ n cury-arc rectifiers, i.e. about 15 to 20 volts. 

Fia. 1,‘J 31 order that conduction may continue it is 

apparent that facilities must be provided for 
initiating the arc at each anode at the appropriate moment. Igni¬ 
tions are made with single anodes only, so that each constitutes a 
half-wave rectifier. For six-phase rectification six, then, are em¬ 
ployed with all the mercury pools connected. If the pools are left 
unconnected, the fact that an ignitron fundamentally consists of 
half-wave rectifiers makes possible the use of the circuit of Fig. 
14-10, if desired. It further follows that cross-firing is eliminated 
and that a holding-arc is unnecessary. It is claimed that the absence 
of th(^ latter very much reduces the liability to back-fire. 


Rectifier Losses 

In the case of mercury-arc and hot-cathode rectifiers the valve- 
\^olt drop is, approximately, independent of the current and con- 

* “Theory of the Immersion Mercury-arc Igniter,” J. M. Cage, O.E,0, Beview, 
Vol. 38, p. 464. 
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stant. Hence the rectifier losses arc ecjual to th(' voltage drop 
multiplied by the mean value of the oiit])iit eiirrciit. For vacuum- 
type rectifiers the voltage drop across the valve is relates I to the 
anode current by 

i - 

and e = 


Hence the instantaneous power loss is 

ei — 


and the total loss 


W 


iedt — 


A 




/•>/•' dt 


( 13 - 3 ) 


where t is the time for which each anode is conducting per cycle. 
Of course, to integrate (13-3), i must bo expressed as a lunctiou of/. 


Metal-rectifier Losses 

Referring to Figs. 13-2 and 13-5 it is evident that the tlieoretical 
determination of metal-rectifier losses is a matter of some" difficulty. 
Not only is the voltage a function of the current, but there (‘xisl tlu^ 
complicating factors of temperature and creep. However, ignoring 
for the moment the two latter, we may, as an appioxiuiation, take 
the voltage/current relation in the forward direction to be 

a bi . . . (13 4) 

where a and b are constants. As i and e are the instant. ' )us values 
of the current and voltage, the instantaneous power loss is 

ei — ai + bi^ 


Assuming the current wave to be sinusoidal, then 
w == al^ sin 6 bT„^^ sin^ 0 


where w is the instantaneous loss and the maxinunn value of tlu' 
current. The mean loss over a cycle is 


m + 2 
2w ^ 

IF = ^ {al^ sin d -f- blj^ sin^ 6)d0 
Jm— 2 


where m is the number of rectifier phases. Now the integral of 
the first term is a times the d.c. output current (see 13-8), while 
the integral of the second term is mb times the square of the r.m.s. 
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value of the current per pliase.* As the latter is approximately 
IfV^n the forward losses may l)e written 

W^-al I 6/2 

For copper-oxide, a ~ 0-25w. and for selenium, 0*5n, where n is 
the number of rectifying elements in series per phase. These values 
as indicated by Figs. I.V2 and I.V5, are of course subject to variation 
with temperature. The value of 6 is obtained from the slopes of 
the curves of Figs. V,W2 and 13-5. If S is the slope of the curve 
in volts per amj)ere, then 6 - nSfA, where A is the total area in 
Hcjuare centimetres of all rectifying elements in parallel ])er phase. 
Thus 

W — n ^0*25/ I “ 72 ^ copper-oxide 

W - n^0-r)[ + ^ selenium 

it being remembered that the coefiicients of both I and P are 
lowered by an increase in temperature. 

The above formulae have been developed on the assumption 
that the r.m.s. value of the phase current is I/Vm, However, as 
stated on page 443, this is only justifiable if m > 3 and, for the 
cases where m = 1 or 2, / must be replaced by V where /^ 
is the r.m.s. current per secondary phase. Table 13-3 gives a com- 

TABLE 13-3 
20 ° (\ 


Ja.v. 


Fa.c. 

WalK 

Weal. 

1 

M5 1 

0*5 

19-5 

100 

9-5 

2-4 I 

10 

230 

27-5 

23-6 

3*55 

1-5 

26-2 

450 

41-0 

4-8 

20 

300 

700 

64-5 

60 

2*5 

330 

99*5 

91*5 

7-2 

30 

360 

125 

123 

8-15 

' 3-4 

390 

155 

J51 

6*5 

4-0 

640 

215 

188 

7-3 

4-6 

66*6 

250 

230 

81 

5-0 

660 

295 

276 


parison between watts obtained by observation and calculation 
for a single-phase selenium rectifier (m = 1) composed of 30 units 

♦ See p. 442. 
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in series, each 100 eni.^ in area. The ambient teni])eratnre of the 
test was 2(f C., >S\ being 10 volts per am]). ])er em.- 

Tt will be noted from Figs. 13 2 and 13-5 that the reverse 
volt/ampere characteristics differ somewhat from tliose of the 
forward direction. In the ease of eoj)])er oxide the \olt/ampere 
relationship is approximately given by 

i 

and the instantaneous ])o^ver loss is thus 

vi a(^ 


where is the maximum value of the rev^n-se voltage. The mean 
loss over a cyele per scj. cm. of disc per phase is 

f%U t\u 

siir'^ (klO - I/" (/ sin 0 \ sin ',)0)(if) 

"ZtT ZiTT I 

1 0 Jo 


W-lo 

Btt 


watts 


With selenium the reverse current increases more ra])idly than 
the second power of the reverse voltage. A])i)roximately, wa have 


i -- 

and the mean loss jici* cycle is 



sin'* OdO 


c 0 



w atts 


where rii — ]0~’, approxi¬ 
mately, when i is expressed in 
amps, per cm^. 

In order to obtain details 
of reverse losses likely to be 
experienced in practice, the 
circuit of Fig. 13-32 was set u]). 
Each rectifier consisted of 
fifteen selenium units in series, 
each 100 cm.^ in area. 



Fia.13-32 
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After referring the losses to unit area, tliese were plotted against 
maximum reverse c.m.f. })er unit (r.m.s. values) and are shown by 
Fig, 13-33. It will be noted that below about 12 volts the reverse 
loss is practically independent of tem])erature and that b(‘tween this 
figure and the normal maximum reverse voltage, 15 to IS volts, 
the variation with temiierature is small. From Table 13-4 it is 
evident that the reverse loss is a minimum at between 40° C. and 
00° C. The data from which the curves of Fig. 13-33 were con¬ 
structed are given in Table 13-4. Although the reverse resistance 
is non-linear, it is evident that the watts lost are a})j)roxiniate]y 
equal to the y)roduct of the reverse volts and amperes. For the 


TABLE 13 4 
20 ■ V. 


R.M.S. Volts 

R.M.S. Amp. 

Watth 

MOll 

I’EU Disc 

PKK Cm.*** 

Cm.*-* 


8 

0-065 X JO 3 

0 26.5 < 

10 3 

10 

0-lJ „ „ 

0-6 

1 

12 

0-19 „ „ 

1-07 .. 

1 

♦ % 

14 

0-27 „ „ 

2-0 

1 

16 

0-37 , „ 

3-3.3 . 


18 

0-52 „ „ 1 

.5-0 

1 

20 

0-75 „ „ ' 

8-.3.5 . 


22 

M5 „ „ 

12-0 


24 

2-2 „ „ ' 

23-3 



I 


Voi/rs X Amp. 


VKU Cm.2 


0-26 X 10-» 
0*55 „ „ 

M4 „ 

10 

2 06 „ 

4-7 „ „ 

7-r> „ „ 

12-7 „ „ 

26-r> „ 


40° C. 


R.M.S. Volts 

R.M.S. Amp, 

Watt.s per 

VoLT.s X Amp. 

PER Disc 

PER Cm.2 

Cm.2 

PER Cm.2 

8 

0-066 X 10-» 

0-265 X 10 » 

0-26 X 10-3 

10 

0*]1 „ „ 

0-6 „ „ 

0-55 „ „ 

12 

0-175 „ 

10 „ „ 

105 „ „ 

14 

0-245 „ „ 1 

1-73 

1-72 „ 

16 

0-34 „ „ i 

2-83 „ 

2-72 „ „ 

18 

0-46 „ „ 

4-33 

4-12 „ „ 

20 

0-65 , „ 

6-85 „ „ 

6‘6 

22 

1-0 „ 

10*7 „ 

110 „ „ 

24 

1-75 

18-6 , „ 

21-0 „ „ 
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60° C. 


R.M.S. Volts 
PJSK Disc 


R.M. 8 . Amp. 
PEK Cm.'-* 


Watts peti 
Cm.2 


VAULTS X Amp. 
2 

PBB Cm.® 


s 

]0 

]2 

14 

16 

18 

20 

22 

24 


0-065 X 10 

0-265 X 10-» 

0-26 X 

10-® 

0-118 „ 

0-6 „ „ 

0-50 „ 


0-18 „ „ 

1-07 „ „ 

108 „ 


0-255 „ „ 

1-73 „ 

1-78 „ 


0*34 „ 

2-83 „ 

2-71 „ 


0-485 „ 

4-67 „ .. 

4-36 


0-66 „ 

7-0 „ 

6-6 „ 


0*1 „ 

11-0 „ „ 

110 „ 


0*16 „ .. 

17-4 1 

_ 1 

19-2 „ 



80° O. 


R.M.S. Volts 
PKTi Disc 


R.M.S. Amp. 

J’KIl Cm.^ 


AVatts per 
Cm.® 


Volts x Amp. 

__ 

PER Cm.® 


8 

16 

12 

14 

16 

18 

20 

22 

24 


0-09 

X 10 •’ 

0-.33 X 10 ® 

1 0-36 X 10 ® 

0-14 


0-66 „ „ 

0*7 „ 

0-21 


1-26 .. 

, 1-26 „ 

0-295 


2-06 „ ,. 

, 2-06 „ ,. 

0-4 


1 3*33 .. .. 

1 3*2 „ „ 

0-55 


1 5*06 ,. „ 

4*95 „ ., 

0-78 


8*0 „ 

7*8 „ „ 

115 


1 12-4 „ „ 

12*6 ,. „ 

2-0 


22-4 

1 24*0 „ 


case shown it was necessary to divide this product by 2 as two 
groups of discs were employed. 

In order to determine the reverse losses for a given rectifier 
the maximum reverse voltage (r.m.s.) per unit, or disc, must first 
be determined. With a knowledge of the working temperature the 
watts per square centimetre are then found from Table 13~4. Multi¬ 
plying this figure by the total area of all the discs then gives the 

15—(T. 289 ) 
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total reverse loss. As an example we shall consider the rectifier of 
Fig. 13-34. 

This rectifier, designed by the author, has an output (jf 26 volts 
150 amps, at an input of 415 volts 3 phase. The circuit is a six-phase 
bridge, as described on page 468, connected star-star. Tlie rectifier 
element consists of six units, each unit comprising two groups of 



Fig. 13-33 


twelve 112 mm. diameter discs in series-parallel, i.e. each group 
contains twelve discs in parallel, the two groups being in series to 
withstand the reverse voltage, the maximum r.m.s. value of this 
being 28 volts. The forward volt drop being 6 volts at full load, 
the forward loss is 900 watts. From Table 13-4 the watts lost per 
sq. cm. at 60° C. are 1*73 x 10~®. The total area of the discs being 
14,400 sq. cms., the total reverse loss is 

14,400 X 1*73 X 10~® = 25 watts 

which is clearly negligible compared with the rectifier forward 
full-load losses. 
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Rectifier Voltage and Current Relationships 

It IS evident from foregoing details of the rectification process 
that a rectifier virtually constitutes a switching or commutating 
device, rearranging the voltage of the a.c. supply in such a manner 



Fra 13-34 

that unidirectional impulses result. As current only flows in that 
phase the potential of which is higher than the remainder, then, 
from Fig. 18-35, it is evident that conduction commences and 
finishes at the intersections of the phase voltages. The resulting 
d.c. voltage being directly derived from the various a.c. phase 
voltages, we may readily formulate the relationship between them 
in the following manner. If Vg is the r.m.s. value of the transformer 
secondary phase to neutral voltage, then 

e = V2Vs sin 6 . 


(13-6) 
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where e is the value of the instantaneous e.m.f. The d.c. voltage, 
Eq, is the mean value of (13-5), and thus 


Eq = V2Vff X ^ sin ddd 


V2F,-^sin- . (13-6) 

7T m ' 



T' ■ 

U- 2 n/m— 

1 ,/ * 

1 _ ' . 



/ ' \ 
f 1 V 

/ '\ 
- / -l—l 



where m is the number of phases. 
Hence the requisite phase to neutral voltage for a given d.c. 
voltage, Eq, is ^ 

Vs = - 7 :=-- .... (13-7) 

V 2m sin TTjm 

If overlap be ignored, then, from Fig. 13-35, it is evident that the 
current persists in each phase for 27r/m of a cycle only. Thus, the 


IS 

w + 2 


^ 2rn ^ 

;l 

X 

— sin OdO 


Jm — 2 


2w ^ 

r,n . 

77 

— — sm 

— , 

77 

m 


— — sm - . . . . (13-S) 

where is tlie maximum value of the phase current. Tfie total 
value of the d.c. current is ml a = /. The r.m.s. value of the secon¬ 
dary ])}iase current is 1 rn \ 2 

/ ^ .1 — w 

/ 1 

I, ~ /s/ ^ ^ 


I I ( 7T 1 , 277 \ 

r A/ T" I-r b sm — 

y Ztt \m 2 m J 

I 1 f 7T 1 , 277 ^ 

® sin Trim 


m sm 77 / 

/ 


(13-9) 
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It will be found that for values of m > 3, (13-*3) may be approxi¬ 
mately represented by 

= IjVm .(13-10) 


Utility Factor 

The utihty factor of a rectifier may be defined as the ratio of 
the volt-amperes obtained from the rectifier on the output side to 
the volt-amperes supplied on the input side. Thus, the utility factor 
may be taken as a measure of the degree to which the n'ctificr is 
capable of utilizing the energy supplied to it. If u.f. represents the 
utility factor, then 

- mV,h m- V/I, 


1 

m 


V 2m . 
-sin 

7T 


TT 

m 


. TT 

m sin - 
m 



, sin 
2 m 




\/2m sin^ 


m 


2 / 1 / ^ , A . 27r\ 

Ar 277 \m 2 m) 


. (13-11) 


If the approximate value of the d.c. current is taken, i.e. ^ IfVm, 
(13-11) becomes 

V 2m . 77 

— sm — 

77 m 


The relation between u.f. and m is shown by Fig. 13-36. From it 
will be noted that the utility factor is a maximum for m = 2*7. 
In practice, of course, only integral values of m can bo taken and 
hence the rectifier with the largest utility factor is that which has 
m = 3. 

The value given by (13-11) is sometimes referred to as the 
secondary utility factor, as the rectifier transformer primary winding 
has not been taken into consideration. In cases where the currents 
flowing in the primary are similar to those in the secondary (Figs. 
14-3 and 14-6, for example) the utility factor based on a con¬ 
sideration of the rating of the primary circuit is the same as that 
based on a consideration of the secondary. However, as wiU appear 
later, certain rectifier transformer arrangements are such that the 
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volt*am])ere rating of tlio primary is lower than that of the secondary, 
with the result that the utility factor of the rectifier, referred to the 
primary, is higher than that given by (13-J1). 

The voltage relations developed on page 442 are, of course, for 
no-load conditions only, and are based on a sinusoidal waveform 
for the transformer secondary output voltage. Under load various 
volt drops must be considered, one of which is associated with a 
distortion of the transformer secondary voltage wave. A factor of 



Fig. 13-36 


considerable importance under load conditions is the transformer 
leakage inductance. JSTeglect of this quantity involves the assumption 
that the arc commutates from one anode to the next instantaneously. 
An instantaneous change of current of this character in an inductive 
circuit is obviously impossible. Hence, in practice, the anode current 
gradually decreases towards the end of the conducting period and, 
similarly, gradually increases when conduction commences. In 
many cases a smoothing choke is included in the cathode lead and 
a result of this is to maintain the d.c. output current free from ripple. 
Thus, while the current of one anode is decreasing, the current of 
another is increasing, the sum of the two remaining constant and 
equal to the load current. The co-existence of these two currents 
is termed overlap, and the number of electrical degrees over which 
the phenomenon persists the angle of overlap, u. As two anodes are 
simultaneously conducting, and their arc drops are the same, the 
voltages of the two anodes must be equal and identical with the 
d.c, output voltage. 
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The various conditions may be realized with the assistance of 
Hgs. 13-37 and 13-38, which represent a hexaphase rectifier circuit. 
Here ej, eQ, ii, ^ represent the various ])hase voltages and 

currents, and rg, Xj, ^^e various transformer resistances and 
reactances. Of course, normally, we have r^ = rg = r^, etc., and 
X = X 2 etc. Also X = wL, where L is the equivalent leakage 


66 65 



Fig. 13-37 


inductance per phase of the transformer referred to the secondary. 
Referring to Fig. 13-37, and assuming that resistance effects are 


negligible during commutation, we have, during overlap, 



e = 

■ 4 \^ 

1 

il 

1 

II 

(13-12) 



_ ( dif-t dto \ 


or 

2e = 



But 

h 

I = constant . 

(13rl3) 

where 1 is the d.c. 

load current. Hence 



dL 

dL 

(13-14) 


i 

dt 

© 

II 

4- 

and 


, e, + 62 

2 



Thus the output voltage, e, during the commutation period is the 
mean of the two anode voltages e^, Cg. 
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Referring to Fig. 13-38, it will be seen that over the region 
ab anode 1 is conducting, being larger than Cg- ^ = ^ 2 ’ 

anode 2 commences to conduct, and over the region be e is the 
average of and Cg* At c, becomes zero, ig is equal to /, and e 
sharply rises from + € 2 ) to eg. 

It is evident that an eflect of overlap is to depress the rectified 
voltage over the period be and so lower the out})ut voltage. Th(' 
degree to which this is lowered is a function of the overlap n and 



may be determined in the following manner. Referring to Fig. 
13-38, and taking the intersection of and Cg as origin, we have 




m 

27T 


: (ci + C2)d0 + 



= V2F. 


X 


— Jo 


dB 


+ 


( m 


m—2 


( 13 - 16 ) 




KLECTBONIO BECTIFIEBS 


447 


= V2F, X 

= V2 V, X 
= V2V. 


m 

277 

m 

m , 


sin u 
l^sin n c< 


. /tt ^ . (TT 


cos-1 sm 

m 

7T U . 7T 

OS-1^ 2 cos'^ ^ sin “ - 

m 2 m 


^ 77 . u 

2 cos — sm - cos 
m 2 


1 ] 


77 




77 


sm - cos^ 
w 


(13-16) 


Comparing this expression with that of (13-6), we see that when the 
transformer reactance is taken into consideration the rectifier 
voltage is given by 


E 


Eq cos^ - 


(13-17) 


Eo sin® I 


(13-18) 


The drop in voltage due to reactance is 
i?„(l-cos®|) 

Prom the foregoing it is obvious that the angle of overlap is an 
important factor in rectifier performance, and hence we must now 
determine the quantities on which its magnitude depends. 

From (13-12) and (13-14) we have 

^ _ ej — eg 

dt ~ '2L 

Also 

e,- cg = V2F. [sin v -i- o) - sin v | o)] 


and 


= — 2\/2F, sin “ sin d 
m 

dii \/^2Vs . 77 . ^ 

^ ^ -- gljj __ Q 

L m 


dt 

which leads to 


V2V, 77 

i =-— sin — cos 0 + O (as 0 

^ wL m ' 


wt) 


where (7 is a constant and w = 277 /. When ^ = 0, = 7, and hence 

the expression for becomes 

V2V. 77 

I— ” sin “ (1 cos 0) . . . (13-19) 

where X = wL^ i.e. the transformer leakage reactance. 
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From (13-13) 


1-h 


V2F, . TT 

sin - (1 — cos 0) 
A m' ' 


. (13-20) 


Now when % = 0, 0 = u, and under those circumstances (13-20) 

*1 


becomes 


from which 


. it ^ 

— Sin — (1 — cos u) — 0 
X m' ' 


1 — cos u — 


V 2 Ks sii 


(13-21) 


7 Y __ arc cos f I 


\/2F, sin 


cos -w ~ I 2 sin^ - 


and, substituting in (13-21), 


2 V 2 V, sin Trim 


(13-22) 


Thus, it is seen that the angle of overlap is an increasing function 
of I and X. Substituting from (13-22) into (13-18) we have 

Eg Sm2 = -;;—5- 

2 2V2V, sin 77/m 

which shows that the decrease in output voltage due to transformer 
reactance is a linear function of the load current. Hence, a rectifier 
possesses a straight-line regulation characteristic. Writing cos u 

= 2 cos* ^ — 1 and, substituting for cos* ^ in (13-17), 


E = Eg 1 


2 V 2 V, sin - 
m, 

EglX 

2^27, sin Trim 


Eg= \/2F,-8in- 
' It m 


E — Eg — 


m IX 

7( 2 


and thus 


(13-23) 
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Hence we see that for given values of I and X the decrease in voltage 
under load is directly proportional to the number of phases employed. 

The Effective Value of Anode Current with Overlap 

In addition to the foregoing modification of the output voltage, 
the overlap also modifies the r.m.s. value of the anode current as 
given by (13-9). Referring to Eig. 13-38 the current may be re¬ 
garded as consisting of three parts: two parts, % and 4 each, ex¬ 
tending over an angle 'u, and a third intermediate part, T, extending 
over an angle {^Trjm — u). The r.m.s. value of the current is, there¬ 
fore, 


/s 


/ 


V 


/ 277 



+ 

'27t/w/ 

IMO + 

iHO 

* c 

0 Ju J 

0 _ 


(13-24) 


From (13-19) and (13-21) we may write 

1 — cos 6 
^ 1 — eos u 

- cos 0 




) 


cos u 


\ ( /I —COS0\2 

t) \ (l —Y- ) ^^ + ( 1 -- ]dd 

J \ 1 — cos u/ \ 1 — eos ?/ / 

Jo Jo 

(>-<■»?)) do 

1 — COS UJ \ 1 — cos U j] 

0 

V P /2 'W + (1 -f 2 cos u)n'\ 

m ^ L 277(1 — cos ?y)2 j 


fr /1 — m 
/mV 


(2 cos u) sin — (1 + 2 cos u)u 


Vm 

I 

Vm 


277(1 — COS u)^ 


] 


^/[l - mf(u)] 


(13-26) 


Thus, a further effect of overlap is to reduce the r.m.s. value of the 
anode current by a factor — 
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It is now convenient to collect together the various equations 
showing the effects of transformer reactance. Thus 


Also 



Is 




the terms in square brackets arising due to reactance. Referring to 
Fig. 13-39, it will be found that the following factors have been 



Fig 13-39 


plotted against u ; i.e. cos^ 2 ^/ 2 , sin^ %/2, and Vl — mf{u). It will 
be noted that for m > 3, the reduction in anode current and hence 
transformer copper loss may be quite pronounced. However, this 
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is seldom applicable to 12-phase rectification for (as will be shown 
later) in this case star-connected transformers are rarely used. 


Arc and Resistance Drops 


In determining the voltage drop due to reactance, the resistance 
of the transformer windings was neglected. This is justifiable during 
commutation as, due to the rapidly-changing current during this 
period, the resistance drop is negligible compared with the reactance 
drop. During the time the current is relatively constant, i.e. equal 
to J, the reactance drop is negligible compared with the resistance 
drop, and the latter must then be taken into consideration in deter¬ 
mining the rectifier voltage. If R is the resistance per phase referred 
to the secondary, then the mean volt drop due to resistance is IB. 
Assuming the arc diop to be constant and equal to Eay the total 
rectifier drop is 


m 

TT 


IX 

2 


+ 


and, finally. 


E - \/2r, - sin + /i? + E„) . (13- 

* 77 \ 77 2 ' / 


26) 


Under no-load conditions 


E, 


nl 


W . 77 „ 

2V, — sin- E„ 

*77 m 


and the percentage regulation is given by 


100 X 


( 


Ki ) 


= 100 X 


m 

TT 


IX 

2 


h IR 



It will be appreciated from (13-26) that when, in addition to the 
reactance drop, the resistance and arc drops are considered, a' 
rectifier still possesses a straight-line regulation characteristic. 
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CHAPTER XIV 

IlJflOTIFlER CmCTJITS 

There are possibly in existence some forty to fifty different rectifier 
circuits for connecting rectifiers to alternating current supplies. 
These circuits are, in genei-al, either single- or three-phase on the 
])rimary side, the majority of circuits appertaining to the latter. 
The circuits ar(‘ of varying merit, and, in practice, it is probable 
that not more than a dozen different t^^jies are used. In the following 
analysis only the more commonly employed circuits will be con¬ 
sidered, the undermentioned assumptions initially being made to 
clarify the treatment— 

1. The alternating supply voltage is taken to be sinusoidal. 

2. The various volt drops are ignored. 

3. The magnetizing current of the rectifier transformer is assumed 
to be negligible. 

Commenting on these assumptions, with modern supplies, the 
first is perfectly reasonable; with reference to (2), allowance is 
easily made for the various drops from previous analyses; the 
effect of magnetizing current is principally to lower the power 
factor of the rectifier, particularly at light loads. It may be shown, 
however, that the influence of the transformer magnetizing current 
on the rectifier j)ower-factor can be readily calculated. 


o 

o 

o 

O 


-0 + 


Single-phase, Half-wave Circuit 

The simplest form of rectifier circuit is shown by Fig. 14-1, this 
giving what is known as half-wave rectification. Actually we have 

a one-phase system and, therefore, m = 1. 
However, the conducting period persists 
as for m — 2, and thus this value must be 
employed in the sine term of (13-7). As 
there is only one phase, however, the 
factor m in (13-7) must be taken as 1. 
Hence the secondary phase voltage is given by 


-o- 


Fig. 14-1 


V. 


nEa 


V2 


sin 7r/2 
4S2 


2-22E„ 


( 14 - 1 ) 
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The same considerations apply in determining the secondary phase 
current, and we have 


/ / ^ • \ 


^ sin 77/2 

The peak value of the phase current is 


1-57/ 


(14-2) 


1 J 

m sin Trim 

Now when current flows in the secondary phase, the ampere-turns 
due to this must be balanced by an equal number on the primary 
side, and hence the priniary current 7^, is given by whore 

Ng and Nj, are, respectively, the numbers of turns on the secondary 
and primary windings. It is evident that the line current is equal 
in value to the primary j)hase current. 


Transformer Secondary Haling 

Prom (14-1) and (14-2) it is apparent that the volt-ampere 
rating of the secondary winding is 

VJg - 2-22i?o X 1-57/ = 3-5AV 
the primary winding also having the same rating. 


A,C. Supply Loading 

The primary line voltage Fj;;, is the same as the primary phase 
voltage Fj,. Also the line and primary phase currents are identical. 
It follows that the line volt-ampere input is 

yjL = y.h = {NJN,)V, X {NJN^)I, 

— y8^8 ~ *S*5 EqI 


Voltage Fluctuation 

The d.c. output voltage periodically fluctuates between a/2 F, 
and zero. Hence the fluctuation is V 2Vg or 3*12i?o. 


Single-phase, Full-wave Circuit 

Two different forms of full-wave circuits exist, the first of which 
is shown by Fig. 14-2. In this case m ~ 2 and 




2 V 2 sin 77/2 


Ml^?o 


(14-3) 
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Also 


"Vi (i+" ") 

/ ^ ^ ^ 7 = 0 - 786 / 


2 sin 7 r /2 

The peak value of the secondary phase current is 


(14-4) 



Fiii. 14-2 


Fig. 14-3 


With tins circuit it will he noted that the transformer primary 
winding carries cun*ent twice per cycle as two secondary phases 
are successively employcid. Hence the primary current is 

7, = V2(NJN^)I, - l-n(N,IN^)I. . (14-6) 

Transforirier Secondary Rating 

From (14-3) and (14-4) the secondary rating is 

2VJ, =- 2 X Ml^^o X 0*785/ = l*74/;o/ 

Transformer Primary Rating 

From (14-6) the primary rating is 

F,/, - {N,IN:)V, X h\\(N,IN;)I 
= Ml X MliB^o^ =- l*23JS7o/ 

Thus the mean volt-ampere rating of the transformer is 
(1*74 + h2^)EJl2 = l*48i?o/ 

A.C. Supply Loading 

In this case it is evident that the a.c. supply loading is equal to 
the transformer primary rating, i.e. l*23Ej/, 

Power Fctctor 

On the assumption that a sufficiently large cathode choke is 
employed to maintain the output current constant, the power 
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output is constant and equal to Ignoring losses, this is also 
the input and hence the power factor is given by the ratio of the 
output to the volt-ampere input; i.e. 




0*81 


Voltage Fluctuation 

As with the previous circuit, the voltage fluctuates between 
V 2 F 5 and zero. Thus the magnitude of the fluctuation is 

== l*57^o- 


Maximum Inverse Voltage 

Ignoring the drop in the conducting anode, the non-conducting 
anode must withstand twice the phase to neutral voltage, the 
maximum value of which is 2 \/ 2 Fs. 


The Bridge Circuit 

The second form of single-phase full-wave rectifier circuit referred 
to above is shown by Fig. 14--3 and is known as the bridge or Graetz 
circuit. Contrasting this with the circuit of Fig. 14-2, it will be 
noted that the bridge circuit permits full-wave rectification to be 
obtained from a two-terminal source, a taj)ped secondary winding 
being unnecessary. The method by which rectification is effected 
is self-evident. A disadvantage of the bridge circuit when low 
voltages are to be rectified is that four rectifier elements are needed 
instead of two. Further, it is apparent that the direct current must 
traverse two units in series against one for the circuit of Fig. 14-2. 
This, of course, makes for increased regulation and losses. However, 
there are several advantages to be set in favour of the bridge circuit. 
For a given d.c. output voltage the inverse peak voltage per rectifier 
in the circuit of Fig. 14-2 is twice that of Fig. 14-3. Hence if the 
inverse voltage is considerably in excess of that which can be with¬ 
stood by a single-rectifier element, the number of elements in the 
circuits of Figs. 14r-2 and 14-3 will be the same. This, of course, is 
generally the case with metal rectifiers where the maximum reverse 
voltage per disc is relatively low. In the circuit analysis which 
follows it will be found that the particular advantage of the bridge 
circuit is the reduced rating of the transformer as compared with 
that of Fig. 14-2. 



456 


ELECTRONICS 


The circuit of Fig. 14-3 is regarded as a two-phase rectifier, and 
hence m == 2. Then 




ttE, 




2 v/2 sin 7 t/2 


-- Mli5n 


(14-7) 


However, the single secondary winding supplies current twice per 
cycle, and thus the r.m.s. value of the secondary current is V2 
times that given by (14-4), i.e. 1*11/. 

The peak value of the secondary ])haso current is 


-T.> 1 ^ 1*577 
2 sin 7r/2 

As the primary and secondary windings have the same number of 
current pulses per cycle, 


Transformer Secovdari/ Rating 
The secondary rating is 

VJ, MlJ^o X Ml/= l-237;o/ 
the primary rating having also this value. 


A.C. S'njiply Loading 

As with Fig. 14-2, the sujiply loading is equal to the primary 
rating, i.e. l*23jEoi. 

Power Factor 

The power factor is given by EqIII'23EqI = 0*81. 

Voltage FLuct'uation 

This is the same as for the circuit of Fig. 14-2, i.e. 1-57J&0- 
Maximum Inverse Voltage 

In this case the peak inverse voltage is one-half of that for the 
circuit of Fig. 14-2, i.e. V2Fa. 


Three-phase Rectification 

A disadvantage of single-phase rectification is, of course, the 
large voltage fluctuation or ripple which exists in the output voltage. 
By employing a three-phase supply and rectification this fluctuation 
may be considerably reduced as indicated by Fig. 14-4. Moreover, 
by the employment of special windings and connexions on the 
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transformer secondary side, six- or twelve-phase (or even more) 
rectification may be produced with a corresponding reduction in 
ripple. However, witli a three-phase supply particular attention 


m = 3 m r 2 



Kia. 14 4 


must be i)aid to the primary connexions (whether star or delta), as 
the following example will show. 

Considering the star-star arrangement of Fig. 14-5, when one 
anode is conducting, a secondary phase, such as aft, is loaded while 
the other two are unloaded. Due to mutual inductance between 
aft and AB, the im])edance of AB falls, while that of AD and AC 
remains high. But the algebraical sum of 
the currents at A must (iqual zero and 
therefore the sum of the currents in AD 
and AC must equal that in AB. Hence the 
voltages on AD and AC must be much 
higher than on A /i, with the I’esult that the 
neutral moves along AB. This ])henomenon 
is evidently productive of very poor volt¬ 
age regulation and, in addition, leads to 
distortion of the primary supply current. 

The slipping of the neutral, as it is termed, 
may be prevented by fitting an extra mesh- 
connected tertiary winding to the trans¬ 
former. This tends to fix the neutral point by reason of the fact that 
any unbalancing due to a load in aft will cause a current to circulate 
in the tertiary winding, which will affect all primary phases, tending 
to keep their impedances equal. However, a tertiary winding is an 
additional cost and may be avoided by a mesh-connected primary 
or certain secondary connexions to be described later. 






+ 

Q 


Fto. 14 T) 


Three-phase Delta-star Circuit 

This circuit is shown by Fig. 14-6. As m = 3 we have 


Vs = 


ttE, 

3\/2sin 77/3 


= 0-86J5o 
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The secondary phase currorit is 


/ 1 /it , r . 2ir\ 

sin 7r/8 


The peak value of which is 

1*21/ 

J sm 7 t /,1 

The primary phase current is — {h5H(NJNp)T, 


Transformer Secondary Uatiruj 
The secondary rating is 

3FJ, -- 3 X 0-86^0 X 0-58/ = l*5^;o/ 
the primary rating having the same value. 


A,C. Supply Loading 

Referring to Fig. 14~6, it will be appreciated that each line 
must carry the phase current twice per cycle, on(‘(‘ for each phase 
connected to the line. Hence the line current is 

V2(NJN^)h - 0-S2(NJN^)I 




The line voltage is the same as the phase voltage and thus the line 
loading is 

\nvjr^ = VS{NJN,)V, X 0-S2{NJN,)I 
= Vs X 0-86J?„ X 0-827 
= V22EoI 
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Power Factor 

The power factor is given by 
l-22jS7/ 


= 0-82 


Voltage Flmtuation 

In this case the output voltage does not fall to zero as with 
single-phase circuits, the fluctuation occurring between V2Fa and 
V2F, sin ir/6 = Fj/V^. The magnitude of the fluctuation is thus 


V2V,- VjV2 


Maximum Inverse Voltage 

Ignoring the drop in the conducting anode, the non-conducting 
anodes must withstand Vs times the phase to neutral voltage, i.e. 
a/6F,. 


Thbee-phase Inter-star Circuit 

The three-phase circuit to bo now described is shown by Fig. 
14-7 and makes use of somewhat special connexions on the secondary 


side. The secondary winding 
consists of six identical coils 
connected in the manner shown 
to form a three-phase supply. 
•As any pair of coils forming a 
phase are located on different 
limbs of the transformer, it 
follows that two primary 
phases are simultaneously 
carrying currents of the same 
amount. Hence the algebraical 
sum of the primary currents is 
eqifal to zero, and either a 
delta- or star-connected primary 
winding may be employed. 
Further, each primary phase is 
utilized twice per cycle, which 
results in a reduction in the 
primary rating as compared 
with that of Fig. 14-6. This 
reduction, however, is partially 
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offset by an increase in tlie secondary rating (due to the inter-star 
connexion) for the phase voJtage is only a/ 3/2 of what it would 
bo if the pair of connected windings were located on the same 
limbs instead of on two different limbs. 

As with the circuit of Fig. 14 6, m — 3, and we have 

0-S6/?„ 

7, ^ 0-58/ 

h. -- 3 - 21 / 

Now, if and are respectively the number of turns and voltage 
of each of the six secondary windings, then 

F. = V3F,i 

and Vti == Fj/a/s — 0-5E„ 

As previously stated, each primary phase carries current twice per 
cycle and thus the primary current is given by 

- V2{NJN^)l, = 0-82{NJN,)I 

Transformer Secondary Rating 
The secondary rating is 

6F,i/, = 6 X 0-5^0 X 0-58/ = 1-74AV 

Transformer Primary Rating 
The primary rating is 

= 8 X 0-5J&O X 0*82/ = 1-23&V 
The mean rating of the transformer is thus 

A.C, Supply Loading 

Assuming a star-connected primary is employed, the line current 
is equal to the phase current, while the line voltage is V3 times*the 
phase voltage. Thus the supply loading is 

V3F,A - = l-23/iV 

If a delta-connected winding is employed, a line will carry the 
current for two primary phases (as two are always simultaneously 
in operation) for one-third of a cycle and then the current for two 
phases in succession, each for one-third of a cycle. The instantaneous 
value of the latter current is, of course, one-half of that of the 
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former. Let ij, be tlu^ instantaneous value of the primary current 
Then the line current is given by 


But 



L 


pr)7r/() 

r)7r/(» 

■* Htt/O — 

(2i^y^d0 -4- 

i\dO + 

iJ^dO 

7r/() 4^ 

tt /6 

TrH\ — 


f* »7 t/(> 

— or 

Utt 

aIttIU 


3x2 

27T 




Jtt/O 



2 

277 


/'r)7r/<> 

i/dO 


JttH* 


from which 3/^, — l*42(JV,,/iV^,)/ 


The supply loading is, of course, the same as with a star-connected 
primary. 

For the foregoing circuit the power factor, voltage fluctuation, 
and maximum inverse voltage are idcmtical with those of the simple 
three-phase circuit of Fig. 14-6. 



Six-phase Rectification 

The disadvantages associated with the foregoing methods of 
rectification are fluctuation in the d.c. output voltage and poor 
power factor on the input side. As previously stated, when a three- 
phase supply is available, it is possible to employ six- or twelve-phase 
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connexions on the secondary side. In this way, d.c, voltage fluctua¬ 
tion may be considerably reduced and the power factor improved 
over that obtaining with three-phase rectification. 


The Delta-double Star Circuit 


The simplest form of six-phase rectifier connexion is shown by 
Fig. 14-8. Each transformer limb carries two secondary windings 
connected in the manner shown. As only one secondary phase is 
in action at a time, a delta-connected primary must be employed. 
As m = 6, we have 


F,- 


'ttE q _ 

6\/2 sin 7r/6 








_v<_ 

f) sin 7r/6 


sm 


6/ 


I = 0*41/ 


Im = R = 106/ 

^ 6 sin 7 t/6 

As each primary phase supplies two secondary phases in succession, 
the primary current is 

7 , = V2{N.IN^)I. = 0-58{NJN„)I 


Transformer Secondary Raimg 
The secondary rating is 

6F,/, = 6 X 0-74£7o X 0-41/ = 1-84AV 

Transformer Primary Rating 

The transformer primary rating is 

3F^, - ^N^|N,)V, X 0-6S(NJN^)I 

= 3 X 0-74£?o X 0-58/ = h29EJ 

The mean rating of the transformer is thus 1*51EqI. 

A.G, Supply Loading 

As each primary phase has two equal current pulses per cycle, 
each line will have four equal current pulses per cycle, each of 
which is equal in magnitude to that of the primary current. Hence 
the line current is 

= V2I^ = 0-82{NJN^)l 
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The supply loading is, therefore, 

= Vs X Q-14Eo X 0-82/ 

= l-OSEJ 

A disadvantage of the foregoing circuit is the high rating of the 
secondary winding of the transformer. Even when the mean rating 
is considered, it is seen that it is as against for the 

circuit of Fig. 14-6. However, when the reduction in ripple is 
considered and the fact that the power factor of Fig. 14-S is 0*95 
as against 0*81 for Fig. 14-6, the advantages of six-phase working 
are sufficiently evident. 


Power Factor 

The power factor is 


= 0-95 


Voltage FlucUmtion 

In this case the output voltage fluctuates between a/2Fs and 
V2F, sin 7r/3. The amplitude of the fluctuation is 

V2F,- V2F, sin 7r/3 


=(v 2 -y? 


{)-UE^ 


Maximum Inverse Voltage 

As with a two-phase circuit, a non-conducting anode must 
withstand a peak voltage 2V2Vs volts. 

We shall now consider the influence of the transformer reactance 
on the various currents and voltages, etc., of the foregoing circuit. 
From (13-16) 

Vs = 0*74i7 

while, from (13-25), = 0-41/Vri - QA^)] 

Also h ^ o-5H(i\r,/j\r^)V/[i ~ 6/(701 

The secondary rating is VMEI 


Vl - 6 /(m) 

o ^ 

J 
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and the primal 


■y rating l-29Ai 

9 

L J 


The line current is 


and the supjily loading 1-05^/ 


The power factor is 


(hH2(N,/N„)IlVl - .‘{/(M)] 

...... 


From (13-23) 


L\/1-3/{m). 

E = M,-\llx] 


Expressing I in terms of Ij, we may write 

A’ A’ _ r 1 

For the ultimate ])urpose of comparing the regulation of this circuit 
with others, we shall now assume a 1 : 1 transformation ratio. 
In these circumstances the reactance referred to the primary is 
identical with that referred to the secondary and X may be replaced 
by Xp. Hence the last expression becomes 




(14-8) 


and the percentage regulation is 1 *22/^1 ■—6/('?^) times the per¬ 
centage transformer reactance. 

The Six-phase Fork or Triple-star Circuit 

The following circuit, shown by Fig. 14-9, is widely employed, 
for, compared with Fig. 14-8, it has a lower volt-ampere rating and 
permits the use of a star-connected primary winding. As before, 
my= 6 and =, 0-74j®o 

/„ = 0-41/ 

= 1-06/ 
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Racli of tlio nine secondary windings has the sann^ voltage rating, 
i.e. approximately the same number of turns, tlio six various phase 
voltages being produced by two similar windings located on different 
limbs of the transformer. If and V,i are, respectively, the 
number of turns and voltage of 


each of the nine secondary wind¬ 
ings, then 

F, - \/3F,i 

and F,i = V^fV 3 = 0-426^/p 
The anode current and that in the 
outer branches of the secondary 
winding are found from (14-2) and 
are 

la = 0*417 

The inner branch or centre star 
windings carry the anode current 
twice in succession per cycle and 
hence the value of the current in 
these windings is 

i, = Vi X 0-41/ = o-ssi 
Referring to Fig. 14-9, each 
primary phase must carry four 
equal pulses of current per cycle, 
two for a winding such as 6-1 
of the centre star and two for 
outer branch windings such as 3 
and 4. Thus the primary current is 



I„ = V2(NJN,)h 

= 0 - 82 {NJN,)I 


Transformer Secondary Bating 

The transformer secondary rating is 
6F.i/„ d- 37^7, 

=r- 6 X 0-42«J5o X + 3 X 0-426 jE:o X 0-687 
= 1 + 0-74AV 

= 1-797?o7 
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Transformer Primary Rating 
The primary rating is 

3F,/, - X 

= 3 X 0-426^0 X 0-82i 
105 ^/ 

The mean rating is thus 1*42 A/q/. 

-4.(7. Supply Loading 

In order to dotemiinc the line current, we may nott^ that, when 
anode 1 is conducting, the lino connected to the top of phase X 
carries the primary phase current for one-sixth of a cycle. When the 
arc shifts to anode 2, the line then carries the current of phase Y. 
When anode 3 conducts, the line then carries twice the preceding 
amount of current, i.e. the currents for phases X and T. Continuing 
in this manner for a cycle, the line current is given by 



from which Ij^ = = Y4:2{N^)I 

The supply loading is 

3 X 0-426J37o X 1*42/ 

= imEj 

The line current derived above, of course, refers to a delta-connected 
primary. If a star-connected primary is employed, the line current 
is equal to the phase current, the supply loading being the same in 
both cases. 
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For the foregoing circuit the power factor, voltage fluctuation, 
and maximum inverse voltage are the same as those of the simple 
six-])hase circuit of Fig. 14~8. 

In considering the effect of transformer reactance on the various 
currents, we have for the anode current 

la = 0-41/Vl - 6 /(m) 

For the current in the centre-star winding we must take m — 3, 
as this winding carr ies the current of two consecutive anodes. Thus, 
in this case, 

7, — ((-SS/n/i — ^f(u) 

The Value of u tends to be small for the triple-star circuit, as 
only one secondary winding is commutated at a time. Thus, when 
the current changes from anode 6 to anode 1, the current in tlic 
corresponding winding of the central star does not cihange. The 
effective reactance is, tlK'refore, the same as with a double-star 
circuit, the secondary voltage of which is equal to Fs/Vlh When 
the current changes from anode 1 to anode 2 the sum of th(5 currents 
in windings 1 and 2 remains constant. Hence, as these windings arc 
located on the same hmb of the transformer, the net reactance 
e.m.f. in each winding is zero. Hence the reactance e.m.f. of the 
secondary is again equal to that of a transformer, the phase to 
neutral voltage of which is As the reactance varies as the 

square of the number of turns, and hence as the square of the voltage 
rating, the reactance to be employed in the determination of u is 
X/3, where X is the effective leakage reactance measured between 
the secondary transformer neutral and one anode terminal. 

From (13-23) = JSq — - • — 

Remembering that X must be replaced by X/3, wo have 



Expressing I in terms of 

h = Q-%2{N,JN;)IW\ - 3/(m)1 

r 1 1 

Ivi- ^m)J 


and 
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Assuming a 1 : I transformation ratio, = NjV 3 and 
^ [vf- 3 /(m)] 


Tlius 


¥(“)• 


v/l - 3/(«) 


J) ■ 


(14-9) 


Tho secondary rating is 
E 


fi X 0-426 


cos- 


X 0-41/a/i — 6f{u) + 3 X 0-426 
X 0-58/Vl - 3/'(«) 


E 


008 -= 


= i-or,El 


+ 0.74A7 


COS* 2 


008 -= 


- 1-05^?/ 


V'2V'l — 6 /(m) 4 V'l —J/(^ 
V 2 eos'*^ ^ 


and tlie primary rating 

KmEI 


“y_i_^3/j^) 

2 '^ 

L J 


the su})ply loading having the same value as the latter. 

Comparing the triple-star circuit with that of the double-star, 
the moan transformer rating of the former is about 9 per cent lower 
than the latter. Furthermore, by comparing (14-9) with (14-8), it 
will be found that the regulation of the triple-star circuit is only 
about 41 per cent of that of tho double-star. 


The Six-phase Bridge Circuit 

Where rectifiers are constructed from a number of separate 
elements (such as is the case with metal and valve rectifiers), the 
circuit of Fig. 14-10 is frequently employed. From this it will be 
noted that two groups of rectifiers are star-connected, the star 
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point of ono group being the junction of its cathodes, wliile the 
junction of the anodes of the other group forms a second star point. 
With this circuit it will be found that six-])hase rectification is 
obtained from a three-terminal source. In order to follow the 
operation of the circuit, a somewhat difterent method of approach 
will bo taken compared with methods emj)loyed with foregoing 
circuits. 

Considering the moment when the voltage of phase () is zero, 
the voltages of phases A and B are, respectively, + and 


a 



— V 3/2 of their maximum values, i.e. they are both acting from 
b towards a and c. At this moment condu(;tion from phase B is 
terminating and commencing from phase A. Thus current flows 
from phase A through 1 and 1' for a period corresponding to 
(27r/3— 7 r/ 3 ) radians, i.e. 60°. At 27r/3 the voltage of phase C 
commences to exceed that of phase A, and thus phase C delivers 
current through 1 and 2'. After conduction for a period corre¬ 
sponding to 60°, phase B takes over and delivers current through 
2 and 2'. Continuing in this manner, it will be found that the* 
following summarizes the conditions over a cycle 

A over from B through 1 and 1' 


c 

„ A 


1 

2' 

B 

„ c 


2 

2' 

A 

B 


2 

3' 

C 

A 


3 

3' 

B , 

c 

,, 

3 

.. 1' 


As with previous circuits m = 6 and thus Vg — 0-74A"j„ V, in this 
case referring to the voltage between lines. Current commences to 
flow in phases a and biox Q ~ tt/S, continuing until 0 = 277 / 3 . This 
is immediately followed by a similar pulse through a and c. Thus, 
each anode (or rectifying element) carries two pulses of current 
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per cycle and the r.m.s. value of the anode current is \/2 times that 
of the six-phase circuits previously discussed. Hence 

- \/2 X 0-417 = 0-587 

Now each secondary phase carries four pulses of current per cycle, 
each of which is equal to that of the anode currents. 

Thus 7, - V2 X 0-58/ -- 0-82/ 

Due to tlie thret^-phase character of the secondary winding, the 
primary current is given by 

/, - {n[/N,)J, - 0-S2(NJN,)I 


Transformer Secondary Rating 

For the star-connected secondary shown, the rating is 



-=• :i X 


0-74Bo 

V3 


X 0-82/ = \ 


the transformer primary also having the same rating. As two 
phases are always simultaneously carrjdng current, it follows that 
a star-connected primary winding may be employed. 

The circuit of Fig. 14-10 may also be employed with a delta- 
connected secondary winding. In this case the vector sum of the 
e.m.f.s of any two phases is equal to that of the remaining phase. 
Also if the impedances of all phases are equal, the impedance of a 
pair of phases must be twice that of one. Thus, with a delta- 
connected winding, if a load is connected to one phase, two-thirds 
of the load current is supplied by this phase and the remaining 
third by the other pair. It follows that while the voltage of phase 
Ay Fig. 14-10, is higher than either of the voltages of B or Gy A 
is contributing two-thirds of the current to the line and B and C 
one-third. Thus, if 1^^ is the maximum value of the secondary 
line current, the r.m.s. value of the phase current is 





TIECTIFTBR CIRCUITS 


471 


For six-])has(‘ ro(3tificatioii ^ 1-0477 and, therefore, we have 

I, = 0-472/ 

The secondary rating with a delta connexion is 

^ X 0-4727 V 0-747;o 1-05 A;o^ 

which is the same as wlien a star-connexion is employed. As with 
a star-connected secondary, the secondary line and rectifier currents 
arc respectively equal to 0-827 and 0-587. 

Either a star- or delta-connected primary winding may he 
employed in connexion with a delta-connexion on the secondary 
side. 

A.C, Supply Loading 

With a star-connected jnimary and secondary the primary line 
current is the same as the phase current, i.e. Hence 

the supply loading is 

=- y <)-s2{NJN^)J 

HN„/N,) X 0-H2(NJN^)I 

VU\ X 0-82/ 

Vs X O-74&0 X 0-82/ 

-- 105BV 

If the secondary is connected in delta and the primary in star, then 
the rating is 

VsVJl = Vs. Vsv„ X 0-4'!2(NJN^)I 
^ S{NJN,)Vs X 0-472(NJN^)I 
— 3 X 0-74i?o X 0-472/ 

=- l-QUEV 

Where a delta-connected primary is used with a star-connected 
secondary the primary line current is Vs X 0-82(iV^,/A^)7 = 
1 •42(NJNj,)I. The sui)ply loading is, then, 

V3 X {NJN,)-^ X 

= 105Ef^ 

The same result is obtained if a delta-delta connexion is employed. 


i6—<T.a89) 
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The power factor is, of course, 1/1*05 — 0*955 and the ripjde 
is the same as witli the six-])hase circuits previously discussed. 

Comparing the six-phase bridge circuit with the two foregoing 
circuits, we observe that in the former case the secondary and 
primary ratings and supply loadings are the same; i.e. 1*05^J(,/. 
This is consid(?rabJy lower than the primary ratings of the latter 
circuits and very considerably lower than their secondary ratings. 
On the other hand, the specific anode loading of the bridge circuit 
is higher than that of the other two in the ratio of 0*58 to 0*41, 
i.e. it is 41 per cent greater. In this respect the bridge circuit is 
at something of a disadvantage, for it may necessitate a larger 
rectifier or, in the case of metal rectifiers, more discs in parallel 
for a given output than would be the case with the previously 
described circuits. However, the simplicity and low rating of the 
transformer of the bridge (‘ircuit tend to offset this disadvantage. 

Considering tlie value of the anode current obtained in practie(‘, 
due to the secondary windings carrying the current of two consc'cu- 
tive anodes, m in (18-25) must be taken as 8. Hence 

= 0-587-v/l— 


from which it will bo observed that the reduction in anode current 
is not as low as for previous circuits for tlie saiiuj value of u. 

A point of particular interest of the bridge circuit is the value 
of the peak inverse voltage. Compared with that of the circuits of 
Figs. 14-8 and 14-9, the value is only one-half in this case. Where 
metal rectifiers are employed this is a matter of great importance, 
for the necessary number of discs in series per phase is equal to 
the peak inverse voltage divided by the maximum permissible volts 
per disc. Hence on this score alone, for a given output voltage, the 
bridge circuit requires only one-half the number of discs needed by 
either of the other six-phase circuits. 

Taking into consideration the effect of transformer reactance 
and assuming a 1 : 1 transformation ratio, the secondary current is 


= 0*82/V 1 — ^f{u) (star-connected) 

= 0*472/a/i — ^f(u) (delta-connected) 
similar values obtaining for the primary winding. From (13-28), 
and assuming a delta-star connexion, 


E = Eq — 


"m IXl 

2 J 

"3 1X1 
2 J 
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As with the tri])lc-star connexion we must take for the reactance 
X/3. Thus 

K - 

Expressing / in terms of 



, .1 

(Afy.v.iLi'i 

and, as iV, — NjV-i, 

I - 2-l7„ 


'I'lnis 


''[vT ’:,;(«)] 

* [rf-w;,]) 


- L-71) 
V L-*Vi - »/(«)J/ 


which indicates that the bridge circuit possesses particularly low 
regulation, actually 50 pei* cent of that of the triple-star circuit. 

The primary and secondary ratings and supply loading are 
given by 

105J^/ 


Phase Equalizing 

In the rectifier circuits so far dealt with, it is seen that, provided 
the interval of overlap be ignored, each rectifier anode or element 
carries the d.c. load current for 27r/m of a cycle only. This leads 
to poor utilization of the rectifier phases and results in transformers 
which are large and uneconomical. In view of this, circuits have 
been devised which enable two, three, or four anodes to carry 
current simultaneously and which, moreover, allow each anode to 
carry current for a longer period than the multi-phase circuits 
previously discussed. 

Now, normally, an anode only carries current while the voltage 
of the phase to which it is connected is higher than the rest. We 
have seen, however, that during overlap two anodes may simul¬ 
taneously carry current and that while they do so their phase 
voltages are equal. Hence, in order that two or more anodes may 
simultaneously carry current, it is essential that the phase voltages 


Vl-Sf(u) 


cos^ 


. u 
9 -J 
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shall be of identical value during the common period of current 
conduction. This is effected in ])ractice by means of what is termed 
phase equalizing, i.e. by electromagnetically coupling phases or 
phase groups in such a manner that two or more phase voltages are 
simultaneously equal. Reference to Fig. 14-11 will indicate the 
manner in which this is carried out for most large six-phase instal¬ 
lations. It will be noted that the phases are grouped into two groups 
of three, star-connected, with a reactor connecting the star points 
of each group. The reactor is known as an interphaso reactor or 
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Pig. 14-11 


transformer, and it will be noted that its electrical centre forms the 
d.c. negative terminal. As (with the circuit shown) two anodes 
simultaneously conduct, two phases are always connected via the 
arcs and cathode pool. Thus, if the arc drop is ignored, the e.m.f. 
impressed on the interphase reactor is the difference between those 
of the two-phase groups, and hence half this difference will either 
be added to or subtracted from each group, thus equalizing the phase 
voltages and permitting two phases, one of each group, simul¬ 
taneously to carry current. It will be noted that each phase group 
contributes one-half of the d.c. load current, each part of this 
passing through the reactor, the windings of this being so arranged 
that the m.m.f.s due to the d.c. current oppose each other, resulting 
in an absence of core magnetization. 


REOTIFIBE CIRCUITS 


475 


Fig. 14-12 shows the instantaneous voltages and their resultants 
acting in the circuit of Fig. 14-11. Tt will be seen that the instan¬ 
taneous d.c. voltage is given by 


V2Fs sin 0 


V2V^ sin (0 — 7r/2) 
2 


VI 


F, sin (0 ■ 


ttIQ) 


the mean value being 



where the limits refer to phase 1. 



Integrating (14-10) 




Fto. 14-12 

M7F, 

V2-n- 


and 


Vs = 0-86JS?o 


(14-10) 


which is the same as for a simple three-phase system. It will be 
noted that the triple-frequency fluctuations of each phase group 
combine to produce a smaller fluctuation of sextuple frequency, as 
in the six-phase circuit of Fig. 14-8. The amplitude of the 
fluctuation is 


sin tt/S — {V2Va sin 7r/2 + V2Vs sin n/6)/2 


= 0-162F, or 0-Vd8Eo 
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which in the same as for a simple six-phase circuit. Fi’om the fore¬ 
going it will bo a])preciated that the circuit of Fig. 14-11 behaves 
in one respect as a simple tliree-j)hase rectifier witli a relatively 
high transformer u1 ility factor, and in another as a six-j)haso rectifier 
with its relatively low d.c. voltage ripple. 

The instantaneous voltage across each half of the interphase 
reactor is 


V2Vs sin 0 — V2V^ sin (0 — 7r/3) 

_ _ _ ^ 


^2 ~ 


one maximum of this occurring for 0 — 77 / 2 , referred to phase 1, 
Fig. 14-12. 

The r.m.s. of this voltage is 

p27r/.‘i 

cos2 (61 ~ 7r/0)d0 . . (14-11) 

JTr/2 



the limits being referred to phase 1. 
Integrating, (14-11) becomes 


l' 2 n- 3 V 3 

V ' 877 


V, 


From (13-7), 
be written 


=: V 27rl?o/3\/3 and thus the reactor voltage may 


V27r / 277 — 3\/3 

sVs V 


0-171Eq 


(14-12) 


Reference to Fig. 14-12 (h) shows that the waveform of the 
reactor voltage is approximately triangular, and that the maximum 
voltage across the entire reactor winding is VjV2 volts. 


Currents and Ratings 

As each three-phase group contributes ono-half of the d.c. 
output current, the phase current is one-half of that occurring with 
simple three-phase working, i.e. 0-29/. Each primary phase must 
supply two secondary phases in turn during a cycle, and, therefore, 
the primary phase current is 

V2{NJN,)I, - Q il(NJN^)I 

We may note that as two secondary phases are simultaneously in 
operation, so also must be two primary phases. Thus, in this case, 
a star-connected primary winding may be employed. 
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Trannsformer Srcov^danj Rating 
The secondai’v rating is 

(U\/, — () > X 0 -21)/ — 1-5AV 

Transformer Primary Rathg 
The primary rating is 

--- 3 X X 0-41(^-,/iV„)/ 

- 3 / (»-86ii’o X 0-41/ ^ 1-05AV 
The mean rating is thus 1-27EJ[, 

Interphase Reactor I^ating 

For the purpose of determining the reactor rating it may bo 
regarded as a 1 : 1 iransformer, each winding carrying a d.c. current 
7/2, plus a negligible magnetizing current. The voltage across each 
winding is 0*177 ^q, and thus the rating is 

^ o- 088 EoI 

Hence the mean rating of the transformer unit as a whole is 1‘36 -Bq/. 
Tt may be remembered, however, that the frequency of the reactor 
impressed o.m.f. is three times that of the supply frequency, and 
this generally permits a reduction in the size of the reactor compared 
with mains frequency working. 

A.C. Supply Loading 

On the assumption that a star-connected primary is employed, 
the line current is equal to the phase current, i.e. 

o.4i(i\r,/i\r,)/ 

The supply loading is then 

=- ViT. V3F„ X 0-41(iV,TO/ 

= Z{N^IN,)V, X 
= 3 X 0-86£?o X p-41/ 

= 106 ^o/ 

Assuming a delta-connected primary is employed, the line current 
may be determined in the following manner. Referring to Fig. 
14-11, when anodes 1 and 6 are conducting, the line connected to 
the top of phase X carries the primary currents for phases X and Y 
for one-sixth of a cycle, these two currents, of course, being 60® 
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out of phase with each other. Next, anodes 1 and 2 conduct, during 
which time the same lino carries the (mrrent of the X phase only 
for one-sixth of a cycle. Following this, anodes 2 and 3 conduct, 
during which time the line carries the current of th(^ Y phase for 
a further one-sixth of a cycle, but in the nwerse direction to formerly. 
Hence the r.m.s. value of the line current is given by 



TTrmio I 


sin^ 0(10 ^ 
J 7r/2 


''7r/2 

sin^ 0(10 
JttJQ i 


where the limits of the first integral refer to anode 6, integration 
being taken from the moment anode 1 starts to conduct. Thus the 
first integral refers to the one-sixth of a cycle, while anodes 1 and 6 
are conducting, the second to when anode 1 is conducting for a 
further one-sixth of a cycle, anode 6 having terminated, and the 
third integral to when anode 3 is conducting. Integrating, we have 





We have already seen that for a simple three-phase circuit 7^,^ 
= 1-217. Hence for the circuit of Fig. 14-11, 7^ -= 0-67 as each 
three-phase group provides one-half of the d.c. output current. 
The line current is then given by 

7^ = M8(X,/X^)0-67 = 0-708(X,/X^)7 


In this case the supply loading is 

= V^(NJN,) X 0-mJo X 0-708(N,/N^)I 
= Vb X 0-86jS?o X 0-708/ 

= 1-05^/ 

as before. 

Contrasting this circuit with those of Pigs. 14-8 and 14-9, we 
note that the rating of the transformer shows a reduction of 19 
per cent on that of Fig. 14-8 and 11*5 per cent on that of Fig. 14-9. 
If the interphase reactor rating is included, then the respective 
percentage reductions are 13*3 and 5-2. It may also be noted that 
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compared with the circuits of Figs. 14-S and 14-9, the phase- 
equalizing circuit reduces the anode loading in the ratio of 0*29 to 
0*41. This, of course, permits an increased output from a given 
rectifier or a reduction in the rectifier dimensions for a given output. 
As with simple six-phase working the pow('r factor is 0*95. 

An effect which may be experienced with the last-described 
circuit is a reversion to simj^lc six-phase working on very light 
loads, with a consequent increase in d.c. voltage from 1*171^ to 
1-33 Fj. This is caused by the load current becoming less than that 
needed to magnetize the reactor. If / is the r.m.s. value of the 
magnetizing current, then the d.c. load ciiiTent at whicli the fore¬ 
going effect occurs is 2V2^ amp., this beiiig known as the transition 
current. Where this phenomenon is objected to, it may be obviated 
by the connexion of a small permanent load to the outiJut terminals. 

Considering the effects of transformer reactance' 

/„ - 0-29/[Vr -'37(7)1 

/„ = 0-41/1 \/1-3/(m)J 

The angle of overlap in the above equations is determined from 
(13-22), but I in that equation must be replaced by 7/2. Similarly 
in (13-23), I must be replaced by 7/2. Hence 

Expressing 7 in terms of Ij, and assuming a 1 : 1 transformation 


ratio 

^ ^ [vi - 3/(«)] 

and 

E - Eo r 

- Sf(u). 


The secondary rating is 

1-5J57 

and the primary rating and supply loading 

L J 


Vl- 3/(«)- 


COS^ 
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Twelve-phase Rectification 

It is evident that the greater 
llie miniber of phases employed, 
tJie smaller the d.e. voltage fluc- 
i nation, or ripple, becomes. It will 
also have been noted that as the 
phase number is increased so also 
is the rectifier power factor. Hence 
it follows that by employing twelve- 
])hase rectification a further reduc¬ 
tion in ripple and increase in power 
factor may be obtained, compared 
with those obtainable with the 
circuits previously described. Dis¬ 
advantages associated with twelve- 
phase rectification are poor utility 
factors and complicated and costly 
transformer windings. In fact, it 
may be held that, where a particu¬ 
larly smooth output is required, it 
is preferable to employ six-phase 
rectification with smoothing equip¬ 
ment rather than the somewhat 
complicated twelve-phase rectifier. 

The Twelve-phase Fork 
Giro [JIT 

This circuit is a development 
of the six-phase fork circuit of 
Pig. 14-9 and is shown by Fig. 
14-13. The complicated character 
of the secondary windings is at 
once apparent, there being no fewer 
than eighteen secondary windings 
accommodated on the three trans¬ 
former limbs. It will be noted that 
the phase voltage Vg is produced 
by the combination of voltages 
Fg and Fg. From the sine rule 

F, ^ Fg ^ Fg 

sin 120° sin 15° sin 46° 
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and tlins we liavc' 


r3-(KU\ 


As m — 12, we have 


- - (t-71574 

12V2 sin 77/12 


/ ] / 77 1 . 277 \ 

, ’^V2^;iT2^-2'”"l2j 

l„-= - -= 0-2i»7 


12 sill 77/12 


77 

^ i.r ^-/To ^ — 1015/ - I a])])rox. 

' 12 sin 77/12 * ' 

Now tlie windings of the centre star each su]>])ly two anodes in 
succession per cycle and hence 

/, -= V2I„ -= 0-41i 


In order to determine the primary-j)hase current we may note that 
phase X, for example, supplies, in succession, per eycl(% the windings 
12~1, 2, 5, 6-7, 8, and 11. Thus, remembering that 12-1 and 6-7 
each conduct twice per cycle, the primary-phase current is given by 



^ 0 6l(N,IN,)l, or 0-5(K/F,)/ 


Transformer Secondary Rating 

The transformer secondary rating is 

12F3/a + 6 F 2 J, = 12 X 0-3 X 0*72ip;o X 0-29/ 

-f 6 X 0*816 X 0*72i!;o X 0*41/ 
= 0-75J^</ + \AbEJ 
= 2-2EJi 
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Transformer Primary Rating 
The primary rating is 

_ :i X 0-816 F, X 0-61/ 

- :j X 0-816 X 0*72j&o X 

- 1-08jE7o/ 

The mean rating is thus l-64^^o/. 


A.C. Supply Loading 

In order to determine the lino current, we may note that, when 
anode 1 is conducting, the line connected to the top of phase X 
carries the current for this phase for one-twelfth of a cycle, the 
instantaneous value of the current being sin d. When 

the arc shifts to anode 2 the line current becomes sin 0 

and has the same value, but reversed in direction, when anode 3 
conducts. For anode 4 the lino current is {NJNp)!^ sin 6, while for 
anode 5 the value is [(NJNj,)!^ + sin 0. Continuing 

in this fashion round the secondary circuit, the r.m.s. value of the 
lino current will be seen to be, 


27rl 


( 



sin2 OdO ^ 

[ J 



^2 

27T 


^77r/12 

sin^ OdO 

.57r/12 

p77r/12 \ 

+ 4 [{N,/N^)l^ Sin 0 -f (NsJN^)h, sin OM 
J5n/12 ) 


sin^ 6d0) 


( 

'• 777/12 ^ 

U-54(N./N,)^IJ 

sin^ OdO + 

1 J 

&w/lS Jb 


/12-07 

V 2- 




'77r/12 

sin^ 0d0 


J5ir/12 


= (NJN,)I, or 0-816(F./F„)7 
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The supply loading is 

- V.-}F„ X {N,IN^)I 

- V^i(N^IN,)V^ X {N,IN^)I 
= Vi X 0-8 ]6 X 0-715£o X 1 
-= I-OIEqI 

It will be noted that the algebraical sum of the currents in the 
primary is not equal to zeT*o and, thendore, only a delta-connected 
winding may be employed. 


Power Factor 

The power facdor is given by 

EJ 

— K -Q.OO 

lOlJ^o^ 

Voltage Fluctnaiion 

In this case the outymt voltage fluctuates between and 

sin 77 r/ 12 . The amplitude of the fluctuation is 

V'2F,— ViV, sin 77 r /12 

V'2(l — 0-9659) F, -= 0-048 F, 

-- 0 - 034^/0 

Maximum Inverse Voltage 

Ignoring the drop in the conducting anode, the non-conducting 
anodes must each withstand 2 V 2 Fs. 


The Quadruple Three-phase Circuit 

The poor utility factor and high transformer rating of the fore¬ 
going circuit has, as with six-phase rectification, led to the intro¬ 
duction of circuits employing the principle of phase-equalizing. 
Several such circuits exist but, here, only what is probably the best 
and most frequently employed circuit wdl be discussed. This circuit 
is shown by Fig. 14-14, and, like that of Fig. 14-13, possesses a 
complicated secondary winding which, virtually, consists of four 
three-phase groups coupled by three interphase reactors. As with 
the circuit of Fig. 14-13, the phase voltage Vs is produced by the 
combination of the voltages Fg and F 3 . Hence, as before, 

F 3 = 0-3 F, 

F 2 = 0-816F. 
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Each of the three-phase groups of Fig. 14-14 supplies one-quarter 
of the d.c. current (four anodes, one from each group, being simul¬ 
taneously in operation), eaeli anod(? earrying current for one-third 
of a cycle. A six-phase group, such as 1, 2, functions in an exactly 
similar manner to that of Fig. 14-11 and hence = O-SGEo. It 



will be noted also that as each three-phase group contributes one- 
quarter of the d.c. output current, the secondary phase and anode 
currents are one-half of those of Fig. 14-11, i.e. 0-145/. 

In order to determine the primary current we note that as 
anode 12 finishes conduction (Fig. 14-15), anode 4 is just commenc¬ 
ing. The four anodes which are at any instant conducting are, of 
course, those the potentials of which occur in sequence, such as, 
for example, 10, 11, 12, 1, - 11, 12, 1, 2, - 12, 1, 2, 3, - . The 
value of the primary current may, of course, be determined in a 
similar manner to that employed for finding the line current of 
Fig. 14-13. However, due to the complicated nature of the trans¬ 
former windings in the present case, this method leads to lengthy 
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and tedious integration of an excessive number of terms. To avoid 
this difficulty, the sim])lifying assumption will be made that the 
anode currents are of rectangular waveform of amplitude 0'25/. 
This corresponds to when a cathode choke is employed or an induc¬ 
tive load is supplied. Under these circumstances the r.m.s. value 
of the anode current is 



(0-257)2 X 


0-257 
V m 


0-^57 


m + 2 

\d0 

t m - 2 

'Zm ^ 

0-1447 


which diflFers by a negligible amount from the figure already derived 
by a more rigorous method. It may be here recalled that it has 
already been shown (page 4{:]) that for m > 3, — 

approxitnately. 

Considering the moment when anodes 1, 2, 3, and 4 are conduct¬ 
ing, the current in the primary phase X is 

0-25(i\^,/i\^^)7 + 0^2ry(NJN,)I = 0-U(NJN^)I 

As conduction through anode 1 terminates, it commences through 
anode 5. The X-phase current is now that necessary to supply the 
outer windings of anodes 2 and 5. This current is, therefore, 
0-25(NJN,)I - 0 25(NJN,)I = 0 

7r/6 radians later anodes 3, 4, 5, and 6 are conducting and the 
X-phase is supplying current for the outer winding of anode 5 and 
the inner winding of anode 6. The current now is 

^ 0-25(XJX^)7^ ()-25(AVA^)7 - - 0-34(X,/X^)7 

Continuing in this manner for a complete cycle, the r.m.s. value of 
the primary phase current is given by 

= {NJN„)lJ^-^ [(0-34)2 + (0)2 + (_ 0-34)2 + (- 0-69)2 

^ + (- 0-683)2 + (— 0-59)2 ^ (_ 0-34)2 ^ (o)2 

+ (- 0-34)2 ^ (0-69)2 + (0-683)2 -f (0-69)2] 
= 0-484(i^,/iVJl or 0-396(F,/Fp)I 


Transformer Secondary Bating 

The transformer secondary rating is 

+ I 2 F 2 /, = 12F/.(0-816 + 0-3) 

= 12 X 0-86jEIu X 0-146J X 1-116 = 1-67^/ 
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The primary rating is 

liVJ, - X iMS4.(Ns/N^)I 

:) X 0-816 X 0-86JS/o X 0-484/ 
hOlE^I 

The mean rating is tlius 


Inter phase Reactor Ratings 

The reactors A and B connecting groups 1, 2, and 3, 4, function 
in an exactly similar manner to that of Fig. 14-11. Their windings, 
however, carj\y only one-quarter of the d.c. output current and 
hence their rating is 0*044/^^/. The function of the reactor C is to 
couple tli(' two six-})hase groups. In consequence, each of its wind¬ 
ings will carry one-half of the d.c. load current, while the voltage 
across this reactor will be the difference of the instantaneous e.m.f.s 
across eacli six-pliase group, lleference to Fig. 14-15 will show the 
twelve })haso voltages and combining 1 and 3, 3 and 5, etc., and 
also 2 and 4, 4 and 0, etc., we obtain the^ instantaneous voltages 
across each six-phast‘ grouj). The difference between these voltages 
is shown by the smaller triangular wave which, it is to be noted, is 
of sextuple frequency, its am])litude is equal to the difference 
between the maximum and minimum values of the voltage of cither 
six-phase group, i.c. ()-l()2F^. or ()-138£'o. As the r.m.s. value of a 
triangular wave of the form shown is 1/V3 times the peak value, 
the r.m.s. voltage across C is One-half of this voltage 

is, of course, across each half of the reactor and thus its rating is 


O-USEq 

2v^3 


- = 002E^ 


The total rating of the three reactors is 

2 X O-OUEqI + 0 02E^ = OAOSEqI 
and thus the total transformer rating amounts to 
I-UEqI -f- O-IOHEqI = l-USEJ 


A.C. Supply Loading 

A consideration of the circuit of Fig. 14-14 will show that two 
primary phases are always simultaneously in operation, carrying 
identical currents. For example, when anodes 1, 2, 3, and 4 are 
conducting, the current loadings in phases X and Y are identical. 
It therefore follows that a star-connected primary may be employed. 
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In this case iJio lino (*urrent is equal to the phase eum^nt, i.e. 
{)-4H4(Ns/Np)L The supply loading is then 

- ‘S(NJN,)V, X 0-4M{NJN,)I 
— X 0-8 HI X 0-8HA^o X 0*4847 

- j-ojAy 

In the event of a delta-eonneeted primary being employed, the line 
current may be derived in a similar manner to that used for deter¬ 
mining the ])rimary-phase currents. Thus, when anodes I, 2, 3, 
and 4 are in o])eration, the line connected to the top of ])hase A" 
must carry— 

Anode 1 A'node 2 Anode 3 Anode 4 

0*25(i\r,/Arj/ 0.25 (A^,i/.YJ 7 - ~ 0*25(iV,/i\r,)7 

^ 0 


TrJiS radians latei the lino current is 
Anode 2 Anode 3 


0.25(jVyiV,)/ - i) 2r,[NJNp)I ^ 


Anode 4 
0*2r)(AVxV,)7 ^ 




Anode 5 
0-2r>(NJ]Vp)/ 

(h25(Ns^/Np)I 



Ftg. 14-15 


Continuing in this manner for a complete cycle, the r.m.s. value of 
the line current is given by 

= (NJN^)lJ^ [(0)2 + (- 0-692)2 + (_ 1.02)2 + (_ i.]8)2 

^ + (— 1-02)2 + (— 0-692)2 ^ (0)2 4- (0-692)2 

+ (1-02)2 + (1-18)2 4- (1-02)2 .|_ (0-592)2] 

= 0-836(iV^,/^■,)/ or 0-68( F,/F,)I 



488 


ELECTBONICS 


The supply loading with a delta-connected primary is then 

- ^[n^in,)v^ x o-83Q{n,in^)I 

= Vs X 0-8IG X 0-86j5?o X 0-8367 
= hOlEJ 


Voltage Fluctuation 

It will be noted from Fig. 14-15 that the two six-phase groups 
combine to produce a fluctuation in the output voltage of twelve 
times the mains frecpiency, the amplitude of the fluctuation being 

V2F, sin 7r/3 sin 5^/12 sin 77/4)/2 

= 0-0417 F, or 0-0355Eo 



(CHAPTER XV 


GRID-CONTROLLED RE( TIFIEKS, INVERTERS, AND EREQUEN(^Y 

(MIANGERS 

An extremely important devejo])meiit in the rectification field is 
the application of grid control to the mercury-arc rectifier. The 
principles involved are similar to tliosei of the thyratron and, strictly 
speaking, a grid-controlled mercury-arc rectifier may be termed a 
thyratron. Various methods of grid control are employed, the 
purpose of which is to permit the establishment of the arc at some 
predetermined moment during the anode voltage cycle by the 
apj)lication of a positive jiotential to the grid, and to prevent 
re-establishmcnt of the arc at some other moment by the apjilieation 
of a negative grid potential. Th('> latter potential is termed the 
blocking potential and the former the liberating potential. In 
practice, the values of these jiotentials vary with the design and 
voltage rating of the rectifier, the })i()cking ])otential usually lying 
between 25 and 250 volts and the liberating ])otontial between 
25 and 150 volts. In order to limit the value of the grid current, 
series resistances ar(‘ emjiloyed. In the case of steel-tank rectifiers 
the grid current is of the order of 200 to 500 inA, while with glass- 
bulb rectifiers the current lies between 10 and 50 mA. 


L VOLTAGE 


RID VOLTAGE 


Soft-control Systems 

Grid-control systems may be classified imder two headings, 
namely soft-control systems and hard or impulse systems. Con¬ 
sidering the first-named, we may 
introduce this by means of the simple 
arrangement indicated by Fig. J5-1. 

Referring to this, let it be assumed 
that we have a positive-control tube 
the critical grid potential of which is 
constant as shown. Thus, for the 
case assumed, the grid-excitation 
curve is a straight line parallel to 
and above the abscissa. If now a 
sinusoidal e.m.f. is impressed on cathode and grid, it is evident 
that when the instantaneous value of this e.m.f. is equal to 
the critical grid voltage, the tube will strike and anode con¬ 
duction will be established. Assuming that Fig. 15-1 represents 
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CRITICAL 
GRID POTENTIAL 


Fig. 15-1 
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a single-phase rectifier, it is clear that the effect of grid control is 
to delay striking from O to P. The angle corresponding to the 
distance OP, measured along the base line, is known as the ignition 
angle and designated by a. It is evident that for the case considered 
a may be continuously ijicreased from O ' to 90° and that any attempt 
to increase a beyond this results in failure to establish an arc. 

Before proceeding further, the mean value of the current for 
the case represented by Fig. 15-1 will be determined, on the assump¬ 
tion that we are dealing with a half-wave rectifier. Assuming a pure 
resistance load, the valiu‘ of which is P, the instantaneous value of 
the d.c. current is 

^/2V sin 6 — 

R 


where is th(‘ arc dro]) of the rectifier. The mean value of the 
current is 


I =- 


l*Tr Oi 

2nli 

J a 


where 0^ = arc sin EjV 2 V. Integrating, 


7 - 


\^V 

'IttR 


r 

cos 4 - cos a — / - (tt — 0 —- a) 

L ^ ^ V2V -I 


which, Ea!V 2F is small, becomes 

V2V 


(16-1) 


The rectified voltage across R is, of course, 

\/2V 

E-s=lR^ — (1+cosa) . . . . (15-2) 


For the case of full-wave rectification (15-1) and (15-2) respectively 
become 

V2V 

(1 + cos «) 

V2V 

and -(1 + cos a) 

TT 


(16-1) and (16-2) immediately show that the value of the rectified 
current may be controlled by the value of a, i.e. the point at which 
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the grid-cathode voltage intersects the critical grid potential. 
This, of course, is true whether a positive or negative-control rectifier 


is employed and is independent of the 
method of initiating the arc. The cond¬ 
itions for a negative-control rectifier are 
indicated by Fig: 15-2, the critical grid 
potential curve being drawn from Fig. 
9-10. It is again evident that the maxi¬ 
mum value of a is 90°. 

Phase-shift Control 

Although a simple sinusoidal grid- 
cathode method of control has been 
assumed for the purpose of introducing 



Kio. 15-2 


grid control, this is seldom employed because of associated dis¬ 


advantages. For example, although (15-1) indicates that 1 may 


be continuously varied from a maximum, corresponding to a == 0, 



to zero, with the method of control 
assumed a may only be varied from 
0° to 90°. At 9(>" the current suddenly 
fails and it will be appreciated that 
the current may only be varied from 
a maximum to one-half this value. 
This effect is shown by P'ig. 15-3. 

In order to effect continuous 


Fig. i 5_3 variation of I over 0° to 180°, 


what is known as phase-shift control 
may be employed. This is achieved by var 5 dng the phase angle 
between the grid and anode potentials. Referring to Fig. 15-4, 
the grid potential is assumed to be lagging behind the anode 


potential by 0 degrees. At a the grid 
voltage intersects the critical grid potential 
curve and conduction occurs. It is evident 
that if the phase of the grid potential 
may be varied between 0° and 180°, / 
may be continuously varied between a 
maximum and zero for these limits. In 
the event of the magnitude of the grid 
voltage being large compared with the 
critical grid potential, a *== 0 and the 
critical grid curve may be assumed to 
coincide with the zero voltage axis. 



Fig. 16-4 
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Furthermore, if EjV2V is small, then (15-1) gives the relation 
between I and a for all angles, up to 180°, by which tlie grid voltage 
lags behind that of the anode. Consideration of Fig. 15-4 shows that 
if tlio grid voltage leads tli(‘ anode voltage by any angle, conduction 
oe(jurs almost at the eommeneoment of each cycle and 1 is un¬ 
affected by the phase or magnitude of a. Hence as a passes from 
180° to a value slightly in excess of this, I will suddenly rise from 
zero to a maximum in the manner indicated by Fig. 15-5. 

The foregoing considerations of phase-shift control have been 
considered for a negative-control tube. However, it is apparent 
that they are equally applicable to positive control tubes. 

Phase-shifting Circcjits 

In order to employ ])hase-shift control some form of phase- 
shifter is necessary. For large ])olyphase rectifiers a polyphase 
phase-sliifter is generally em])loycd. This virtually consists of an 
— induction motor possessing a 

wound rotor, the latter being 
ca pable of limited rotation. The 
LAOGiNQ LEADING LAGGING stator winding is excited from 

a three-phase supply and hence 
produces a rotating field, which 
induces e.m.f.s in the rotor 
^ ^ I latter are con- 

Ftg, 15-5 nected to the rectifier grids, 

and by altering the relative 
positions of stator and rotor the ])haso angle between grid and 
anode voltages may be varied. 

A further method of phase-shifting is indicated by the network 
of Fig. 15-6 and the ac;com])anying vector diagram. The cathode is 
connected to the electrical centre of a transformer secondary, the 
primary of which is excited from the main supply voltage. Assuming 
that and Zg are, respectively, a resistance R and an inductive 
reactance wL, their voltage vectors will be at right-angles and are 
denoted by and Fg. The vector sum of these two voltages is, of 
course, constant and equal to 2F, where F is one-half of the trans¬ 
former secondary voltage. The cathode being connected to the 
transformer centre and the grid to the junction of Z^Z^, the grid- 
cathode voltage vector extremities must fall on the centre of 2F 
and the point of intersection of the vectors FiFg. Hence the grid- 
cathode voltage is constant and equal to F and is unaffected by 
variation of its phase relation to, say, the vector 2F. Hence by 



GBID-CONTEOLLED RECTIFIERS 


493 


varying either R or L the phase of the gr id voltage may be varied 
from 0° to 180°. Assuming now that the tnnisformer is appro¬ 
priately connected, tlie grid-calhode voltage will lag behind the 
anode voltage. It will be constant in magnitudes and variable in 
])hase as already described. Referring lo Fig. lo-O (a), we may note 



^2 wIj 


It follows that if R is the variable', for 0 = ISO , ii = 0, anel for 
0 = 0, i? = 00. 

If Zi and Zg are intercluanged, this has the effect of reversing 
the vector 00' and causing the griel voltage to lead on that of the 



a A a 



anode, with the result that no control of the output is possible. 
This is shown by Fig. 16-6 (6) for the potential dijference between 
00' now becomes the vector difference of Oa and 60', or the vector 
sum of Oa and 60' reversed. Formerly it was, of course, the vector 
difference of Oa and O'a. However, no particular care need be 
taken with regard to the positions of and Zg in setting up the 
circuit, for should an angle of lead be obtained this can be simply 
reversed by reversing the connexions of the primary of the trans¬ 
former. A condenser may, of course, be used in place of an induc- 
*tance. Replacing Zg by a condenser gives the vector diagram (c) in 
which 00' leads Oa. As this gives no control, Zg and Z^ must be 
interchanged, when 00' will be reversed, giving the vector diagram 
shown dotted. From this it is apparent that, in contrast to when an 
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inductance is employed, an increase in i.e. R, causes a decrease 
in current. Also 


tan 


0 

2 


^2 


R 


\lwC 


- = wCR 


Pig. 15-7 shows the ri'lation of current to angle of lag for the thyra- 
tron of Fig. 9-10 when em])loyed with the following components: 





(7 = 4 /iP, R = 1000 ohms, supply voltage, 8, 240 volts, r.m.s.; 
db, 12 volts, r.m.s. It will be noted that the current falls to zero 
before 0 = 180°. This is due to the arc extinguishing when the 
supply voltage falls below the arc voltage, i.e, 16 volts. 

A further form of phase-shifting circuit is shown by Pig. 15-8 (a), 
and takes the form of a bridge network where the two resistances 
and condensers are of identical value. Referring to the left-hand 
branch of the bridge, the vector diagram is shown by the circle 
diagram at (6). The current, of course, leads the transformer voltage 
vector ah, as shown, the latter being the sum of the vectors IR 
and IX^, where Xc is the reactance of (7. Now, from a consideration 
of Fig. 15-6 (c) the potential of the point e, Pig. 15-8, to an imaginary 
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centre tap on the transformer is given by 00\ Fig. 15-6 (c). Simi¬ 
larly the potential of the point / is equal to 00' reversed. Hence 
the potential difference between e and / is given by 2 00', and this 
is equal in magnitude to ah. Hence, for the circuit of Fig. 15-S, the 
vector diagram is given by (5), 0 being the angle between grid and 
anode voltages. Also 

tan = V — wCR 

Bias-shift Control 

It is, of course, possible to control the moment of arc ignition, 
in the case of a negative-control tube, by means of a variable d.c. 
bias voltage. Referring to Fig. 15-9, if E„ is 
the value of the steady negative bias voltage 
the point of intersection of this with the 
critical grid curve gives the moment of igni¬ 
tion. It is evident that control can be effective 
only from approximately 0° to 90° and that 
the output current will be varied from a maxi¬ 
mum to half-maximum, followed by sudden 
extinction. 

In order to overcome the limitations of the 
foregoing method of control, what is termed 
bias-phase or bias-shift control is employed. 

This consists of combining a d.c. and an a.c. 
voltage and applying these to the grid. The relative phase of the 
a.c. component remains constant with regard to the anode voltage, 
while the magnitude and polarity of the d.c. component are capable 


U|.i;p 

Fia. 15-10 

of variation. Bias-shift control may be applied to either positive or 
negative control-tubes and its principle may be appreciated from 
Kgs. 15-10 and 15-11. Referring to Fig. 15-10, the purpose of R 
and C is to provide a fixed phase-shift between grid and anode 
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voltages. Thus, the voltage on li is combined with the d.c. voltage 
from t1u‘ battery and tlie combination ajjplied, via the potentio¬ 
meter, througli the grid r(\sistance, to the grid. 

If ll and r are such tliat i? X,, then the a.e. grid voltage will 
lag 45' behind the plate voltage. Assuming the critical grid curve 

coincides with th(‘ zero line and that 
Eg 0, the ignition will occur foi- 
a — 45"^ as shown by Fig. 15-11 {a). 
If d.c. negative bias is now applied, the 
a.c. voltage, the abscissa of which is 
now lowered by an amount Eg, will 
intersect the zero line later in the cycle, 
as shown at (h), resulting in a shorter 
conduction period and a reduced out- 
ymt. By progressively increasing the 
negative bias it is clear that a condition 
will bo reached at which the peak a.c. 
grid voltage is just equal to the d.c. 
negative bias. Under this condition 
the oiit])ut current is a minimum and 
any further increase in bias results in 
failure to establish an arc. For the 
case shown this occurs for a -= 135°. 

If a positive bias is applied, the a.c. 
grid voltage will intersect- the zero line 
earlier in the cycle, as shown by (r). 
This, of course, increases the conduction 
period and outj)ut current compared 
with the conditions expressed by (a). For the (;ase shown, wlien the 
value of the positive bias is equal to 1/V2 times the peak a.c. grid 
voltage, conduction will occur at zero and continue over the full 
half-cycle. It is evident that the range over which control is effective 
depends on the phase-shift angle. For the case under consideration 
effective control is obtained over 135°. It is apparent that control 
over the full half-cycle occurs for a = 90°, a condition which, with 
the phase-shift circuit shown, is practically impossible of attainment. 

Grid-contbolled Polyphase Rectifiers 

The foregoing phase-shifting circuits are principally applicable 
to half-wave and full-wave rectifiers. Phase-shift control applied 
to polyphase rectifiers, as mentioned on page 492, is shown by 
Fig. 15-12. The phase-shift transformer is of relatively low capacity, 
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usually less than 0*1 kVA, and control is siinidy eirec.ti^d by altering 
the relative positions of stator and rotor. The system readily lends 
itself to remote control. 



Bias-shift control as applied to polyphase rectifiers is shown by 
Fig. 15-13. A small potential transformer is employed, the sliding 



arm of the potentiometer being connected to the neutral point of 
the secondary winding. The potentiometer can, of course, be readily 
adapted to remote control. As previously shown, the range over 
which control may be elFected depends on the phase-shift angle. 



498 


ELECTBONICS 


The foregoing methods of controlling polyphase rectifiers are, 
of course, soft-control methods. Hard, or impulse, systems of 
control are shown by Figs. 15-17 and 15-18. 

Relation Betweejsi Output Voltage and Icjnition Angle 

We shall now derive an expression for llie relation between the 
d.c. output voltage and the ignition angle a for the case of the 
polyj)hase rectifier. Reference to Fig. 15-14 shows the no-load 
voltage waves of an m-pliaso rectifier where, in the absence of bias, 

commutation commences at A 
^ V"*- ^ and finishes at B. In these circum- 

—-7T\-hXX 1 have already seen. 

s. -1/ \ the mean d.c. voltage is given by 


==-. V2F, X ^ sin OdO 


Fig. J5--14 


m . 77 

V2I,- - sin— 

77 m 


If commutation is retarded by an angle a, then the commutating 
points are C and i), the interval Cl) being identical with AB and 
equal to 27r/m. In this case we have 

w 4- 2 


- X £ 


sin ddO 


= V 2Fa • — sm — cos a 

77 m 

= Eq cos a 

where Eq^ is the no-load voltage corresponding to an ignition 
angle a. 

Now if there is no inductance present, the angle a is restricted 
because the upper integration limit above cannot exceed tt for, at 
this point, the anode-cathode potential difiference becomes negative 
and, in the absence of inductance, the arc is extinguished. Hence 
in the non-inductive case a may be continually increased until 

m -f 2 

—— TT-f a==77 
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at which time D will reach tt. Having reached this point a, as 
measured from Fig. 15-14, may be increased until 


m — 2 
2m 


TT -f a = 7 r 


at which time will become zero. The value of a, say when 
/> reaches TT is given by ^ I 2 

2r« + “i> = 


and 





77 


If a is increased beyond tliis value, the direct current will not pass 
continuously through the load because anode conduction will 
cease between the angles olj) and a. Hence if a , » aj^ the load 
current consists of portions of sine curves separated by zero-current 
regions. Assuming a > aj^ the mean d.c. output voltage is given by 


E^=-- V2K, X 2 ^ 



TT + a 


with a final limit for a of 77 ^ at which value the d.c. voltage 

becomes zero. ' 

Generally speaking it is imdesirable in practice to allow the 
current to fall to zero and it is, therefore, usual to include an in¬ 
ductance in the d.c. circuit to prevent this happening. It will be 
noted that an effect of grid control is to increase distortion of the 
d.c. output voltage, particularly if the voltage range over which 
control is exercised is large. Where this is objectionable, voltage 
variation is sometimes effected by means of a tapped transformer. 
The advantages of grid-control are, however, so obvious that it is 
scarcely necessary to detail these. A particularly useful feature in 
certain applications is that the voltage may be gradually raised 
from zero to the normal value. In this manner surges may be avoided 
which might otherwise occur. 


Circuit Interruption by Grid Control 

A valuable feature of the grid-controlled rectifier is the possi¬ 
bility of causing it to act as its own circuit-breaker. Thus, in the 
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event of a short-circuit or back-fire, the automatic application of a 
negative potential to the grids rapidly causes an interruption of 
the d.c. suj)ply, thus safeguarding the rectifier installation. This, 
of course, obviates the necessity of high-speed circuit-breakers on 
the direct-current side and large capacity oil-filled switches on the 
alternating-current side. Jn the case of a rectifier in which grid 



control of the voltage is not normally employed, current interruption 
is effected by the sudden application of a negative, or blocking, 
potential to the grids, the latter, while a fault does exist, being 
negative. A system of this kind is indicated by Fig. 15-15, where a 
high-speed relay may either be energized by a diverter in the d.c. 
circuit or a current transformer (as shown) in the a.c. circuit. Should 
an overload or back-fire occur, the relay is closed, thus appl 3 dng a 
blocking potential to the grids. No anode can now pick up the arc, 
with the result that the current can persist only until the end of 
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the half-cycle at that anode to whioli it was })assing at the com¬ 
mencement of the overload. Thus, in the case of a tliree-phase 
rectifier, the maximum pen*iod of overload is 150' and in the six- 
phase case 120 '', these periods respectively corresponding to and 
O 5 milliseconds. 

A system of circuit interruption ap])licable to rectifiers normally 



employing grid control for voltage-regulating pury)oses is shown by 
Fig. 15-10. In this case an overload has the effect of opening the 
relay, thus interru})ting the supply of positive impulses which, 
normally, are essential for liberating the grids. 

Hard Control Systems 

The foregoing methods of grid control, when a])plied to mercury- 
vapour rectifiers, suffer from the disadvantage that they do not 
permit precise determination of the moment of arc ignition. This 
is evident from Eig. 9-19, for from this we see that the critical grid 
potential is a function of the mercury-vapour temperature. Hence 
the critical grid curve depends on the temperature and loading of a 
rectifier. For example, from Fig. 9-19 it will be noted that an 
increase in mercury-vapour temperature lowers the critical grid 
potential, thus causing an earlier intersection of the cathode-grid 
potential with the critical grid curve. This reduces a, causing an 
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increase in output voltage. From this we may infer that an increase 
in loading may cause an increase in output voltage. Referring to 
Fig. 15-1, it is evident that the effect of a change in loading and 
temperature may be reduced if the obliqueness .with which the grid 
voltage intersects the critical grid curve is increased. 

From the foregoing it follows that in order to obtain precise 
control of the moment of arc ignition, potential impulses must be 
applied to the grid of such (character as to intersect the grid curve 



practically at right-angles. Reference to Fig. 15-1 will show that 
in these circumstances variation in the critical grid voltage has an 
inappreciable effect on the ignition angle. A manner in which this 
may be effected is indicated by Fig. 15-17, which shows impulse 
control applied to a half-wave rectifier. The method consists of 
alternately applying negative and positive grid impulses by means 
of a synchronously-driven contact-breaker. It will be seen that 
while the contact is open the grid is negative to the cathode by 
fi volts. On contact closure a current flows in given by 


ei + eg 

t = —— amperes 
^ 1+^2 

and hence the voltage drop on rg is 


f ^J_± 

U+>2/ 


fg volts 


Thus the grid is now positive to the cathode by 

+ eg 


"a 


+ ^ 2 ) 


] 


fg — Cj volts 
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These voltage changes, of course, occur almost instantaneously and 
in consequence the moment of ignition is particularly precisely 
defined. This moment is varied as desired merely by rotating the 
normally fixed contact with respect to the rotating one. 



The application of the foregoing scheme of impulse control to 
a polyphase rectifier is shown Fig. 15-18 and the conditions 
obtaining by Fig. 15-19. It will be noted that the positi\e impulse 
need be only of short duration, this being arranged by tlu* time of 



overlap of the distributor contacts. Where only manual control 
of the output is required, this is effected simply by moving the 
distributor. If remote or automatic control of the output is desired, 
the angular position of the distributor is adjusted by means of a 
small motor operating through a worm gear. 

17—(T.aSg) 
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A further method of hard, or impulse, control employs grid- 
excitation transformers possessing a peaky secondary voltage wave 
for providing the potential impulses. This is effected by arranging 
conditions to be such-that the transformer cores are saturated. 
The general arrangement as applied to a three-phase rectifier is 
shown by Fig. 15-20. From this it will be seen that as many trans¬ 
formers are needed as there are anodes. Of the three windings on 



each transformer, windings 1 are connected in delta, while windings 
2 are star-connected through a variable resistance R^, Each delta 
winding carries a sinusoidal magnetizing current which is limited by 
the resistance As the voltages on windings 1 and 2 have a phase 
displacement of 150°, it follows that the star-connected windings 
carry a magnetizing current which is displaced in phase from that 
of the delta windings by approximately 150°. The magnitude of this 
current is controlled by the resistances R^. Assuming the grid- 
transformer magnetizing currents lag behind the voltages of the 
main rectifier transformer by angles 0^ and fig? conditions may 
be represented by the vector diagram of Fig. 15-21, where mg and 
% are, respectively, the m.m.f.s of the delta and star-connected 
windings and the resultant m.m.f. The flux due to the latter 
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induces an c.m.f., 90 ahead of itself in winding .‘1, this c.m.f. 

being of a ])eaky wax eforin <lu(‘ to saturation of tlie grid-transformer 
core. Hence by varying tin' niagnitude of yn^ and (by means of 
and R.,) the phase' of tlu* e.ni.l. in - a 
winding ma\ b(' x aried, aiui, (*on 
sequently, tli(‘ angle' e)f ignition. 

The mexle of e)pe'iatie)Ji e)f the fore'- 
geajig system of e'ontred xvill be clear 
from Kig. 15 22. The griels are normally 
h(‘l(l iK'gative In a stt*ady d.c. voltage 
upon xvhiedi is siiperimpose'd the pe)siti\e 
im])ulses of the* griel-e\citation trans¬ 
former's. The resultant m.m.f. is she)wn 
by tlie curve tn,, and the' Hat-topped 
flux wave hy cf). It will be ne)ted that the 
potemtial impulses occur as and ^ are 
passing through their zero values. Whether a negative or positive 
eontrefl rectifier' tube is cm])loyeel (a ])ositive type is shown), it is 
evident that the potential imjmlse's interse'ct the critical griel curve 
suffie'iently steeply to render the moment of ignition independent 
of variations in tlie critical grid potential. Following a positive 



ABC = MAINS TRANSFORMER EMFS 
Fia. 15-21 



impulse from any transformer is a negative impulse from the same 
transformer ISO"" later. However, this is immaterial in the operation 
of the system. 

By a modification tho foregoing system may be made automatic 
and a compounding effect produced. Fig, 16-23 shows a manner 
in which this may be carried out. Instead of the variable resistances, 
Bg* chokes are employed consisting of coils wound on cores which 
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are saturated by means of two sources. One of these j)rovides a 
constant d.c. m.m.f., while the other is variable and is derived from 
a diverter resistance in the d.c. load circuit of the rectifier. As a 
result, the impedances of the (‘hokes vary with varying load condi¬ 
tions, thus varying the ampere-turns of the grid-excitation trans¬ 
formers. Hence the potential impulses applied to the grids may be 
varied in phase and any degree or form of compounding produced. 



It will be appreciated that such a method is entirely automatic 
and static, being extremely suitable for traction rectifiers. 

The Mercury-arc Inverter 

In addition to its normal function of converting alternating to 
direct current, a rectifier may be caused to effect the reverse process, 
i.e. convert direct to alternating current. When this occurs the 
rectifier is termed an inverter, is said to invert, the process being 
known as inversion. In some respects inversion differs considerably 
from rectification. For example, with the latter a d.c. voltage is 
produced from the a.c. source of supply by rectification of the supply 
voltage. The inverter is unable to produce an a.c. voltage, but only 
an a.c. current. Hence inversion necessitates an a.c. voltage source, 
which, however, need only be of small capacity. In addition to 
providing the necessary voltage, the a.c. supply also provides the 
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wattless kilovolt-ainporos of the arc trajisforiner and fixes the 
frc(juen(;y of tlie inverttMl current. A fuitlior function of the a.c. 
su})ply voltage is to extinguish the arc at the correct instants as 
required by coniniutation from anode to anode. 

In order to piesent the method by whic^h iuvc^rsion is effected 
we shall consider Kig. 15-24 (a) and (h). From (rjf) it will ho noted 
that the d.c. source has boeji so connected to a rectifier that the 
transformer neutral is f)ositive and the catliode negative, "riiis, of 
course, is necc^ssary in order that tlio d.c. source may pass current 
from anode to cathode (conv(mtionally s])eaking) in the customary 
way, the reverse direction being, of course, non-conducting. The 
grids are given a negative potential, with positive impidses occurring 
at an ignition angle which is so advanced as to cause commutation 
to occur at some point such as A on the negative half-cycle of the 
anode voltage wave as shown. When ignition occurs, it will be 
appreedated that duo to the magnitude of tlie d.c. voltage being 
greater than that of the arc dro]) and the o])posing negative half¬ 
cycle, a current will be forced against the latter through the appro- 
])riate anode and transformer secondary winding. It will be seen 
that the negative anode voltage constitutes a back e.m.f. to the 
current sup])Iied from the d.c. source, and hence the ])roduct of the 
values of this voltage and current is a measure of’ the j)ower being 
transferred from the d.c. to the a.(^ side of the system. Considering 
the conditions from the point A. the (urrent i^ will rise to a maxi¬ 
mum at a finite rate due to the ])rosence of the choke. It will then 
decline as the magnitude of the transformer })1iaso voltage increases 
towards its maximum. At some fioint B this voltage will be equal 
in magnitude to that of the d.c. source, with the result that extinction 
of tlie arc will tend to occur. The presence of the choke will, how¬ 
ever, cause the cun’cnt to persist- until some ];)oint such as C is 
reached. If at the point B a positive impulse is ap})liod to the suc¬ 
ceeding phase, this wdll commence conducting at I) and continue 
to do so until the point E is reached. Once the ar(i is extinguished 
at a point such as C, it remains extinguished because the grid has 
now a negative bias and restriking cannot occur until a positive 
impulse is again applied. It will now be appreciated that providing 
the magnitude of the d.c. voltage is suitable, and positive voltage 
impulses are applied to the grids at the a])propriate moments, com¬ 
mutation will automatically occur, the arc transferring itself from 
anode to anode in sequence in a manner similar to that in a rectifier. 

From the foregoing consideration>s it is evident that grid control 
is essential to the process of inversion for, by means of grids, the 
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successive instants of commutation are determined and re-ignition 
is ])revented at unsuitable y)oints in the })hase-voltage cycle. Thus, 
although the current at any anode is naturally birminated when its 
phase voltage becomes equal to that of the d.c. source, current flow 
to that anode is forced by means of cyclical j)ositive gi id impulses. 
We see, therefore, that in order to make a rectifier invert, tlie ])oten- 
tial of the d.c. source which it may have been previously sup])lying 
must be reversed and tlie ignition angle, a, retarded. It is also 
evident that the })oint to which the ignition is retarded dt‘])ends on 
the magnitude of the d.c. voltage. The higher ihis voltage, the 
greater is the retardation for a given d.c. cui'rent. It is further 
evident that thcTe is an upper limit for the d.c. suj)p]y voltage which 
generally should be somewhat lower than the maximum value of the 
transformer secondary volf age wave. In practice, for a given d.c. vol¬ 
tage, the value of a may be initially larger than that actually desired 
and then gradually reduced until the desired d.c. current is flowing. 

The amount which a may be retarded must be less than 1S()° 
from the original zero. This is because any one anode must take 
over the arc while its potential is positive and greater than that of 
the preceding anode. For example, if the ignition impulse should 
occur at 180°, i.e. at T, Fig. 15-24, with the d.c. voltage in excess 
of the peak value of the transformer secondary voltage, the anode 
preceding that receiving the impulse will still be carrying current. 
Slightly beyond this point the potential of the anode due to pick 
up the arc is less than that due to transfer it, with the result that 
the latter continues to carry the current. The back e.m.f. now 
continually decreases with the current conse(juently increasing, and 
it is evident that the latter may reach a dangerously high value', 
particularly if the point P should be approached. It is evident that 
precise grid control is essential with invertors to avoid such possi¬ 
bilities and this implies impulse control. 

It is of interest to note that the form of the })hase voltages 
during inversion is that shown by the heavy lines of Fig. 15-24 (6). 
Thus at A, when commutation starts to occur, the phase voltage 
of the anode relinquishing the arc drops sharply as shown. This 
anode and that picking up the arc then have a common voltage 
during the commutation period, at the end of which the ])hase voltage 
of the former anode rapidly rises to the a])propriate ])oiiit on the 
sine wave, while the latter increases towards the point B in the 
manner indicated. The average phase voltage is shown by a line 
drawn through the phase voltages, this voltage also being equal to 
the d.c. input voltage minus the arc drop. 
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Applications of the Mercury-arc Inverter 

Apart from tlie obvious ])ro])crty of coiivorting direct to alter¬ 
nating current, the inverter has several important ap])lications. 
One of these is speed and direction control of direct-current motors. 
The basis of the metliod of effecting this is shown by Fig. 15-25, 
in which Wo identical six-])hase rectifiers are cross-connected through 
the motor undergoing s])eed and direction control. Keferring to 
Fig. 15-25 and assuming A to be rectifying, this rectifier is provided 
with impulse control, thus permitting any voltage from zero to a 



maximum to be apjdied to the motor armature, the motor field 
being ex(*ited from a separate source of sup]:)ly. B is also provided 
with grid control, the distributor rotors of l)oth A and B being 
driven by a common synchronous motor, the distributor of B being 
phase-displaced in the opposite sense to A so that if a is the ignition 
angle of A, (180 — a) is approximately that of B. Assume the 
motor is being driven from A while B has a negative bias only on 
its grids Then any motoT- speed from a maximum to standstill 
may be obtained by varying the ignition angle of A. To slow th' 
motor down, all that is necessary is to suppress the positive impulses 
on the grids of A and appl\ them to B. The latter will now invert, 
and, providmg a is continually decreased as the motor speed falls, 
regeneration may be obtained practically down to standstill. If 
a is sufficiently reduced, the motor will again speed up, but in the 
opposite direction, B now acting as a rectifier, while A may, if 
desired, be caused to act as an inverter. 

Regeneration 

It is evident from foregoing remarks that the inverter may be 
used for regenerative purposes. The field to which regeneration is 
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particularly aj)plicablc is, of course, traction motors. As the j)olarity 
of the traction system must remain fixed, the connexions of tJu^ 
motor cannot be changed and thus the connexions of th('. rectilier 
must be reversed. In particular the following secpience of operations 
must occur if regenerative working is desired conscu^uent on a given 
percentage rise in d.c. busbar voltage - 

(a) Disconnexion of the rectifier from the d.c. busbars. 



(6) Reversal of the rectifier connexions relative to the track 
system. 

(c) Adjustment of the grid-control gear, making this appropriate 
to inverting. 

(d) Reconnexion of the rectifier to the d.c. busbars. 

In order to effect the foregoing, a relay must be employed which 
will initiate the sequence in either direction as required. 

A disadvantage of the foregoing system of regeiK'ration is the 
difficulty of satisfactorily effecting the above sequence of operations. 
Because of this, a more usual method of obtaining regeneration is 
the employment of two units, one acting as a rectifier and the other 
as an inverter. The scheme is shown by Fig. 15-2h, where A and B 
represent the two units whic^h are operated from a (*ommon trans¬ 
former primary. The grid distributor rotors are driven by a common 
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synchronous motor, the distributors being arranged in op])osite 
phase. The adjustment of the grid circuits is such that the inverter 
comes into operation wlion the d.c. Imsbar voltage exceeds a pre¬ 
determined value. Thus, under normal conditions, the positive 
impulses to the inverter grids would be arranged to occur after the 
value of the negative-])hase voltage was in excess of the d.c. voltage. 
In these circumstance's no driving e.m.f. would be available and 
inversion would not occur. When the d.c. busbar voltage exceeds 
a certain figure the })ositive grid impulses occur before the negative- 



phase voltage is e(]ual to the d.c. voltage, with the result that 
regeneration takes place. The amount of energy returned to the 
supply system de])ends on the amount by which the d.c. voltage 
exceeds the input voltage of the inverter. It will be appreciated 
that the system is entirely static in operation and in this respect is 
superior to that employing a single unit with relays and reversing 
switches. 

Static Frequency Changing 

An important property of the grid-controlled mercury-arc rectifier 
is its capability of connecting two supplies of different frequency; 
for a rectifier reduces the incoming frequency to zero while an 
inverter raises it to the outgoing frequency. In particular a service 
for which a rectifier and inverter have proved valuable is the con¬ 
version of alternating current from three-j^hase 50 cycles per second 
to single-phase 16f cycles per second for traction purposes. One 
method of effecting this is shown by Fig. 15-27, in which a polyphase 
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rectifier is connected via a large smoothing reactor to a single-plias(‘ 
inverter. The grid-control system of the latter is such as to caus(* 
current from the rectifier to flow alternately in each phase of tla^ 
inverter transformer ])rimary winding. The effecjt of tlie reactor is 
to tend to maintain the d.c. input current at a constant value, thus 
keeping harmonics in tlu‘ three-ydiase supply to a minimum. The 
constancy of the d.c. current results in the power component of the 
single-phase supjdy b(ung of a rectangular waveform. As an invertor 
cannot generate an a.c. voltage, a synchronous machiiH' is ncjcessary 
for this pur])ose and also to fix the frequency of the sing]e-j)hase 
sjT'stem and supply the reactive and harmonic ])ower. 

The transfer of the current from one anoch' to th(' other in the 
inverter is, of course, effected in the manner ])r(‘vious1y described. 
However, as commutation can occur only 
while the voltage of the idle anod(‘ is higljer 
than that of the working anode, the posit ive 
impulse must be applied to the grid of the 
former just before its voltage ])avsses through 
a zero value. The ignition angle, a, is in¬ 
dicated by Fig. 15-28 and wull be seen to 
be composed of two ])arts, and e. h is 
the angle of overlap and r is a further 
period necessary for the de-ionization of 
the anode relincyuishing the current and the conse(|uent regain 
of grid control, n and v are functions of the load and hence 
under all load conditions we must have a > (w H- /’). Assuming 
the single-phase voltage w^avc to be a]>proximately sinusoidal, 
this will result in a sinusoidal load current which, geiKTally, 
will be inductively reactive. The load current will then consist 
of two components, the power comi)onent and the reactive 
component As the latter cannot be supplied from the rectifier 
it must be furnished by the synchronous matdiine, as must also bo 
the magnetizing current of the inverter transformer. Denoting the 
latter by total reactive current is (/^ \ J As the output 

current from the inverter is assumed sinusoidal and the input 
current rectangular, it follows that the synchronous machine must 
also generate the necessary harmonics in order that a sinusoidal 
output may be obtained. Thus, the total current to bo delivered by 
the sjmehronous machine is / — V(/^ f 1^)^ If," where is the 
harmonic current. 

In order to obtain an idea of the conditions prevailing, Fig. 
15-29 may be consulted. In this the commutation period has been 
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ignored, tlie load »ishunied indncdive, and tlie input ourrent from 
the rectifier taken <o he re^*1ant^uiar in form. The rectitier current 
is, of courhc, approvimately in phase ^itli the inverter voltage, 
whereas the load cuirrent is lagging behind this as shown. Tlie 

synchronous maclnne current is given by 
the difference of tlie load and output 
currents and is slioun by curve (/>). 

A disadvantage of the foregoing 
metliod of frecpienoy conversion is the 
necessity for a synclironous machine for 
frequency-fixing and the supjily of redact ive 
kilovolt-ain])eres. The method of fre- 
(piency conversion to be now described 
is free from such disadvantages, as it both 
fixes tlie frequency and su])j)lies the 
necessary reactive power. Fundamentally 
it merely consists of ])eriodical]y reversing 
a d.c. potential, a ])rocess uliicli, incident¬ 
ally, in the form of wliat is known as tlie 
vibrator-converter, has been employed 
for small radio sup])lies. The method of 
effei’ting the reversals may be ay^jireciated 
by Fig. 15 HO. It will be seen to consist 
of two six-phase grid-controlled rectifiers 
the secondary windings of the trans¬ 
formers of which are both su])])lied by a 
common primary winding. The output 
terminals of the rectifiers are con- 
iKH’ted as shown and a single-jihaso 
siqifily of lower frequency is obtained 
from the two cathodes. The grid control of the rectifiers is 
such that each comes into o])eration alternately. For example, the 
left-hand rectifier ojierates for one-and-a-half cycles, jiroducing the 
positive half-wav(' of the lower frequency single-phase supply, while 
in a similar mannei’ the negative half-wave is produced by the 
right-hand rectifier. Hence in the case shown the single-phase 
frequency is 10^ cycles per second. 

A disadvantage associated with this method of frequency chang¬ 
ing is, of course, the nature of the resulting waveform, which is 
roughly trapezoidal. The effect of an inductive load is to reduce the 
harmonics in the waveform, with the result that the load current 
wave is generally more sinusoidal than that of the voltage. In 
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the case of a non-inductive load the (‘urront and voltage waves 
have identifieal shaj)es and the r(*ctifier secondary-phase cuiTents 



Fig. 15-31 


tend to be of rectangular waveform. The voltage and current 
relationships are shown by Fig. 35~;il, where a sinusoidal 
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single-phase load (iinrent is assumed. The r.m.s. value of the 
output voltage is 



— 

'27r/3 

^27r/3 — 

2 < 21^2 

— V 

sin2 OdO -[-5 X 

L C. 

sin® Odd 

Trj'l — 



•v/:5\ Khr" 
S / * (! . 


^/ii ^ 1-05^ 


Thus V - 0-95 and the r.m.s. value of the single-phase voltage 
is 0-75 times the peak value. The instantaneous value of the output 
current is, of course, equal to the instantaneous value of the various 
secondary currents. If respectively, the r.m.s. 

valu(*s of the primary-phase currents then 

N 2 

72 - 7 JL (f 2 _X T 2 \ T 2\ 

J — jy 2 V' ' 'P2 r ^ 393 / 

where I is the output (jurrent. If, as a first approximation, the 
primary curr(‘iils are assumed to be equal, then 


If the i)rimary is delta-connected then — V2/^ and th(^ •‘supply 
loading is 




Vlfv- 


N, 


- I 


Ve 0-95F, r= J = O-QsV2 VJ 

^ Vs 


but VJ is the single-phase output and, therefore, the distortion 
factor of the frequency converter is 


Q-mV2Vj 


0-76 


which is considerably lower than for a normal six-]:)hase rectifier. 


Reactive Power 

With the foregoing type of frequency converter when reactive 
power is drawn from the low-frequency side, it must be supplied at 
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higher frequeii(\v on the injmt side ol' the converter. Now reactive 
power is a function of frequency, and if the relation between flux 
and magnetizing current is linear, then the reactive power varies 
inversely as tlie frequency. Hence if Ijy and 1 arc, respectively, 
the reactive and active components of the lino current, then 

t\m <f)i^ ~ I 1 • • • (15~3) 



whore cos (f)^ is the disjdaceraent factor on the high-frequency side 
of the converter. On the low-frequency side the ratio of reactive 
to active power will b(‘ tlir(‘e times as great as that expressed by 
(15-3), and thus 

tan -= tan , (15-4) 

where cos is the dibjflacement factor on the output side. As 
cos^ X = 1/(1 |- tan^ x), we may write 

cos <f>t, ^ 1/V1 + tan^ = l/Vl + }, tan^ <f>j 

and the power factor of the converter being the' product of the 
displacement and distortion factors is then 

0-75/VI rUan2^j 
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The Envei.ope Frequicnc y (\)'vveuteti 

Tht‘ somewhat pool* waveform of tlie ])reviouH converter led to 
a system in whi(*h the transtormer secondary windings are graded 
with the object (jf obtaining a closer approach to a sinusoidal wave. 
The. efl’ect of this will he clear from Fig. ir)-:^2, where the amplitude 
of each ]>hase voltage on the in])ut side varies as sin 0 where 0 is 
reckoned in terms of th(‘ low ei-frequency cycle. Thus jihaso I has 
a voltage of I5S-27 per cent, phases 2 and (> have voltages 70-7 per 
cent, and phases :) and 5 liave voltages 02*.‘U) jicr (*ent of that of 
])hase 4. It will be noted that the r(‘sulting single-phase wave forms 

(al THIRD HARMONIC 

(b) RESULTANT 

(c) IDEAL 
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an envelope of th(' various phases on the secondary side which is, 
of course, respousibk^ for the descriptive term applied to this form 
of converter. 

As with the previous converter the frequency ratio is 3 : 1 and 
cos c|>f^ = l/V I ^ tan^ 

A further method of improving the waveform of Fig. 15-30 
consists of injecting a 33J per cent negative third harmonic into 
the output voltage. The frequency of this harmonic is, of course, 
equal to that of the higher-frequency side of the converter. The 
general effect of this injection may be appreciated from Fig. 15-33, 
where it will be noted that a considerable improvement in waveform 
results. The third harmonic is derived from an induction regulator 
connected to the three-phase supply, the regulator possessing a 
single-phase secondary winding. The regulator rotor is adjustable 
and thus the relative phase position of the injected voltage may be 
varied and with it the resultant output voltage. 
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The limitations of many measuring instruments working on electro- 
dynamic ])rincij)les have been largely overcona' by the employment 
of instruments operating on electronic principles. A ty])ical (‘xample 
of this is the voltmeter which, in its fuirely electrodynamic form, 
has a somewhat high ])ower (‘onsumptiou and, when used on alter¬ 
nating current, posscss(‘s waveform and freqiH^jicy en'ors. By the 
em])loymemt of magnet materials such ii> Alcomax, the moving- 
coil voltmeter may be ])rovided with a resistance as high as KbOOO 
ohms ])er volt. Large* as this may seem, it is possible to construct 
electronic voltmeters with input resistances of sevci’al megohms 
with a full-scale deflexion of only a few volts. Eurth(TnK>r(*, tlie 
latter instruments will function on either a.c. or d.c. supplu*s and 
are almost indejiendent of* freeiiiejiey (Trors. 

The number of electronic measuring instruments is now' very 
large and hence* only a few' basic types can be C'onsidered here*. 
They may, he)wever, serve to s1k)w the* ])Ossibilitms of this e*lass of 
instrument. The majority of such instruments usually employ some 
type of valve, although not ne*ce^ssari]y for its rectifying ])ro])ei'ties. 

Valve Voltmeters 

A diode-valve volt met eu* inteneled for use on high-free|uency 
supplies is she)wn by Fig. 16- 1, Tt consists of a high-vae*uum diode, 
a sensitive d.c. galvane)meter. anel a high resis- r 

tance E, ceinnecteel in series. If the slope ^ VWV 
resistane*e e)f the valve is small compared with 
E, then the galvanom(*ter reading will be 
proportional to the mean value of the voltage 
undergoing measurement. As the same mean 
value can have different r.m.s. values, i.e. ^ 
different form factors, it is clear that the i, 

instrument will possess waveform errors if 
calibrated on a waveform different from that under working 
conditions. The instrument is usually calibrated on a sinusoidal 
wave of low frequency and is practically independent of frequency 
errors. 

Another form of voltmeter employing a high-vacuum triode is 
shown by Fig. 16-2. The valve is biased in the manner shown in 
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order to bring the (jiiiosceiit point down to the lower bend curvature 
of the anode-current/grid-voltage characteristic. Assuming that 
this characteristic can be rej)reseni(‘d by 

i - av^ \ hr -\ c 

then, if a sinusoidal o.ni.f. sin ;>/ is applied between grid and 
cathode, 

i = aVrt,^ sin-^ pt h f)Vj„ sin j)l + c . . (16-1) 


where ? 
cycle is 


is the anode cuncuit. The mean value of (16-1) over a 


sin^p/ [- 6F,„ ^mpt 1 c)dl -- 


2 


+ c 


and as c is the anode current 
when V = 0, the increase in the 
nK‘an value of the anode current 
due to sin pt is aVJ^l2, Thus 
a milliammetcT in the anode cir¬ 
cuit may be calibrated in volts 
and will give a deflexion propor¬ 
tional to the square of the applied 
voltage. The input impedance of 
the voltage is, of course, equal to 
the value of li and may be of the 
order of 10 megohms. 

Fig. 16-15 shows a valve voltmeter in the form of a two-valve 
amplifier, this type of instrument being particularly useful for the 
measurement of very small a.c. voltages. Tf /q is the amplification 
factor of the first valve, then the input voltage to the second valve is 

V -^1 

Fi/h. jj I 

+ Pi 



where is the input voltage to the first valve and pj the slope 
resistance of the latter. IVoviding the reactance of C is smaD, the 
voltage develoj^ed across V is 

where i® amplification factor of the second valve and B is 
the voltmeter resistance. If the valves are worked on the linear 
portions of their characteristics, the voltage across F will be a 
faithful reproduction of the input voltage. The extent to which 
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the voltmeter readings will be free from waveform and freqnenciy 
errors will then de})end on the voltmeter characteristics only. 



Fiu. l()-3 

Peak Voltmeters 

An electronic voltmeter for measuring peak voltages is shown by 
Fig. 10-4. I^his consists of an (Oectrostatic insirumcnt, a diode 
valve, and a condenser connected as shown. 

On connecting the voltmeter to an alternat¬ 
ing supj)ly, rectification will occur and the 
condenser will gradually build up to the 
maximum value of the supifiy voltage. This 
maximum will be indicated by the electro¬ 
static voltmeter. Because of leakage the 
insulation resistance of the entire appara¬ 
tus must be high and to ensure this it is 
sometimes necessary to enclose the volt¬ 
meter in a heated box which contains 
some moisture-absorbing substance, such as calcium chloride. 

The Slide-back Voltmeter 

The principle of this form of voltmeter is shown by Fig. 16-5, 
where V and G are, respectively, a d.c. voltmeter and a galvanometer. 
By suitable adjustment of the potentiometer, P, a negative potential 
may be produced which will just equal the peak value of the positive 
half-wave of the voltage undergoing measurement. The value of 
the latter is then given by the reading of F. The method is clearly 
independent of frequency and waveform and only puts an in¬ 
appreciable loading on the supply. 






Fig. H>-7 
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Aiiotlier example' of ilio slide l)ack method using a triodo is 
shown by Fig. Tn iliis ease, before ap2)lying the voltage to 

be measured, the valve is biased until the microammeter reads zero 
Let the value of the bias voltage to jmxluee this (‘.ffec't be \\, The 
voltage to be measured is now applied when the etfeet of (‘aeh positive 
half-cycle will be to detleet the microammeter. The bitis is again 
adjusted for zero dc'flexion and, if 1^2 ^^e value of this, the peak 



Fig. IO-Sa 


value of the voltage is ^i) volts. This form of voltmeter has 

been employed by the writer for measuring magneto voltages up 
to 20,000 volts, employing the circuit shown by Fig. 10-7, where 
i« a 20-megohm potentiometer, 20 megohms thus constituting 
the input impedance of the voltmeter. The complete instrument 
is shown by Figs. 16-8a and 16-8b (interior view). 

A further method of peak-voltage measurement is indicated by 
Fig. 16-9. In order to carry out measurements the switches and 
82 are both moved to the left, the milliammeter being adjusted 
to give full-scale deflexion before the voltage to be measured is 
applied. On application of this, rectification will take ])lace by 
means of the diode, and a condenser, say, 6\, will be charged to the 




Fig. 16 - 8 b 
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crest value of the voltage. So is now switched to thc^ right, when 
(\ will be placed in parallel with the grid condenser and also the 
grid and cathode of the triode, thus giving the latter a negative 
bias and reducing the anode current. 

In order to calibrates tlie instrunient. Si is switched to the right 
and a series of known voltages apjslied to the terminals V S^ is 
then operated as before and the relationship between the milli- 
amnieter readings and voltages obtained. A curve may be drawn 



showing this or the inilliammeler may be directly calibrated in volts. 
To extend the range of the instrument either the transformer ratio 
may be varied or several condensers used as shown. 

Peak Voltage Measurements with the Thyratron 

For voltage measurements by this method the triode in Fig. 
16~6 is replaced by a tlij^tron. To operate the instrument the 
bias, F, is set to a value in excess of the peak voltage to be measured, 
the latter then applied, and the bias then slowly reduced. If Vp is 
the peak value of the voltage, V„ the anode voltage, and C the 
control ratio, conduction through the thyratron will occur when 
V = {Vp + ValC)‘ Hence V — VajC, The moment that 

conduction occurs may be indicated by a lamp placed in the anode 
circuit, this also acting as a current limiter. 
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The Rvall Orfcst Voltmeter 

A molhod of measuring ])eak voltages witli a noon lam]) is shown 
by Fig. lb-10. Two oondenscTs an* em])loyed, one of which is 
variable. Tlu^ ratio of llio voltages across C\ and C\y is inversely 
pro])ortional to tlie ratio of tlK‘ir eaj)acitancos. Hence if F, is the 
striking voltage of the lamp, the voltage across f-g when the lamp 

strikes is V volts. If Vj, is the peak 

voltage to be measured tlien, when the 
ham]) just strikes. 


Fui. ic-io 

Electronic Ammeter 

Jn general no particular difficulties exist in measuring moderate 
or large alternating currents at commercial frequencies. For the 
measurement of small currents at liigh frequencies, howevt^r, facilities 
are somewhat limited. Foi* such measurements there exist thermal 
instruments, the oscillogra])h, metal-rectifier instruments, and the 
electronic ammeter to be now described. This last instrument 
depends for its operation on the variation of anode current with 
cathode tem])erature. The relationship between these quantities 
for a state of saturation was derived in Chapter IV, and is ex- 
])ress(^d by (4-7). Now the cathode temperature is a function of 
the heater current and resistance, the cathode rate of energy dissi¬ 
pation being where 7 and B are respectively the heater current 
and n^sisi-ance. If the heat is dissipated solely by radiation, then 
the rate of energy loss will be governed by the Stefan-Boltzmann 
Law and we shall have 

PBr=a(T,^~TQ^) . . . (16-2) 

where 7^ is the cathode tem})erature and Tq the ambient tempera¬ 
ture. Hence if the left-hand member of (10-2) is increased by an 
increase in current so also will be and the saturation current of 
the anode circuit. 

A practical form of ammeter is shown by Fig. 16-11. A diode 
valve is employed as one arm of a bridge network, the cathode being 
fed through a choke and a variable resistance B^. The voltage 
applied to the heater is lower than its rated figure in order to produce 
easily a saturation current. The bridge is balanced for d.c. conditions, 
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the galvanometer G giving no deflexioji in the al)sence of an alter¬ 
nating current. TIh' latter is ajiplied by tlie cathode via a condenser, 
the purpose of the condiMiser being to isolate the a.c. from the 
cathode heater suf)])]y. To ])reveiit the current under measurenuait 


R3 



Kir; I a-II 


from by passing the cathode, the iron-cored choke is emjiloyed. 
If , is the value of the alternating current to be measured and 
/^i ^ the cathode current duo to the d.c. supply E. then the cathode 
I o 
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B SUPERIMPOSED CURRENT MILLIAMPS 
5 lO 15 20 25 50 35 


71 72 73 74 75 76 

A TOTAL CURRENT MILLIAMPS 

FlO. 10 12 


heater current is given by ^.2 | The presence of 

increases the cathode temperature with a resulting increase in anode 
saturation current. This unbalances the bridge and the value of 
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the a.c. current may lx* read on G when the latter is suitably cali¬ 
brated. 

I’he eff(*ct of superimposing an alternating current on the d.c. 
lilam(*nt currejit of a valve is sho^^n by Fig. 1()-12, in which 
anode resistance is ])lotted against superimposed a.c. current and 
total tilament current. The normal filamcmt (‘urrent of this valve 
is (‘*1 amj). but, to produce saturation effects, this was reduced to 
0-07 amp. The anode voltage was lit) volts. Fig. IfJ-lIl gives the 
relation between supcrimj)osed a.c. current and deflexion (with a 



Fm. 10-1.3 

O-lOO miei'oamp. galvanometer) with the same valve employed in 
the circuit of Fig. Kl-l 1. The values of the various components are 
as follows— 

100,000 ohms R^ 50,000 ohms 

R^ 50,000 „ 30 „ 

Choke 50 henrys 

It ^\ill be noted that (as with most thermal instruments) the scale 
tends to be closed at the origin, opening out as the deflexion increases. 

Zkko Drift 

The ammeter of Fig. 16-11 may suffer from the disadvantage 
of zero drift due to the valve cathode current not remaining strictly 
constant. This tends to limit the lower range of the instrument 
because slight variations in the d.c. current may be as large as the 
a.c. current undergoing measurement. The purpose of the resistance 
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is for zero adjustmont, but tends to be iiiade(juate where it is 
desired to measure very small currents. 

In order to obviate zero drift the arrangement of Fig. 1()~I4 
may be employed. Here the resistance /ij is ro])laced by a diod(‘ 
valve, which must be matclied to the operating valve. It will be 
noted that the filaments of the two valves are in series, so that a 
change of filament current affects each ociually. Assuming th(‘ 
valves to be matched, a change in filament current, (‘omrnon to 
both, will so affect the internal resistances of the valves that the 
state of balance of the bridge will tend to remain unaffected. Fuilher- 

R3 



more, the compensating valve increases the sensitivity of the volt- 
m(5ter. Thus, when an a.c. current is passed through the cathode 
of the operating valve, its internal resistance falls and the ca1;hode 
resistance increases. The latter effect reduces the value of the d.c. 
current through the cathode of the com})ensafing valve, with the 
result that its internal resistance rises, further unbalancing the 
bridge. 

The ammeter outlined by Fig. 16-11 is capable of accurate 
operation over a wide frequency range, the principal limiting factor 
being the choke. At low frequencies the reactance of this will 
fall and a proportion of the current under measurement will tend 
to pass through the choke rather than through the cathode. Hence 
low readings may be experienced as the frequency falls. At high 
frequencies the self-capacity of the choke will tend to lower its 
reactance, so, again, low readings may result. However, by suitable 
choke design it appears that satisfactory results may be obtained over 
a frequency range varying from 25 to 10® cycles per second. In 
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addition 1o ihc wido fro(jU('iu*v ran^o, llu^ instnniK'nt is also indo- 
peTidoiit. of wav('forni, as tli<' o])eration arises from Hie thermal 
offoot of tlie (‘iirreut. 

Calibration of tlu^ ammeter may Ih^ carried out by eoTn])arison 
with another instrument at 50 cycles ])er s(‘(*,ond. If desired, a 
numbcn* of rallies may l)e obtained by the use of parallel and series 
resistatiees in (?onjunetion with the galvanometer. 

The Electronic Wattmeter 

The advantages possessed by the elecitronie wattmetc'r are 
similar to those of th(^ voltmeter, i.e. small ])ower coiLsum})tion and 



negligible frequency error. In addition it has a relatively high 
sensitivity compared with the normal type of wattmeter. One type 
of wattmeter is indicated by Fig, 16-15. Fundamentally it consists 
of two vacuum valves of similar characteristics and a differential 
galvanometer arranged as shown, RR are identical non-inductive 
resistances, and /i, a non-inductive ])otential divider. The gal¬ 
vanometer, (7, indicates the difference of the anode currents of the 
two valves and it will be appreciated that a difference is brought 
about by changes in grid bias due to the load current. The resistance 


ELECTllONTC MEASUBING INSTBITMKNTS 


531 


is siifiicieiitly higli to make tlie eurrent flowing in it inappreciable 
compared wntli the load current so that w^hen the latter equals /, 
the voltage across (^acii of RR is JR. The \oltage between the 
junction of HR and the tap])ing point of H^ is r]'/R^, and hence the 
grid voltages (apart from the biasing voltage JiJ„) of the two valves 
\\ and Ko are 

and — Jil^ respectively 

When I — 0, these \oltages are ideiitical and hence the grids are 
similarly bias(‘d, with the lesult that the galvanometer reading is 
zero. 

Now assuming the valve static characteristics can be expressed 
by a square law, the anode* current of either valve may be written 

y, -r ‘ Va) 1 

- 

(/{b t- r„)2 

w’liere n, //, h, and c an* (*onstants and 1^, is a change of grid voltage 
on either valve*. The individual anoele currents of either valve are 
aceorelingly given by 

A = i I mj. . . ( 10 - 3 ) 

I^-al^b I y - ni^\ . . (10-4) 

The difference of (16-3) and (16-4) is the galvanometer current I 
and is given by 

tR 

If, — ^abRI -f- 4u ^ T/ . . (16-5) 

Ji, 

If V and y are alternating quantities, then the mean value of 
(16-5) is 

/, = 4a F7 

and the galvanometer reading is proportional to the mean value of 
the power. 

It will be noted that the voltage across the load is less than V 
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by an amount IR. Hence the power Joad, W, is the mean value of 
(VI — PR) and we have 

GoTierally, howc'ver, thc^ second term of (lO-b) is negligible, with the 
result tliat the instrument is direct reading. 

Effect of Different Valve Characteristics 

Tn the event oi valve characteristics differing, the galvanometer 
no longer gives a reading proportional to the mean power of the 
load. Eor (*xampl(^ suppose the two valve currents may be repre¬ 
sented by the following equations— 


/„ ( 62 + D - 


I- 2 (aA — “2*2) 2;- i 2 {nA + aA)Jif 

rli 

+ («1— 02 ) ^ I- K— «2) f 2(ai + O 2 ) „ VI 


and the average value of this is 


I — «2) 


F 2(ai + Os 


) p F/ 


Tlie first term of this expression may be regarded as a zero error, 
which can, if necessary, be eliminated by adjustment of the gal¬ 
vanometer. The second term is proportional to the watts lost in 
r and R, while the third term is proportional to the mean power 
as before. By making R and r/R small, it is possible, except for 
small powers, to make the second term negligible compared with 
the last, when 

= 2(ai + az) Y ^ 


Where difference in the characteristics cannot be reduced to a 
negligible quantity in the foregoing manner, an adjustment for 
the different slopes may bo made in the manner indicated by Fig. 
15-16. Here a high resistance is shunted across an ordinary gal- 
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variometer and a variable tap))ing point taken to the battery 
connexion. In this case the galvanometer current is 


+ ^ ^ 

of which the numerator is 

rV 

^2^2^2*^ “I' '^2^2^^2) "i” I 

7-2 P ^ rB 

+ (Sjct^—s^a.;^) „2 S2a^)B^P ^\-2(Siai ^ eSgag)-^ 



T 

Fia. 16-16 


Now if tlie tapping yioint is adjusted so that 

ffi-Sj -= Oj-Sg - K, say, 


+ 2(6j -l 6,)7ii + 4^Fi] 

to QTroT»nYro irolno rkf nrliioli ici S J 


the average value of which is 


T I 

^ ~f ^2 "I" '^2 -^9 ^3 


The first term of this may be eliminated in the manner y)reviously 
described when the galvanometer will indicate the mean yiower as 
with valves with identical characteristics. 

In order to vary the range of the wattmeter, it is only necessary 
to change BE and the tapping point on Eg. However, wlien it is 
desired to measure low yjowers with small currents in the series 
resistances BE, the latter may have to be of such value as to cause 
the PR loss to be of the same order of magnitude as tlui yjower 
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undergoing measuronieiit. (\)rret*tion may, of course, be made for 
this as indicated by (Hi-b), but may be avoided by altering the 
equality of the two resistances R. trailing these R^ and R^ we have 

I 

and the numerator of (lb- 7) now becomes 

rV 

'‘'2^2^b) y^ ^ 1 

/2y2 " r 


Again, making ^ 

we have 

K r rV 

-I- {It^^- R^^)P h 2(i2, -I- i?2) L F/] 

The mean value of t he second and third terms is zero, and eliminating 
the first term by zeuo adjustment of the galvanometer 

K _ 2(iii j- E^)r f R, T 

-s-i'l ' ii/ R, "L R, + Ri'2r'j 


Now the load voltage is V — R^I and, hence, if 


R 2 


Rl~R,^ ^ 

R^ H- R; ' 2r 


(16-8) 


the galvanometer will read the load power direct without correction. 
The relation of R^ to is found from (16-8), viz. 



The relatively high sensitivity of the foregoing form of watt¬ 
meter has already been mentioned, and it may be added that an 
instrument has been constructed for a power as low as one milliwatt 
full-scale deflexion. 
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Electronic Ohinmeter 

An electrcmir oliinnieter which is particularly suitable for the 
measurement of higli resistances, such as insulation resistances, is 
shown by Fig. 16 17. It will be noted that the indicating device 
consists of a cathode-ray tuning indicator.* The resistance under¬ 
going measurement is connected betw('en the terminals A /?, and 
the resistance current tlun tlow^s tlirough thus altering the grid 
potential and shadow angle. If the value of the resistance under¬ 
going nieasurcment is denoted by X, and E is the voltage b(‘tween 


Thus, the t^ffect of this 


aO—^AW 

R2 


and 


X — — 



AB, the current through X is E/{X 
current through ts to decrease 
the potential dilfeience between 
grid and cathode^ of tlu^ tuning 
indicator, conse(|uejitl^ increasing 
the shadow angle. Denoting the 
change in grid potential by 
wo have 

^ A- , \ 

R,(K- F„) 

Thus, for a given change in grid 
potential and shadow angle, X is 
proportional to Rx and the value ofX 
may be determined from that of 

Normally the ohmmeter shown is oxi]y suitable for the measure¬ 
ment of large resistances because the voltage between AB cannot 
be less than the target voltage, i.e. about 200 volts. Where the 
instrument is employed for the determination of insulation resistance 
the working voltage will generally be at least 500 volts. In this 
case the resistance R^ is employed to obtain the correct target 
voltage. To avoid short-circuiting the h.t. supply, should X be 
abnormally low, JRg may be incoi'porated. 

In order to operate the ohmmeter, is initially set at zero 
and, with AB on open circuit, R^ should be such that the shadow' 
angle is, say, 15° corresponding to a grid potential F^,,. X is now^ 
connected and R^ adjusted until a shadow angle of, say, 45° 
is obtained, corresponding to a grid potential of F^g- Then 


Fi(,. ](M7 


V — 

* gc — 


01 ■ 


and 


X = 


R,[E-(V„,- VJ] 


Vn- V. 

* See p. 682 . 


02 


i8—(T.289) 
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If the same shadow angle (45“) is always employed, then {Vgx — Vg^) 
may be determined for all time and, knowing E, X may be found 
from the value of A better plan than this, however, is to connect 
known resistances across AB^ adjust for the same shadow angle 
in every case, and calibrate the dial of R^ in terms of X. Alterna¬ 
tively, the dial of Rj^ may be divided into a number of equally spaced 
divisions (say, 100) and a calibration curve drawn. The latter plan 
is better as Ihe calculation of X from {Vgi— Vg 2 ), E, and jB^is com¬ 
plicated because, due to the regulation of the h.t. supply, E will 
bo different for every value of A, especially if B^ is incorporated. 



R, OHMS 

Fig. 16-18 


The range of the instrument may, of course, be extended by em¬ 
ploying a number of resistances for R^, selecting the appropriate 
one by means of a switch. 

An example of a typical ohmmeter for the measurement of 
resistances up to 600,000 ohms may be given by the following details. 
The tuning indicator employed is a Tungsram 6U6 with a target 
voltage of 250 volts. R^ is 5400 ohms and, with a supply current 
of 2mA, this gives a bias of 10-8 volts and a shadow angle of about 
20''. R^ is adjusted for a 45° shadow angle and in these circumstances 
the grid bias is 6 volts. Thus the change in grid potential is 4*8 

volts and ^ 

X == 52jBi approx. 


The values of R^ and JBg are respectively 1 megohm and 2600 ohms, 
while the maximum value of R^ is 10,000 ohms. Kg. 16-18 shows 
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the experimentally (letcrniined relation Ixdweon X and svhicli, 
it will be noted, is linear. 

Electronic Harmonic Analysis 

A form of harmonic analyser, electronic in character, is shown 
by Fig. 16-19. An iustrnment similar to a dynamometer wattmeter 
is employed as shown at E. Th(' moving coil of this is (connected 
to the voltage to be analysed and thus carries a current proj)ortional 
to this voltage. The fixed coil of the instrument carries a cairrent, 



HT- HT+ 

Fia. 16-19 

called the analysing current, the frequency of wliich can be made 
equal to that of the fundamental or any harmonic in the wave 
undergoing analysis. The frequency of the analysing current is 
produced by means of a S3mchronously driven contact disc, the 
latter possessing concentric rings of contacts, each contact alternating 
with an insulating segmcmt. From the arrangement of the grid bias 
it will be appreciated that, as the disc revolves, alternate positive 
and negative bias voltages are impressed on the triode grid for 
equal periods. Thus, if there is one contact on the disc occupying 
one-half of its periphery and the synchronous motor runs at 3000 
r.p.m., a 50-cycle rectangular voltage wave will be impressed between 
grid and cathode. By increasing the number of contacts evidently 
any desired frequency can be produced. 
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The rectangular voltage wave on the grid will, of course, produce 
an alternating component in the anode current of the same frequency, 
but, due to the inductancje of the variable-coupling transformer, 
this com])onent will hav(5 a closer resemblance to a sine wave. 
The waveform in the transfoinicr secondary winding is further 
improved by tuning the secondary circuit to the harmonic frequency 
by means of the varia})le condenser C. 

Now it is well known that a steady deflexion of a dynamometer 
instrument lesults only when the currents in the fixed and moving 
(joils are of tlu^ saiiK^ fi(H|uency. Thus, if the analysing current is 

/„ •=-- sin {nO + <j>„) 

and the current in the moving coil due to the nth haimonici is 
i --- sin (nO + 

the instantaneous toi(jU(‘ is given by 


The mean tonjiK^ is 
T - — 

-l-T, 


T oc iia 


iijKi 


K 


/„ sin (nO ■ sin (nO 1 4>m)d0 

0 


-- A7„/,„ cos {<!>„, — < j >„) 

As the deflexion is proportional to the torque, we may write 
D =- cos {<f>„ — <f>„) 

where D is the deflexion. The ])hase of the analysing current is 
adjusted by the contact arm of the rotating disc until — (f>^) = 0. 
At this point J) is a maximum and 

^tn ~~ a 

where is the maximum deflexion obtained. To obtain the value 
of the harmonic volt age, we have 



where p ~ ^rrf, f being the frequency of the fundamental, and L, 
Gj, and R the inductanc^e, capacitance, and resistance of the moving- 
coil circuit. 

Where the phase relationship of the harmonics is not needed, 
harmonic analysis may be effected by means of an electronic volt¬ 
meter. The voltage to be analysed is applied in series with a local 
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oscillator to the grid and cathode of the valve, in the anode circuit 
of which is the usual milli- or micro-ammeter. The fre({uoncy of 
the oscillator is adjusted to the frecjuenc^y of the harmonic to be 
measured and, as this adjustment is made, the milliammetcr indi¬ 
cator will oscillate slowly in res])onse to the liotorodyne frequency 
difference. The oscillation frequency is, of course, the difference 
between the harmonic and local oscillator fr(3({uencies, and when, 
by adjustment, this differtmce is made sufficiently small, the ampli¬ 
tude of the anode current variation may be read directly. From 
this am 2 )litude and that of the local oscillation (as found from the 
voltmeter when the input is zero) the amplitude of the harmonic 
may be calculated. 

Assuming that the grid-voltage^/anode-current characteristic 
follows a quadratic law we have 

i = a^v„ + . . . (16-9) 

provided that the quiescent current has been balanced out. If 
is the voltage of the local oscillation and that to be analysed, 
then (16-9) becomes 

i — a-^VQ I a^v-^ + . (16-10) 

Now let = Fq cos 

and = Fi cos (f)^ -|- Fg cos 2^^ + Fg cos (16-11) 

This, of course, presumes that the local oscillator waveform is 
sinusoidal and that the phase angles of the harmonics are zero. 
The modification necessary when the latter is not true will be shown 
later. Substituting (16-1 i) in (16-10)— 

i = OjFq cos ^0 F "I + ' * • 

agFo^ cos^ I" ^ 2 ^ 2 ^ cos^^i + . . . 

2 a 2 FoFi cos <f)Q cos (f)^ + 2 a 2 FoF 2 cos cfyQ cos 2(l>^ . , . 

2 a 2 FiF 2 cos cos 2<f>^ + ^agF^Fg cos cos 3^^ f. . . 

Grouping terms— 

ft ‘H 

i = cos COS® 

n 

-f 2 a 2 SFoF„ cos cos Tuf^i 

n m 

+ agSXF^F^ cos cos 7n<l>i 

n ^ m 


. (16-12) 
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it being understood that when ii — 0 in tlie first two toi*ins, cos 
is replaced by cos 

C^hanging the trigonomeirieal tcunis w(^ may write 

H if // 

i - i 2^ ^ “ 2^ TT * 

n n 

^ ’ 0 (4 I Hi) 1 «i.Y*'ol^. <•<*« (s^o-”'^]) 

n m n m 

+ a^'^VnV^ cos (Hi + 'Hi) ^-«2YY iHi—‘>Hi) (16-K}) 

n /: m 

Now the milliainmeter will indicate^ the steady components of 
(16-13), plus those of such frequency that tludr effect is easily 
readable, i.e. 

+ a^'^VoV„cos(^o—Hi) ■ ■ ( 16 - 14 ) 


Now by adjusting 0o to bo approximately equal to r<^i, the boat 
frequency may bo made so small that its effect on the meter is 
easily discernible. Othei’ beat frequencies, of course, coexist, but, 
with the adjustment effected as described, their effect cannot bo 
detected. Referring to (16-14), the swing of the milliammetor 
indicator is 

Ib == 


and 



Ib 


which thus determines the ampliiaide of the w,th harmonic. is 
read directly, while Vq is found by employing the analyser as a 
voltmeter to read the oscillator voltage in the absence of that 
undergoing analysis, is found by employing the instrument as a 
voltmeter and applying a known voltage. If V is the peak value 
of this voltage 

i F‘2 . . . . (16-15) 


where i is the anode current resulting from F. Thus (16-15) deter¬ 
mines ag. 

Where the phase angles are different from zero we must write 
= F, cos ((^ + yij) + Fg cos (2,^1 + ^>2) + • ■ • 
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in which case the reading of the milliammc^tor will be 

2 * s l'„2 f roK„ cos (<^„— - y>„) . (Ki-IB) 

i.e. it will not differ from that indicated by (16-14). 
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(^HAJTEli XVir 

(‘ATHODE-HAY Tl^BKS AND ASSOCIATED CIROUITS 


The cathocic ray tube may bc^ justly regarclcHl as one of tlio most 
imjx^rtant applications of electron optics aivl dynamics that exists. 
In wliat is, perhaps, its best-known form it consists, fundamentally, 
of a glass tube in which are housed a cathode, an anode, or gun, 
an electron o])tical system, and two or more deflecting plates. 
This arrangement is shown by Fig. 17-1, and in this example the 



domed end of the tube is coated with a fluorescent powder in order 
that a trace may be formed thereon by an electron beam. The 
electrons are produced thermionically, as described in Ohapter IV, 
and, under the influence of the positive potential of the anode, 
pass 11 }) the tube towards the fluorescent screen. In so doing they 
pass through a small hole in the anode, which tends to restrict the 
electrons to a narrow beam, in order that a small jiatch or spot of 
light may result from the impinging of the electrons on the screen. 
Following the anode is some form of focusing system by means of 
which the beam is brought to a fine focus at the recording surface. 
Between the latter and the lens are deflecting plates or coils in 
order that the phenomena under consideration may deflect the beam 
and so record its characteristics in a manner which may be readily 
interpreted. 

Cathode tubes may be classified under three headings— 

1. Low-voltage tubes, which are of the gas-focused type. With 
these the accelerating voltage seldom exceeds 1000 volts. 

2. Medium-voltage tubes employing accelerating voltages 
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between 1000 and 10,000 volts. Thescj are of the higli-vacuuiii typo 
and are focused by an electrostatic lens as described in (liapter VI. 

3. High-voltage tubes in which the accelerating ])otential is 
from 10 kV to 80 kV. yuch tubes usually employ a c*()ld cathode 
and are focused by a magnetic lens. 

Gas-focused Tubes 

Considering first the gas-focused tube, as stated above, the beam 
is restricted in cross-section by a small ay)erturc in the anode before 
focusing occurs. This arrangement, however, is somewhat ineffi¬ 
cient, in that the majority of electrons are collected by the anode, 
only a small proportion pass¬ 
ing up the tnlxi to the screen. 

This state of affairs is 
remedied by surroundiTig the 
cathode with a small metal 
tube known as a Wehnelt 
cylinder, or, more commonly, 
as a shield or grid. This is 
negatively biased to about 50 
volts and the resulting electro¬ 
static field has a converging ~ 
effect on the initially diverging 
electrons as they leave the 
cathode. The result is that a 
much larger pro})ortion of the 
electrons pass into the deliect- 
ing space which, of course, 
leads to a greater concentration of electrons in the beam. Optically, 
the shield is equivalent to a convex lens of short focal length, 
which produces an image of the cathode just in front of the 
anode aperture. 

In many respects the action of the shield is similar to that of 
the grid in a triodc, for variation of the value of the biasing voltage 
varies the anode current. If the bias is continually increased, a 
value is reached at which the anode current decreases to the extent/ 
that the spot vanishes from the fluorescent screen. Evidently the 
brilliance is also controllable by the shield bias and, in practice, 
cathode-ray tubes are provided with continuously variable biasing 
arrangements for controlling the brilliance and sharpness of the spot 
and for putting it out of existence when desired. 

The relationship between anode current and shield voltage for a 
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typical case is shown by Fig. 17-2, from whicli the similarity to the 
static characteristic of an ordinary triodo valve may bo noted. 

Effect of Gas Fili.tn(; 

From the nature of tlio deih^ctor [)lato (jircuit it might apjK^ar 
that the cathodc'-ray tube im{)oses only a small capacitive load on 
the circuit producing the ])henomenon undergoing examination. 
In gas-filled tubes, ho weaver, a resistive loading is also im[)osed,'' 
due to the How of (^le(;trons and ions to the deflector plates when a 
potential difference is applied to the latter. Where tlu? impedance 
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of the source of supply is low, tliis is unimportant, but should it 
be high (say, of the order of lO"^ ohms), distortion of the applied 
waveform is likely to occur. In general, it may be said that when¬ 
ever the supply impedance is of the same order of magnitude as 
that of the plate circuit, some distortion will result. Due allowance 
could bo readily made for this if the plate circuit impedance were 
constant. Actually this impedance is far from constant, as will be 
apparent from Fig. 17-3, which shows plate resistance plotted as 
a function of plate potential in a tjTiical case. It will be noted that 
the resistance is a minimum at zero voltage, i.o. when the beam is 
undeflected. It follows that with a high-impedance supply the tube 
is less sensitive near the origin than with more remote positions of 
the beam. 

In order to minimize the variation of plate impedance it is 
customary to connect fixed resistances across the deflector plates 
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in the manner indicated by Fig. This also ensures that the 

tub('. is not operated on an open circuit, for in such circumstances 
charges would be acquired by the plates leading to spurious results. 

Although it has been stated above that the finite impedance of 
the plate circuit is due to the })resence of elecjtrons and ions, it 
appears that it is principally electrons which are r(\s})onsibl(5 for 
this condition. The electrons are secondary in (;haraeter and are 
dislodged from the screen by the impacting beam electrons. The 
secondaries return to the anode, but to reach this must pass the 
deflector plates, where they will be either attracted or repelled by 
the charges thereon. This results in a relatively high current for 



Fio. 17-4 

positive plate potentials as shown by Fig. 17-4, Curve 1. The 
current may be reduced to a low figure by extending the anode, 
in the form of a tube, beyond the deflector plates. This intercepts 
and collects the secondary electrons, resulting in the low plate 
current shown by Curve 2, Fig. 17-4. With this structure the plate 
impedance may be as high as 2 x 10*^ ohms. 

Origin Distortion 

A further form of distortion in gas-filled tubes is known as 
origin distortion. When a deflecting potential is aj)j)lied to the 
plates, electrons and ions tend to collect in their neighbourhood, 
thus forming space-charges. Because of their lower mobility, the 
interplate space is chiefly occupied by positive ions. The resulting 
positive space-charge distorts the electrostatic field, causing a 
cathode fall of potential at whichever plate happens to be negative. 
An effect of this is to absorb part of the potential applied to the 
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plates to balance the space-charge drop, with the result that the 
tube is less sensitive to low plate potenlials than high ones. 

A deflecting system overcoming origin distortion is indicated 
by Pig. 17-5, and is due to von Ardeiine. It will be noted that one 
of the deflecting ])lates is equally divided and equal but opposite 
biasing potentials applied to ea(^li half. The plate division is prefer¬ 
ably and generally applied to that plale which is at cjirlli potential. 
Tf the value of the bias potential is at all times higher than that of 
the deflecting potential, then the resultant potential of the system 
is always different from zero and origin distortio]! will not occur. 
In practice the bias voltage applied to each half-])latc is rather 

greater than tJiai necessary to 
deflect the s[)ot to the edge of the 
_-—fluorescent screen. 



Fig. 17-5 Fio. 17-6 


The action of the biasing potentials on the beam in the absence 
of a deflecting potential may be appreciated with the assistance of 
Fig. 17-6. On entering the plate space the beam is deflected through 
the angle a and, but for the influence of the positive bias, would 
continue along the broken line. However, due to the positively 
biased half-plate, the beam is subsequently deflected through an 
angle equal to a, but in the opposite direction. Thus the beam 
merely undergoes a small lateral displacement y, which is easily 
corrected if necessary. 

High-fbequency Defocusing 

An effect experienced with gas-filled tubes is defocusing at high 
frequencies. This is because high-frequency deflexion of the beam 
may not give sufficient time for an adequate supply of positive ions 
to be formed to constitute the core of the beam. The effect may be 
countered to a limited extent by certain measures, such as increasing 
the beam current at high frequencies and employing a gas-filling 
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of low nioleeiilar weight. However, the frequency limit of the gas- 
filled tube is about 10^ cycles per second, and for frequencies beyond 
this a high-vacuu7n tube must be employed. 

Medium-voltage High-vacuum Tubes 

Because of the various limitations of the gas-filled tube, detailed 
above, high-vacuum tubes are largely employed and are actually a 
necessity for television j7urj)oses. These? tubes are evacuated to 
about 10 ® mm. Hg, and focusing is effected by an electrostatic lens 
of the form described in Chapter VI. Magnetic lens are seldom 
used because, the tube being short, the stray field would extend 

_A2_ 


WEHNELT 

CYLIND ER 

CATHODE 


Fig. 17-7 

over a considerable length of the beam, and because of the d.c. 
power needed for the coil excitation. 

A result of the relatively high voltage employed with vacuum 
tubes is a reduced sensitivity as compared with the gas-focused 
tube. Thus, it is desirable from the sensitivity viewpoint that the 
deflecting system should be near the cathode while for a sharply 
focused beam the lens should be near the recording surface. How¬ 
ever, the lens must precede the deflector plates, and hence a 
compromise must be effected between high sensitivity and sharp 
focusing. 

The types of lenses usually employed are the two and three- 
diaphragm and coaxial cylinders. With low voltages the two- 
diaphragm type is largely employed because of the smaller image 
it produces due to the axial acceleration of the beam. A typical 
cylinder lens is shown by Fig. 17-7, the two cylinders and 
being, respectively, referred to as the first and second anodes. It 
will be noted that the first anode is fitted with a number of baffles, 
the purpose of these being to collimate the beam. A Wehnelt 
cylinder is invariably fitted in high-vacuum tubes, this producing 
an image of the cathode between itself and the lens. The latter 
then produces a further image of the first one at the screen or 
recording surface 
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VACixrM Tcjbe Distoktion 

Althougli the vacuum tube is free from origin distortion and 
defocusing at high frequencies, it does, however, possess certain 
shortcomings peculiar to itself. Due to the relatively low sensitivity 
of such tubes, comparatively high potentials are necessary on the 
deilector y)lates. One of each pair of plates is normally connected 
to the anode (in both gas-filled and vacuum tubes), while the others 
periodically tluctuatc above and below anode potential. Thus, as 
the beam is deflected, it will undergo an additional acceleration or 
retardation, this effect being greater the greater the amplitude of 
the deflexion. The change produced in the axial velocity naturally 
tends to defocus tiui beam, the defocusing increasing as the beam 
approaches the edges of the screen. A remedy is to arrange matters 
so that a symmetrical deflexion is obtained in which one plate of 
oa(;li pair rises above the anode potential, while the other is falling 
below it by the same amount. In this manner the mean potential 
of the plates relative to the anode remains unchanged. Methods of 
effecting this will be discussed after describing a further form of 
distortion. 

Trapezium Distortion 

As previously shown, the sensitivity of a cathode-ray tube 
depends on the axial accelerating voltage. However, in a high- 
vacuum tube this voltage is either sensibly increased or decreased 



Fig. 17-8 Fig. 17-9 


by the deflecting voltage and thus the sensitivity is affected according 
to the magnitude of the voltage on the deflector plates. Thus, with 
a positive deflecting voltage, the accelerating potential increases 
and the sensitivity and resulting deflexion are smaller than when 
the deflecting potential is negative. The term “trapezium distor- 
tion'\results from the shape of the television raster produced when 
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this form of distortion is j)roseHt. The raster is produced by two 
simultaneous deilexioiis, one veiiieal and the other liorizontal, the 
frequency of the latter being inueli higher than that of the former. 
The deflecting voltages are ])roduced by saw-tooth wave generators 
(see ])age r)()0), with the result that, providing distortion is absent, 
a series of horizontal liiuss ap])ear on the screen in the manner 
indicated by Fig. 17-S. fJovever, w ith trapc^zium distortion present, 
if we assume that ] y and ‘ .r deflexions are produced by positive 
potentials on the Y- and X-plates, the length of the vertical deflexion 
will be less to the right of the centre line than to the left of it. The 
result of this is to ju'oduee a rast(‘r similar in shape to that showm 
by Fig. 17-9. Hence the term trapezium distortion.'’ The picture 
is aymmetri(*al about I t/O —// be¬ 
cause of th(‘ s('lf-e(‘ntnng ])roperty 
of the tube (se(‘ pag(‘ 

Symmetrical Deelexjon 

Tra])oziuni distortion may be 
avoided in the same manner as J7-jo 

defocusing, i.e. by th(' employment 

of symmetrical deflexion. This means that the electrical centre of 
each plate pair must be connected to the flnal anode so that the 
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mean poi(mtial })etween this and the plates is zero. One method 
of effecting this is shown by Fig. 17-10, whore the plates are 
connected by a higli resistance the centre of which is connected 
to the final anode. It is found in practice that satisfactory 
results are usually obtained if symmetrical deflexion is only 
applied to the j)lates nearest the final anode, i.e. the X-plates. 
A method of application is shown by Fig. 17-11. The time-base 
condenser is divided into two j)arts, as shown, and the fluctuating 
voltage on C\ ap])lied to the grid of an amplifying valve whose stage 
gain is M. if C\ is ecjual to (M — l)f\ then the voltage applied to 
the grid is l/i/1h of the voltage on ((J |- 6\). The amplifier output 
voltage is equal in value to that on the time-base condenser, but, 
due to the ])hase-rcversing action of the valve, it is opposite in 
phase. Thus, if the deflector plates are connected as shown by 
Fig. 17-11, their potentials will at every instant be at equal amounts 
above and below the anode potential. Thus the mean ])otential 
difference of the plates and the anode will be zero. 

The High-voltage Tube 

For the recording of very high-frequency phenomena, such as 
transients lasting only a few microseconds, the two foregoing types 
of tubes cannot be employed. This is because the intensity of the 
trace is too low to register on a photographic plate. The y)enetrating 
powder of the beam varies as the square of the accelerating voltage 
and this, of course, is the reason for the employment of anode 
voltages between 10 kV and 80 kV for high-speed work. A schematic 
diagram of a high-speed tube is shown by Fig. 17-12, from which 
it may be noted that a magnetic lens is employed and also that the 
photographic plate is included within the tube, llie latter feature 
necessitates that the tube is demountable and continuously con¬ 
nected to vacuum ])umps. Because of the difficulties of employing 
a hot cathode at high voltages (such as positive-ion bombardment), 
high-voltage tubes invariably possess a cold cathode, the electrons 
being produced from this by secondary emission caused by positive- 
ion bombardment. Thus the discharge chamber contains air at a 
pressure of about 10'^ mm. of Hg, in order to permit the production 
of the necessary ions. 

For making visual observations prior to photographing pheno¬ 
mena under examination, it is usual to employ a fluorescent screen. 
This can be raised from outside when desired, thus exposing the 
photographic plate to the incident electrons. For preventing the 
electrons from reaching the recording surface, the beam trap and 
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diaphragm are em])loyed as shown in Fig. 17-12. In many instances 
high-voltage tubes are eonstnuited of' metaL this naturally giving 
a much more robust structure than when glass is employed. A 
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typical tube is shown by Fig. 17-13, a few dimensions being included 
to give some idea of the large size of high-voltage tubes. 

Beam Deflexion 

Having formed a satisfactory electron beam by means of a 
suitable electron-optical system, it is necessary to deflect the beam 
by the phenomenon under examination in order that a trace may 
be formed on the recording system at the far end of the cathode-ray 
tube. This is effected by either an electrostatic or magnetic field, 
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or sometimes by a combination of both. Jn order to form an electro¬ 
static deflecting field, a i)air of j)latos is fitted inside the tube, as 



shown by Fig. 17-1, and a deflecting potential applied thereto 
(Fig. 17-14). The electrostatic field strengtli betwc'en the plates is 



VJd and an electron entering the field experiences a vertical 
accelerating force (say, downwards) 

eVJd 

The acceleration of the electron is consequently 

a = eVpIdm 
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At any time / after ejitering the plate spac(\ the axial distance 
travelled by the electron is 

X — vf . . . . (17-1) 

where v is tht^ electron velocity at the monuau oi enit ring. In the 
same time the electron acquires a downward velocity component 

— out -- 'xeV^,lmr(l . . (17-2) 

and travels a vertical distance which, from (17 -1) and (17-2) is 
equal to 

. . . (17-11) 

Thus the trajectory of the electron between the plates is a ])arabola. 

From (17-1), the time of flight of ^ho electron ladween the 
plates is 

t - Ijv 

and the downward velocity component at this time is 

hVJwvd . . (17-4) 


Referring to Fig. 17-14, the exit velocity of the electron is given by 
tan a — vjv which, from (17-4), is e(pial to 

le VJwdv^ 

But == 2eV/m and, therefore, 

tan a — lVJ2dV 


From (17-3), the vertical displacement is 
in\ I IV, _ I 
UV'~i'2dV' 2 


Thus the base of the triangle of Fig. 17-14 is equal to i/2, i.e. half 
the length of the i)lates. Hence the electron ])ath and beam may 
be regarded as linear and originating at a point M midway along 
the plate axis. This means that M is, in effect, a virtual cathode 
and that electrons appear to emerge from this “cathode’’ inde¬ 
pendent of the values of V, and V, Tf L is the distance between M 
and the recording surface, the deflexion of the beam at th(‘. latter is 

D ~ L tan a 

== LIVJUV cm./volt . . (17-5) 

The deflexion on the recording surface is therefore proj)ortional to 
the plate voltage and is free from amplitude (listortion. The 
deflexion per volt is defined as the sensitivity of the tube and, from 
(17-5), is 


Lll2dV 


(17-6) 
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The deflexion facjtor of the tube is the reci])rocal of the sensitivity, i.e. 

2dV 

LI 

and gives the potential necessary to cause unit deflexion at the 
screen surface. 

It will be noted that the sensitivity of a cathode-ray tube is 
inversely proportional to F, the accelerating voltage. Hence if 
high sensitivity is desired, 1", should be small. This, however, 
conflicts with another requirement, i.e. high energy of the electrons 
wliere they strike the fluorescent screen or recording surface. These 
conflicting requirements have been met in certain tubes by means 
of an additional electrode known as an intensifier or ])ost-ac(‘elerating 



electrode. This arrangement is shown by Fig. 17-15, where the 
electrode takes the form of a conducting ring on^the inner surface 
of the tube close to the screen. Its ])urpose is \o impart to the 
electrons a further acceleration after their doflexior 
plates. Thus increased sensitivity may be attaine 
low value of V and the energy of the beam increa^ 
by a post-accelerating potential F^. The valu^ 
usually equal to that of F with the result that tl 
equal to that of an ordinary tube, but the sensi 
great. In order to avoid axial acceleration in tl! 
deflecting plates, the anode is connected to a further electrode in 
the manner shown. 

The foregoing theory of electrostatic deflexion is based on the 
assumptions of a uniform field and an absence of space charges 
between the plates. With regard to the former a fringe field, of 
course, exists at the plate edges and the importance of this in 
modifying the result increases with an increase in the ratio djl. 
Formulae of the form 


by the deflecting 
by a relatively 
M after deflexion 
of the latter is 
beam energy is 
|ivity is twice as 
vicinity of the 
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have been given, where is the effective plate length and K a 
constant. In practice the discrepancy between measured and 
calculated deflexions may amount to as much as 30 per cent. 
However, one seldom depends on oahuilated values of the sensitivity 
but derives this from measured deflexions with known steady 
potentials. 

Magnetic Deflexion 

In order to produce a magnetic deflexion, a magnetic field is 
created at right-angles to the beam, usually by means of a pair of 
similarly wound coils attached to the neck of the oscillograph tube. 
Referring to Fig. 17-16, the field is assumed to be contained in a 
circular space and to be perpendicular to the plane of the paper. 



As shown in Chapter III, an electron entering the field experiences 
a force, perpendicular to its direction of motion, equal to HeiK 
The acceleration*imparted to the electron is 

oi^HevIm . . . (17-7) 

At a time t after entering the field, the axial distance travelled by 
an electron is 

X ■-= vt , . . . (17-8) 

In the same interval the electron acquires a transverse velocity 
component equal to 

^ oit ~ Hexfm . . . (17-9) 

and travels a vertical distance which, from (17-7) and (17-8), 
is equal to 

^Hejm . x^jv . (17-^10) 

Thus the trajectory of the electrons (and the beam) within the field 
is a parabola. 
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From (17-S) tlio transit time of an electron in the field is 

t - Ifv 

and the vertical velocity component accpiired in this time is 

-- Hell hi . . . (17-11) 

Refening to Fig. 17-16, tlu‘ (‘\it velocity of an olectron is given by 
tan a — vjr which, from (17-11), is equal to 

Hellmv 

But = 2eVlfn and, tlierefore, 

tan a Hh)/2V 
From (17-10), the vei^tical dis])lacement is 

i . //c/ra . P/v 
_HlvleV I Hlv I 

~ 2K ’ 7nr^ 2 2V 2 ‘ ^ 

Thus, as with ('le(;trostatie deflexion, the base of the triangle of 
Fig. 17-16 is equal to Z/2, i.e. half the length of the field. Similarly, 
the electron path and beam may be regarded as linear and originating 
at a virtual cathode, M, midway between the edges of the field. 
Hence the dcfiexioii of the beam at the recording surface is 

— L tan a 
- LHIvl2V 
= lLHVej 2 mV 

The sensitivity in this case is referred to unit field strength and 
hence is 

lLVej2mV 

or 0-3ZL/VF cm./gauss . . . (17-12) 

As in the electrostatic case, practical results are likely to differ 
from those indicated by (17-12). This is because of the fringing 
effect of the field and tlic difficulty of maintaining a uniform field 
over the whole operating length. As the sensitivity is proportional 
to L, the coils are ])laced as far from the recording surface as is 
practicable. The deflexion factor is, of course, given by 

V Vj^-ZIL cm./gauss 

Effect of Electron Transit Time on Sensitivity 

The formulae of (17-6) and (17-12) have been developed on 
the assumption that the transit time of the electrons between the 
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])lates is small compared with the periodic time of the wave under¬ 
going examination. Thus those formulae represent what may bo 
termed the static sensitivity of a tube. If the transit time is of the 
same order as the ])eT-iodic time, errors occur because the sensitivity 
is no longer given by ( 17 - 6 ) and ( 17 - 12 ). To consider the conditions 
under thi\se circumslRnc^es hit a sinusoidal voltage, represented by 
Vp sin pt, be applied to the deflecting plates, where p = 27r/, 

/ being the fi'oquency. If the voltage is sin pty^ at the moment an 
electron enters the jflate space, it will b(i F^„jSin 7 >(^i 1~ /) when it 
leaves, t being tlui electron transit time equal to Z/r. Hence the 
accoJorations at the entrance and exit of the plates are, respectively, 

eV 

^ pm • , 

. Sin 


and at time 


Integrating 


sin 2)(ti + t) 


[cos + <)]," 


[cos t) — cos 


Tho tangent of tho angle (soo page 5,5;}) at which the electron leaves 
the field is . .rr 


tan a, 


pvdm 


[cos j- t)— cos 


Now in the static case, tan a — leV^^ sin pl-ilmdv^ and hence 

^— y [cos 2>{h + t)— cos 
tan a pt, am pt^^ 

But according to page 553 the deflexion of an electron is propor¬ 
tional to tan a and thus 

Da = rriSh:/ + 0 - cos pt,] 


pi sin pZi ^ 

- T ——T 2 sin p(U f/2) sin p//2 

sin (pti - f ptf2) si n p</2 
’ sinp<i pt/2 


(17-13) 
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where Da and D^ arc, respectively, the dynamic and static deflexions 
for the same peak voltage If we now take the ratio of the 

dynamic and static sensitivities as being ])roportional to the ratio 
of the respective deflexions under the same peak voltage then 


“ nin pti ' ptl'2 


(17-]4) 


whcrci Sa and arc, res})ectivcly, the dynamic and static sensitivi¬ 
ties. This result at once^ shows that Sa only equals Sg when p, 
i.e. 27r/, is very small. It is also evident that the dynamic sensitivity 
depends on i.e. on the value of Vp at the moment the electron 
enters the plate field. This is, perhaps, not altogether unexpected 
for the change in during the transit time depends on the rate 
of change of Vp^n pf, i.e. on p cos pt. Considering the peak 
deflexion, this occurs for ~ 7r/2 and 


Da = Ds cos ptl2 


sin ptl2 
~ptl2~ 


-A 


sin pt 
^pt 


(17-15) 


Thus, the deflexion will have peak values for = n7r/2, each of 
which will be inversely proportional to the frequency of the deflecting 
voltage. For p/ — vtt the deflexion will be zero, n being any integer. 
If we replace i in (17-13), (17-14), and (17-15) by Ijv, it is evident 
that Da and Sa in addition to depending on frequency also depend 
on the plate length and the velocity of the electron. As the latter 
varies as VV, Di and /S’<( are, therefore, functions of the anode 
accelerating voltage. Hence for high-frequency work the plate 
length should be short and the anode voltage high. This, it will 
be noted, is the reverse of the conditions desirable for large deflexions 
at low frequencies. 


Time Bases 

When the beam of a cathode-ray tube is subjected to the influence 
of a single electric or magnetic field only, the result is the expansion 
of the fluorescent spot into a line. The length of the line is a measure 
of the magnitude of the electric or magnetic field causing the 
expansion, but, beyond this, yields little other information. The 
general purpose of a cathode-ray tube is, of course, to indicate the 
variations of one quantity with respect to another, and to effect 
this, composite deflexion is necessary by two or more simultaneous 
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deflexions. The resulting image on the screen or ])hotographic ])late 
is, of course, two-dimensional, and may be recpiired in eithei* car¬ 
tesian or polar co-ordinates, generally the former. Wliere cartesian 
co-ordinates are required, the deflexions are arranged to occur along 
mutually perpendicular axes. Naturally the deflexions must bo 
quite independent. 

The most commonly employed deflexion is double-electrostatic. 
In these circumstances the fields may be suj)erim posed hy tlie 
arrangement of Fig. 17-17 or staggered by means of the plate 



Fig. 17-17 Fio. 17-18 


system of Fig. 17-6. Fig. 17-17 does not secure complete inde¬ 
pendence of the fields and this results in the arrangement of Fig. 
17-5 being commonly employed. With the latter the distance of 
adjoining edges of the plates must be greater than the extent of the 
field fringes if independence is to be secured. The distance between 
the plates nearer the anode may be smaller than that between the 
further pair if desired on account of the smaller movement of the 
beam at the former. From (17-6) it is apparent that the sensitivities 
of the two sets of plates may be different unless the plate dimensions 
are such as to avoid this. 

As stated above, a cathode-ray tube is employed to examine the 
variation of one quantity with respect to another, this resulting in 
a two-dimensional image. If the result is desired in rectangular 
co-ordinates, then it is clear that the independently variable quantity 
must form the horizontal or a;-ordinate and the dependent variable 
the vertical or i^-ordinate. In a great many instances it is, of course, 
desired to trace some phenomenon against a base of time. In the 
majority of instances this necessitates an X-plate deflexion which 
increases linearly with time. If an image is required for visual 
examination (rather than for photographic recording), then a single 
excursion of the spot must undergo rapid repetition over the same 



560 


ELECTRONICS 


j)ath in order that the persistence of vision may create the illusion 
of a continuous figure. This evidently necessitates the periodic 
return of the fluorescent spot to its starting point, the time of 
return being negligible eom]»ared with that of the forward motion. 
The desired eharacteristics, then, of the X-])late deflexion may be 
represented by Fig. 17-1S, in which the amplitude of the deflexion 
varies directly with time until a ])redetermined maximum is reached ; 
whereu])on the s])ot returns with great rapidity to its starting point 
and the cycle is then indefinitely repeated. As the brilliance of any 
|>ortion of the image varies inversely as tlie velocity of the fluorescent 
spot, it is evident that the return of tlie sj)ot, or ‘‘fly-back,” may 
be made at such speed as to be imperceptible. Where the speed is 
such as not to secure this condition, the return trace may be rendered 
invisible by “blacking out" the spot by tlie automatic application 
of excessive bias to the grid of the cathode-ray tube. 

In addition to the linear time base outlined above, other time 
bases exist, such as sinusoidal and circular bases, etc. However, 
the linear type will first bo treated in some detail followed by a 
description of the characteristics and uses of various other forms. 

Linear Time Bases 

A description of the necessary action of the linear time base 
having been given, it is now necessary to consider how this action 
may be brought about. From Fig. 17-18 it is apparent that the 
time-base mechanism must generate what may be termed “saw¬ 
tooth ” oscillations. The relatively slow traverse may be obtained 
in either one of two ways, viz. (1) by the change in potential across 
a condenser due to a constant charging current, this being termed 
a capacitive time base, (2) by the change in current through a pure 
inductance due to the application of a constant voltage (inductive 
time base). Both forms n^quire some switching arrangement in 
order, at some predetermined moment, to change rapidly the 
traversing action to the fly-back condition. The switching may be 
effected by the time base itself or by some external agent. Circuits 
will first be considered in which the switching is self-operated by 
means of an arrangement of valves. The valves may be of either 
the soft or hard types and we shall now proceed to a study of linear 
capacitive time bases of the soft-valve type. 

Probably the earliest form of linear time base is that indicated 
by Fig. 17-19. Fundamentally this consists of a non-inductive 
resistance R, a capacitance G, and a neon lamp A', arranged in the 
manner shown. The lamp is of the two-electrode, cold-cathode, 
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type, and is filled with neon at a low pressure with a slight, trace 
of argon or hydrogen added. Such lam])s are cx(Mnf)lified by the 
Osglim beehivo or homiycomb lam]). These lani])s have a striking, 
or ignition, potential of about 170 volts and an (extinction potcMitial 
of about 130 volts. At the moment of closing the switceli N, the 
circuit conditions are given by 

iE + V -- E 

where i and v are, nespcectively, the instantaneous values of tin* 
condenser current and voltage. Now i = Ctlvjdt and luiiico 



Fig. 17-19 


Integrating log^ K{E — t;) — — tfCR 

and 

where K is a constant. When t — 0, v ~ 0, and thus K — l/E. 
Hence 

^ ^ (17-16) 

Now when v reaches the striking potential of the neon lamp, a 
discharge will occur, the condenser voltage rapidly falling to 
the lamp extinction potential. At extinction, the condenser no 
longer being shunted, the voltage will again rise to the lamp striking 
potential Vs and the cycle of voltage variation, i.e. to will be 
indefinitely repeated. If is the time for the condenser voltage 
to rise from to Vg, then 

<1 = CB log. 

1 ^ E — V , 
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and assuming the discharge time to be negligible com])ared with 
the ()S(iillalion frequency is 


/-- 


1 


CR log. 





(17-17) 


Th(‘ foregoing analysis shows that the circuit of Fig. 17-19 is capable 
of gtmcrating relaxation ()scillations having a frcfjueney given by 
(17-17) and an amplitude equal to ?\.) volts. The voltage on 
0 at any instant after the initial curve, given by (17-16), has been 
tiaccd may be found from the initial conditions v — when t — 0. 
Thus 


V=: {JiJ- V,) (1 - £- f • . (17-18) 


Now, although tlie circuit of Fig. 17-19 has been termed a linear 
time base, it is evident that the term as applied here is a misnomer 
for (17-18) is clearly not a linear function of time. What is desired 
is, of course, that dvfdt should be constant. Differentiating (17-16) 
and (17-18), we have 


dv 



(17-19) 


dv 

di 


-~CB " 


cn 


(17-20) 


which show that the slopes of the curves are only constant at ^ = 0. 
As the velocity with which the spot crosses the screen is proportional 
to dv/df the difference in the velocities of the spot at the commence¬ 
ment and the end of its travel is proportional to 


E 


CR 


(1 - 


A. 

CR) 


For given values of q and if is clear that if approximate linearity 
is to be achieved, e must be as near unity as possible. This 
means that CR should be large, also E, 

In order to a])ply the voltage oscillation on C to the X-plates of 
the tube, the combination C^R^ is employed. The purpose of this is 
to ensure that when the spot is expanded by the time base to a line, 
the centre point of the latter coincides with the centre of the screen. 
In the absence of the mean d.c. potential of C, i.e. (Vg + Vg)/2, 
would deflect the beam from the centre of the screen to a given 
position and a line with an amplitude corresponding to (i?, — v^) 
would appear with its centre at this position. Thus, if a Y-plate 
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deflexion were produced, the resulting image would b(* non-centiMl. 
With Cl present, the d.c. potential is absorbed by this, only the 
a.c. component occurring across As the amplitudes of the 
half-waves of the a.c, component are each equal to - /v)/2, the 
mean position of the spot is the centre of the screen with equal 
deflexions, corresponding to (r, — ^v)/2, to left and right of this. 
Hence with a Y-plate deflexion a centrally placed image results. 

The effect of two simultaneous deflexions is, generally, 1o cause 
the fluorescent S 2 ) 0 t to describe a cuived ])ath. IVoviding the 
deflecting frequencies are sufficiently high, ])ersistence of vision 
causes a curve to ai)pear on the fluorescent screen. For visual 
observation it is, of course, desirable that the curve shall apj)ear 
motionless, a curve in this condition being termed a stationary or 
‘‘standing'* figure. To ensure this, the frequency of the time base 
must be a sub-multiple of the frecpiency of the phe‘]ioinenon under 
observation. Tn these circumstances an integral number ot waves 
will appear on the screen and a standing figure will result. If the 
above frequency condition is iu)t realized, then the result may vary 
from a slow motion of iho image either backwards or forwards 
across the screen to complete confusion. It follows that control 
of the time-base frequency is essential to jU’oduce standing figures. 
In practice this is achieved by variation of R and (\ R is continu¬ 
ously variable whiles a bank of condensers is einjfloyc^d, the appro¬ 
priate condenser being selected by means of a selector switch. 

In Fig. 17-19 there will be noted a resistance-condenser com¬ 
bination R 2 C 2 . The purpose of this is to secure exact synchronism 
of the signal and time-base frequencies in order to ‘dock " the image. 
Without this feature, it is extremely difficult to obtain a ])erfectly 
stationary image by variation of the product RC. The subject of 
synchronization will be dealt with at greater length after further 
time-base circuits have been considered. 

The lack of linearity of the circuit of Fig. 17-19 may be overcome 
to some extent by replacing the resistance JK by a saturated diode. 
In this case the condenser charging current tends to be constant, 
resulting in the voltage on C increasing linearly with time. Because 
of the lack of true saturation with valves having coated cathodes, 
a valve with a plain tungsten filament should be employed. The 
condenser charging current and time-base frequency are varied by 
variation of the filament temperature. As an alternative to, and 
an improvement on, this arrangement, a pentode, operating above 
the knee of the anode-voltage/anode-current characteristic, may be 
employed. In this case the time-base frequency is controlled by 
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variation 6f eitlier the screen or grid potential. Jn general, with 
both the above methods, the value of E required is less than with 
a resistance condenser combination, but care must be taken to 
ensure that the valve anode voltage does not pass into the curved 
portion of the anode-voltage/anode-current characteristic during 
the charging of the condenser. If t is the condenser charging time 
and / the constant charging current, then, 

Jt ^ C{v,— v,) 


from which 
and 


6V\ — V,) 

1 



where f is the time-base fnHjuency and C is expressed in farads. 


The Tkvratkon I'tme Base 

The voltage efiiciency of a time base is expressed as 
Voltage Excursion of Condenser 
Voltage of d.c. Supply 

Because of the low value of (v^ — v^) in Fig. 17-19, it is clear that 
this time base has a low voltage efficiency. A further disadvantage 
is the small scan produced. The value of (v, — Vg) is about 40 volts 
and with a tube sensitivity of 1 mm. per volt the length of the scan 
is only 4 cm. Both of these shortcomings are largely removed by 
replacing the neon lamp of Fig. 17-19 by a thyratron, preferably 
of the gas-filled type. The method of employing a thyratron for 
time-base work is indicated by Fig. 17-20. By varying the value 
of the bias, the striking potential may be varied and with it the 
amplitude of the scan or sweep in the cathode-ray tube. It will be 
appreciated that a much greater scan is possible with a thyratron 
than with a neon lamp. For example, with a bias of 4 volts, a 
control ratio of 50 and an ionizing potential of 20 volts, the voltage 
variation on the condenser is [(4 x 50) — 20] = 180 volts, which 
applied to a tube having a sensitivity of 1 mm. per volt gives a 
scan of 16cm. Of course, the maximum scan obtainable with a 
thyratron is that corresponding to the maximum anode-cathode 
potential that the thyratron will withstand. 

A further advantage of the thyratron time base is its method 
of synchronization. As indicated by Fig. 17-20 this is effected by 
applying a portion of the work voltage to the grid in the manner 
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shown. This, of course, lias the eficct of varying the striking potential 
of the tube. Because of the large eonti*ol ratio, it follows that 
synchronization may be effected with a fai* smalUu* voltage than 
in the case of the neon lam]) and with a consequently smaller loading 
on the work voltage. It will be noted that a resistance is included 
in the anode lead. TIh' ])ur])ose of this is to limit the discharge 
current through the valve which, if alloued to e\(*ee(l a certain 
value, has a detrimental effect upon the life of the valve. The 
minimum value of this resistance is given by />?//, where K is the 



maximum scan voltage and 1 the instantaneous peak current rating 
of the valve. The value of this resistance should not be higher than 
is absolutely necessary, for it retards the rate of discharge* of the 
condenser, thus reducing the velocity of the fly-back. As an alter¬ 
native method of limiting tin* discharge current, a se[)arate induct¬ 
ance may bo connected in series with each of the various condensers 
in the time-base bank. The maximum energy stored in a condenser 
is \Ctj^ and, if 1 is again the peak current, then 

\Ln -=r ICE^ 

and L - 

In addition to the anode resistance it will be seen that a resistance 
is also included in the grid circuit. This, as explained in Chapter 
IX, is to limit the grid current during the ionizing period. The 
value of this resistance should not be too high, for a high grid 
resistance tends to render the grid potential susceptible to ])ick-up 
from other parts of the circuit, such as the mains suj)ply. etc*. The 
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purpose of the combination G^lt^ is for the application of a portion 
of the work voltage for synchronization. is large to avoid unduly 
loading the work voltage, while isolates the grid from the d.c. 
component in this voltage. 

A modification of the thyratron time base, due to Blumlein, is 
shown by Fig. 17-21. It will be noted that inductances are included 
in both the charging and discharging circuits. That in the latter is 
relatively small, while L is of the order of 30 henrys. The circuit 
conditions during charging are expressed by 

L ‘-t; \ R^ ^ V — Ih 

d1 

d^v V E 

LC^LC 


where v and i are, respectively, the instantaneous values of the 
condenser voltage and current. The general solution of the above 
equation is 


V = 



R^ 

4jL2 


< -f- if cos 






and, taking the initial conditions as ^ = 0, v = — Vj, and dv/dt = 0, 
we have 

V ^ E — (Vj E) i- sin wt + cos 


or 


V E — f(^1 -f E) 



2 

sin {wt + 


<!>) 


where 


a = ii/2L, w = 



^2> Y ~ 


W 

OL 


In order to simplify the understanding of this circuit we shall assume 
R to be negligible and to be equal to E. Then 

V == E{1 — 2 cos wt) 

and, if the charging time is such that wt = 7tI2, the condenser 
voltage changes from — E to + E, i.e. a total change of 2E volts. 
The simplified expression for v is not, of course, a linear function 
of time, but in practice the effect of R is to have a straightening 
effect on the characteristic. It also reduces the total change in 
condenser voltage. However, the point which it is desired to make 
is that a much greater scan is possible with the circuit of Pig. 17-21 
than when the condenser is charged through a pure resistance. 
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It remains to bo considered why the initial condition was taken 
oit = 0,v ^ — v^. At the moment the condenser discharges through 
the thyratron, the voltage on the latter drops to the ionizing 
potential of the gas-filling of this. The discharge circuit is then 
the essential oscillatory one of with, of course, the proviso 
that, because of the valv(% the current cannot reverse. The current, 
then, is interru})ted when about to 
make its first reversal, i.e. half a i)eriod 
after the commencement of the con¬ 
denser discharge. But if the condenser 
voltage were -\- i\ at the commence¬ 
ment of the discharge, it must be — 
half a period later. l"he periodic time 
of the discharge is approximately 
27 tVL^C and hence the discharge 
period is tt Vseconds. 

Hard-valve Hiuii-Frequency Time 
Bases 

The foregoing time bases are of the 
soft-valve type and, providing the 
desired frc'quency range is not too 
high, that of Fig. 17-20 in particular may be relied upon to give 
excellent results. It will be noted that due to the small discharg¬ 
ing time it is only necessary to switch the discharge circuit, the 
charging circuit actually functioning continuously. However, if such 
time bas(5s are operated at high frequencies, the charging time 
becomes comparable with the discharging time and ultimately the 
time base ceases to function. This is because the charging rate 
becomes so rapid that sufiicient time is not available for de¬ 
ionization to take ])lace and, in consequence, the supply current 
passes continuously through the thyratron. In general, it may be 
said that the upper frequency limit of a time base employing a 
thyratron is of the order of 10® cycles per second. 

Hard-valve time bases may be classified under two headings: 
(a) those which are self-operated, usually taking the form of a 
modified valve oscillator; (6) those which are discharged by an 
independent voltage control. Considering those under (a), these 
are similar to a thyratron base in that they consist of a condenser- 
charging device and a discharging or triggering device. In many 
circuits the condenser charging is effected in an exactly similar 
manner to that of a soft-valve time base, i.e. by means of a non- 
19—(T.389) 
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inductive resistance, saturated diode, or pentode. The ])rinciDal 
point of departure is in the triggering circuit employed for dis¬ 
charging the condenser. The main difficulty in the design of hard- 
valve time bases is the imitation of the abrupt action of the thyratron 
discharge. It might appear that a thyratron could be replaced by 
a hard valve biased to cut-off at an anode potential equal to that 
at which it is desired to discharge the condenser. However, when 
it is remembered that ionization is negligible in hard valves and 
that in consequence the grid has continuous control, it is evident 



that this is impossible unless by some means the grid bias may be 
suddenly reduced and, preferably, driven j)ositivo at the desired 
moment. This last proviso contains the method by which many 
hard-valve time bases operate, the change in grid condition being 
brought about either by the time base itself (self-operated) or by 
some external agency. 

As an example of a self-operated time base working on the fore¬ 
going principal, Fig. 17-22 may be considered. Across the condenser 
(which may be charged by any one of the methods previously 
described) is connected a triode with the primary of a transformer 
in the anode lead. The transformer secondary is connected in the 
grid circuit in such a manner that a discharge from the condenser 
through the triode reduces the steady bias and drives the grid 
positive. Considering now the circuit from the moment that the 
voltage on C is zero, the condenser will commence to charge through 
the resistance B, At a voltage depending on the value of the steady 
bias, anode current will commence to flow, the e.m.f. induced in the 
secondary will drive the grid positive, causing the anode current to 
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increase cumulatively and rapidly discharge the condenser. The 
e.m.f. induced in the transformer secondary winding is Mdijdt, 
where M is the mutual inductance between the windings and difdt 
the rate of (jliange of anode current. As the condenser becomes 
discharged, dijdt will ultimately decrease.and become zero. At this 
moment the discharge current is a maximum and the steady bias 
alone affects the grid. Il(\vond this point the anode current com¬ 
mences to decrease, dijdt becomes negative, the grid very rapidly 
regains control, and the discharge ceases. The cycle of events is 
then repeated indefinitely. It is cleai* that the ami)litude of the 
swee]) with this time l)ase depends on tlie value of the steady bias 
and may ha conveniently adjusted by varying this. If automatic 
grid bias is emjiloyed, the bias resistance smoothing condenser 
should be largo in order that a steady bias may be developed. The 
value of this bias is proportional to the average anode current and 
tends to stabilize the time-base frequency. Thus, if the supply 
voltage should increase and in consequence the time-base frequency, 
the bias and scan will also increase, this tending to counteract the 
frequency increase. 

The time base may be synchronized by a third transformer 
winding, upon which a portion of the work voltage is impressed. 
Alternatively, a resistance may be included in the grid circuit in 
the manner shown. 

The foregoing description of the operation of this time base has 
ignored the possible effects- of the self-capacitances of the trans¬ 
former windings. Because of these, the circuit may act as a high- 
frequency oscillator, the grid being swung alternatively positive and 
negative, and the condenser discharged in a series of impulses. 
Actually it is found that the circuit tends to give better results 
when oi)erated by means of a low or audio-frequency transformer, 
because then the discharge occurs for one cycle of grid voltage only. 
This, of course, reduces the frequency range of the time base, with 
the result that its application is chiefly to low-frequency work, say, 
up to 20 kilocycles. In order to obtain satisfactory operation it is 
important that the transformer should be damped, this being 
effected by connecting a non-inductive resistance in parallel with 
the primary winding. The optimum value of this resistance must 
be determined experimentally. 

The time base in its low-frequency form finds application in 
television circuits, such as producing the scanning frequency. 

A high-frequency time base, due to Puckle, is shown by Fig. 
17-23. In this circuit the condenser is charged by means of a pentode 
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and discharged by a pair of hard valves which, in combination, 
imitate the action of a thyratron. During charging, the triode 
is biased to cut-oif by the volt drop on the anode resistance of 
the discharge pentode, Fg. Under these conditions there is no 
current in JR^ and, consequently^ Fg is free of bias and the current 
in i ?2 is a maximum. This, of course, results in the bias on the 
grid of Fg also being a maximum. Thus, it is quite possible with 
a supply voltage of, say, 500 volts to have the grid of Fg 400 volts 
or so negative with respect to the positive supply line. As the 



condenser C becomes charged, the cathode of Fg will run negative 
and the voltage on C will ultimately reach a point at which current 
will commence to flow in Fg and jB^. The effect of the volt drop on 
i?! will now send the suppressor grid of Fg negative, resulting in a 
reduction in current through JBg. The change in potential on iJg 
reduces the bias on the grid, drives it positive, increasing the current 
through Fg. It will bo readily appreciated that these actions between 
Fg and Fg are cumulative, leading to a rapid discharge of C. With 
C discharged, current in JR^ ceases, bias is removed from the 
current regains its maximum value in Ug and full bias is again appHed 
to Fg. Hence the cycle of events is indefinitely repeated. 

Actually the rate at which C can bo discharged is limited by 
the fact that when the grid of the triode goes positive grid current 
from this valve flows in the anode load of Fg. Thus the rate* at 
which the anode of Fg (and the grid of Fg) can go positive is limited. 
As the grid of Fg is going positive so also is the cathode of this valve, 
and it appears in practice that they both travel positive at approxi¬ 
mately the same rates. 
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It is evident that the value of controls the moment at which 
C discharges. Hence the amplitude of the scan may be varied by 
varying R^, The efi’cct of varying R^ is to affect the fly-back velocity. 
If /i, is increased, then the fly-back velocity is decreased. However, 
the greater the value of R^ the greater is the rapidity with which 
the change-over from the charging to discharging state occurs. 
Some values given by Puckle for various components of the circuit 
arc— 

jf?! — 2000 ohms (max.) 

R. 2 ^ — 0*25 megohm 

Cl -- 0-1 fi¥ 

i ?3 ~ 1*0 megohm 

Synchronization is effected in the mamier indicated by Fig. 
17-23. A portion of the work voltage is fed to the control grid of 
Fg. This is amplified by Fg and causes the potential of the grid of 
Fg to fluctuate above and below that value determined by iJg, thus 
varying the condenser discharge potential. 

it may be mentioned that voltage impulses of approximately 
square wave-form may be derived from either R^ or iig. If desired, 
these may be employed for blacking-out the fly-back on the cathode- 
ray tube. This is effected by connecting the anode of to the grid 
of the tube by means of a condenser. 

The foregoing time base will operate at frequencies up to 10® 
cycles per second. 

The Transttron Time Base 

A single-valve time-base circuit, operating on the principle of 
the transitron oscillator, is shown by Fig. 17-24. Assuming the 
condenser to be discharging through the pentode, the voltage 
on the latter will continually fall, the discharge current at first 
remaining approximately constant. As the knee of the anode- 
voltage/anode-current characteristic is approached, the anode 
current will commence to decrease. As, however, the total cathode 
current tends to remain constant the screen current will increase, 
causing the screen voltage to fall. This causes the condenser Gg 
to discharge through iJg and the valve, with the result that the 
upper end of JSg becomes negative relative to the cathode, this, of 
course, driving the suppressor negative. The effect of the reduced 
screen voltage and the negative suppressor reduces the anode 
current still further, and the process becomes rapidly cumulative, 
resulting in a cut-off of the anode current. The condenser now 
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commences to recliarge through the negative potential of the 
suppressor slowly decreasing as 62 discharges. At some voltage on 
Cl current will commence to flow to the anode, which current will 
be withdrawn from the screen circuit. This causes the screen 
potential to rise and a charging current to flow from the h.t. supply 
through J ?3 into Cg. This reverses the direction of current flow in 



i ?3 and, in consequence, the suppressor potential ra])idly changes 
from negative to positive. The rise in screen potential and the 
reversed suppressor potential now cumulatively increase the anode 
current, with the result that Oj is again rapidly discharged. 

The various waveforms during the circuit operation are shown 
by Fig. 17-24. The rate of change of voltage on C 2 depends, of 
course, on the time constant However, while is discharging, 

the valve is included in the circuit with the result that the rate of 
change of potential on R^ is less than when is charging. It is 
evident that in order to hold the suppressor negative during the 
charging stroke of Gi, should not be too small. Synchronization 
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may bo (‘ffeetod by impressing a portion of the work voltage on the 
grid. For the? purpose of considering the characteristics of the 
circuit the following com])Oiients arc suggested— 

-= 01 to 2-0 megohms (7^ = 0*1 /iF 

7^2 ~ b ()5 ,, 0-25 megohm C 2 = 1-0 ^F 

— 0*01 ,, 0-25 ,, V = Mullard SP4 

H.T. 500 volts 

Synchronization 

Reference has already been made to the subject of synchroniza¬ 
tion of the time-base and work frequencies. Synchronization is 
effected by the application of the work voltage to the time base in 



such a manner that it initiates either the scan or the fly-back. In the 
case of a capacitative time base it is the latter which is initiated. 
Referring to Fig. 17-19, it will be noted that the work voltage, or 
a portion of it, is applied to a resistance in series with the neon 
lamp. This means that a portion of the work voltage is superimposed 
on the time-base voltage and thus the moment of firing of the neon 
lamp may be varied by the work voltage itself. The manner in 
which this is effected will be clear from Fig. 17-25, in which the 
time-base voltage is represented by Curve 1 and the superimposing 
work voltage by (^urve 2 . Assume that synchronism has been 
effected, the lamp firing at Pq with a striking potential of 150 volts. 
With a 50-cycle per second sinusoidal wave applied to the oscillo¬ 
graph F-plates, one complete wave now appears on the screen, the 
time of the sweep being 20 milliseconds. Now although small 
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changes in time-base and work frequencies may occur, or changers in 
the striking and extinction potentials of the lamp, synchronism will 
be automatically retained, as will now be shown. 

Let it be supposed that for some reason the time-base frequency 
falls, the broken line OQ now representing the time-base voltage. 
However, due to the superimijosition of the work voltag(% the lamp 
fires at instead of Q, because at this j^oint the sum of the time 
base and superimposed work voltages are equal to the lamp-striking 
voltage. Thus the scan time is less than it would be if striking 
occurred at Q and for the ease shown is apj)roximately 21 milli¬ 
seconds. The next oscillogram commences at and terminates 
at Pg ^ period of 20*7 milliseconds. The following oscillogram 
commences at and terminates at P.^ after approximately 20 
milliseconds. But this period is equal to that of the work voltage 
and thus, at this stage, synchronization again results. It“ will b(' 
readily appreciated that with each succeeding cycjle firing occurs 
at a later moment on the work-voltage curve. This permits a larger 
portion of the work voltage to be added to that of the time base to- 
cause striking, thus permitting a reduced scan to compensate for a 
reduced rate of rise of condenser voltage. Th(^ a})pearauce of the 
wave on the screen is now that shown between P.^ and P^ instead 
of 150— Pq, Further, it may be noted that the scan voltage has 
dropped from 150 to 147 volts, resulting in a shortening of the jne- 
ture by 3/30 =10 per cent. This means that the work voltage has 
added 3 volts to that of the condenser in order that striking may 
occur after a 20-millisecond j)eriod. It will be noted that the wave 
shifts somewhat to the left of its original position, as indicated by 
Curve 3. 

For the case of an increase in time-base frequency wo may 
consider the initial operating conditions to be those of B/^P^. Then, 
if the rate of voltage rise of the time-base condenser corresponds to 
that of OPq, the conditions will tend to revert to those of Pq whore 
synchronization will again result. Summarizing, it may be said 
that any small change in time-base frequency results in an auto¬ 
matic phase displacement of the work and time-base waves resulting 
in a continuance of the s 3 mchronized state. Similar effects occur 
should the work frequency change, the scan shortening for an increase 
in frequency and lengthening for a decrease. 

The foregoing results may be formulated as follows: The lamp 
voltage between striking and extinction is where t is 

time and a a constant. At striking 

== Ve H- a<0 
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where (q is the time-base period. If the velocity of the sweep alters, 
then V = Ve and at time 

V ^ V, ^ (/’, - V,) 

a 

'Ilie difference l)etween the striking voltage and v is 

(r, -r,)(l-ai/a) . . . (17-21) 

Thus, if < a (slow running), the ])hase shift is sueli that a [)ositive 
voltage, derived from the work, is added to that of the limc' l)as(\ 



If a (fast running), the phase shift is such as to add a negative 
voltage to that of the time base. 

It will be appreciated that changes in the amplitude of the 
sweep due to variations in Vg or are compensated in a similar 
manner as changes in work frequency, i.e. an automatic phase shift 
occurs ill order to keep the time-base frequency constant. An 
example of the effect of a change inX-shown by Fig. 17-26. Here 
it is assumed that the normal value of Vg is 150 volts and that for 
some reason this drops to 147 volts. Tlien in the absence of the 
influence of the work voltage the lamj) discharges at Q. However, 
because of the influence of the work voltage, the discharge occurs 
at jB^, resulting in an increase in the time-base frecjuency (19-milli¬ 
second period) and a disturbance of the synchronized state. The 
next discharge occurs at i ?2 after a period of approximately 19*5 
milliseconds, followed by a third discharge at JSg. By this time the 
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phase shift is such that the time-base period is practically equal to 
its original value, with the result that synchronization again results. 

Amplitude and Phase of Synchronizing Signal* 

From what has been stated regarding synchronization, it is 
evident that the amplitude of the synchronizing signal is a matter 
of some importance. For example, according to (17-21), the voltage 
to be introduced by the work to maintain synchronization, should 
the time-base frequency vary, depends on Thus the amplitude 
of the voltage introduced must be at least equal to (17-21) and 
preferably considerably larger. If less than (17-21), synchronization 
cannot be eflFccted. As for other reasons it is desirable that the 
synchronizing signal shall be small, it is necessary to employ means 
to adjust the signal to the minimum which will give effective locking 
of the picture. This is usually effected by means of variation of the 
resistance iJg in Fig. 17-19. The purpose of the series condenser is 
to isolate the neon lamp from any d.c. component in the waveform 
undergoing examination. If the amplitude of the synchronizing 
voltage is too large, then it may trigger the time base too early 
during one of the positive half-cycles. This will result in the time- 
base period no longer being a multiple of that of the work voltage, 
and synchronization will fail to occur. It, of course, follows that 
if the time-base period is less than that of the work voltage (time 
base running too fast) synchronization is again ineffective. 

The phase of the synchronizing signal is self-adjusting with respect 
to the time base as previously demonstrated. Hence the initial 
phase relationship is of no moment, as automatic adjustment rapidly 
occurs. When a disturbance of the synchronized state arises it is 
evident from Figs. 17-25 and 17-26 that automatic adjustment is 
effective within a few cycles of the disturbance arising and hence is 
generally quite imperceptible to the eye. The rapidity with which 
adjustment is effective depends on the steepness of the wave-front 
of the signal voltage, being greater the steeper the wave front. 

Synchronization of a Thyratron Time Base 

As previously stated and indicated by Fig. 17-20, synchroniza¬ 
tion of thyratron-operated time bases is effected by applying a 
portion of the work voltage to the grid of the valve. This, of course, 
has the effect of varying the striking potential of the tube. The 
method of synchronization in the present case may be appreciated 
with the assistance of Fig. 17-27. Referring to this, and assuming 
a steady bias of 6 volts and a control ratio of 26, the firing point 
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of the thyratron is 150 volts. If 1 volt of the work voltage is super¬ 
imposed on the steady bias, then the firing poin<^ of the relay will 
periodically vary between 175 and 125 volts as shown. Let it be 
assumed that synchronism has been effected and that the time base 
then commences to run slow. The time-base voltage will then change 
from the full line of 1 to the broken line of 2 , the firing point changing 
from Pq to Ry It is apparent that at the end of each sweep the 
relay fires at a lower voltage than that of the preceding one. Finally 
at i ?4 the time-base period is again the same as that of the wave 
under observation, and synchronization again results. 

As in the case of the neon lami), it is clear that an automatic 



phase shift occurs in order to lower the striking jDotential of the 
relay so that the scan time may be maintained constant. Because 
of the reduced scan, it is also evident that a slight compression of 
the picture occurs. Assuming the condenser voltage drops to zero 
at each discharge, the equation to ( 1 ), Fig. 17-27, is V = caf and 
to ( 2 ), Vi — Xit. If the scan time for synchronization is 

Vq — a^o 
Vi = 

from which Vq = ^ 

and (Fi--Fo)-(ai-ayo . . . (17-22) 

where Vq and respectively correspond to and P 4 . Thus for 
the case shown by Fig. 17-27 (Fi— F^) “ — 22 volts, which indi¬ 
cates that the phase shift must be such as to lower the striking 
voltage of the relay by this amount. An increase in time-base 
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velocity would mean aj > a, in which case (17-22) would be ])ositive, 
and the shift would be such as to raise the striking potential. The 
cases of a change in work-voltage frequency or of striking potential 
may be easily worked out with the assistance of a diagram similar 
to that of Fig. 17-27. 

The phase shift due to a slackening of the time-base velocity 
is shown by (II) in Fig. 17-27. Such shifts are readily demonstrated 
with a normal oscillograph. For convenience a sine wave is produced 
on the screen and synchronized. The velocity control is then slowly 
altered, whereupon the phase shift of the wave may be clearly seen. 



The compression or expansion of the wave is also observable accord¬ 
ing to whether the time-base velocity is decreased or increased. 

Comparing the thyi*atron time base with that of the neon lamp, 
it is obvious that, because of the control ratio, a much smaller 
portion of the work voltage is needed for synchronization in the 
former case. Thus, for the instance given by Fig. 17-27, the peak 
alternating voltage needed on the grid is only 22/25 = 0-88 volt, or 
0-62 volt, r.m.s. Again, in the former case it is clear that the ampli¬ 
tude of the synchronizing voltage must not be below a certain value 
to effect synchronization. With the thyratron time base a somewhat 
interesting phenomenon occurs if the amplitude of the synchronizing 
signal is continually increased. Assume that a group of waves has 
been produced on the screen and synchronized as shown by Fig. 
17-28. Now, if the synchronizing voltage is continually increased, 
a moment will occur when the negative peak of the wave B makes 
contact with the time-base voltage curve at A. At this moment the 
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synchronizing point will suddenly jump from to A and one cycle 
will disappear from the screen. This phenomenon, of course, indi¬ 
cates that the synchronizing signal is too large and is termed ‘'tight’’ 
synchronization. 

Synchronization of Hard-valve Time Bases 

The synchronization of the time base of Fig. 17-23 is effected 
in a similar manner to that of a th 3 rratron base. A portion of the 
work voltage is applied to the grid of F 3 and an amplified and phase- 
reversed version of tliis is impressed on the grid of Fg. Thus the 
“striking” voltage of V 2 will periodically vary in a similar manner 
to that of a thyratron. The conditions are similar in Fig. 17-22, 
where a portion of the work voltage fed to the grid of the valve 
again causes the “striking” voltage of this to vary in the manner 
of a thyratron. 

Circular and Elliptical Time Bases 

In certain applications a circular or elliptical time base possesses 
advantages over those of the linear ty])e. For example, a much 
longer trace is obtainable, no fly-back is needed, and the trace may 
be produced by sinusoidal wave forms instead of by the usual 
saw-tooth. If sinusoidal e.m.f.s are applied to the X- and Y-plates, 
then the co-ordinates of the fluorescent spot will be given by 

X — a cos pt 

y ^ b sin pt 

where a and h are tlio amplitudes of the e.m.f.s. Squaring and 
dividing, we have 

x^ o 

-- = cos^ pt 

sin 2 pt 

and ^2 + pt I 

which is the equation to an ellipse. Hence the trajectory of the 
spot is an ellipse, the elliptical path being traced once for every 
cycle of the applied e.m.f. If 6 == a, then 

= a2 

and the spot is at a constant distance from the centre of the tube. 
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a circle appearing on the screen, a now constitutes a radius vector 
and the angle formed by this and the ox axis is given by 


or, as b ~ a. 


tan 0 -- 


// b sin pt 
x ~ a cos pt 


— tan pt 
a ^ 


0 — pt 


(17-23) 


where 0 is the angle formed by the radius vector and the ox axis. 
Hence tlu' radius vector drawn from the sj^ot to the centre of the 
screen rotates with constant angular velocity. 

In order to form either an elliptical or circular trace it is necessary 
to apply e.m.f.s to the plates which differ in phase by 90°. This 



may be conveniently done by the phase-splitting device shown by 
Fig. 17-29. The current is constant in magnitude and phase 
throughout the resistance-condenser combination and hence the 
e.m.f.s on R and C are 90° out of phase with each other. The 
voltage on R is IR and on 6\ IfwC, Hence for the amplitude of 
these two voltages to be equal we must have R = l/wC, For this 
condition, and with equal sensitivities for both pairs of plates, a 
circular trace will result. If R ^ IjwC the trace is elliptical. In 
practice it is desirable to make R variable, as shown, as then different 
forms of ellipse may be obtained and compensation made for differing 
sensitivities of the two pairs of plates when a circular trace is desired. 

If harmonics are present in the supply source of Fig. 17-29, 
variations in the velocity and circularity of the time base will occur. 
This is because the value of R is unaffected by harmonics while 
IfwC is reduced. These disadvantages may be largely avoided by 




CATHODE-RAY TUBES AND ASSOCIATED CIRCUITS 


581 


replacing E by a tuned circuit LCi as shown by Fig. 17-30. With 
this circuit tuned to the supply frequency it is equivalent to a pure 
resistance of value LI(\R^, where is the resistance of the inductive 
brarudi. At harmonic frequencies the impedance of the inductive 
branch increases, while iliat of C\ decreases. Hence the impedances 
of both C and LjCJ^R^ are reduced by harmonics and the trace is 
less affected than with the arrangement of Fig. 17-29. With {dates 
of equal sensitivity, and for a 
circular trace, we must have 

L 

C^R^ ~~ wG 

or making 

R^ — wL 

But — 1 fLC and, therefore, 

wL — — 7 : 
wC 

and jR, = 

^ wC 

Waveform Injection 

With the foregoing methods of producing elliptical and circular 
time bases both pairs of })lates are emjdoyed, thus leaving no plates 

available for the waveform to be examined. 
It is, however, possible bo a])j)ly the wave¬ 
form voltage in series with the Y-plates, 
as shown by Fig. 17-29, in which case the 
waveform is perpendicularly superimposed 
on the time-base trace. With a circular 
trace or a small ellij)se this procedure is 
not very satisfactory, as indicated by 
Fig, 17-31 (a). Where an elliptical trace 
is employed, with a wide horizontal sweep, 
and a major axis which is large compared 
with the minor axis, better results are 
obtainable as shown at ( 6 ). 

The usual method of applying the 
work voltage is to place it in series with 
the anode potential of the tube. In this 
manner the anode potential is modulated 
and with it the deflexional sensitivity of the tube in accordance 
with (17-6). Thus, with a circular trace, a radial motion of the 
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spot is produced and the waveform is spaced round the trace in a 
symmetrical manner. An effect of the work voltage when applied 
in this manner is a tendency to defocus the beam. Hence only 
small deflecting voltages are normally j^ermissible. Larger voltages 
may be employed if aj)plied to the potentiometer feeding the 
tube; for in this manner both the anode and grid potentials are 
simultaneously affected. 

A considerably suijerior, but more complex, circular time-base 
circuit than those just described is that shown by Fig. 17-32. A 
phase-splitting circuit is again employed to in*ovide two e.m.f.s 



which are 90° out of phase. These e.m.f.s are applied to two iden¬ 
tical transformers having centre-tapped secondaries. Across the 
secondaries are four valves arranged for push-pull working, the 
secondaries providing a four-phase supply to the cathodes and grids 
of these valves. The work to be examined is simultaneously applied 
to all four grids and thus modulates the four-phase input and varies 
the diameter of the circular trace. As the valves are worked in 
push-pull it may be noted that, in the absence of the phase-splitter 
supply, the work voltage does not produce a deflexion of the spot. 
The purpose of the condensers ^4 is to provide a low 

impedance for the work voltage should this be of high frequency. 

A particular use of a circular time base is the comparison or 
measurement of frequencies. The time-base frequency is adjusted 
until a standing figure is obtained, when the frequency of the work 
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may be found by counting the complete number of waves round the 
circular trace. 

Oscillograph Construction 

Where a cathode-ray tube is employed as an oscillogra]:)h the 
complete structure may be considtTed as bc'ing formed of three 
units * the tube, the time base, and the power supply. As most main 
supplies are a.c., the power unit must comprise a rectifier and suitable 
smoothing ecjuipment. A transformer is necessary, possessing a 
number of secondary windings, several of which will supply the 
indirectly-heated cathodes of the valves and tube, while at least 
one winding will be employed in conjunction with a rectifier. From 
the latter is derived the tube anode supply, the time-base supply, 
various biasing potentials, and possibly the h.t. supply for a signal- 
amplifying circuit. The values of the various voltages are generally 
derived from resistance potentiometer networks, as indicated by 
Fig. 17-33. This circuit is that of an oscillograph designed and 
constructed by the author and may serve to illustrate design and 
construction procedure. It comprises a in. gas-filled tube, a 
gas-discharge time base, and a single-stage amplifier. The h.t. 
supply is at 850 volts and is smoothed by and L. The tube is 
of split-plate construction to avoid origin distortion, the biasing 
potentials of ± fill volts being derived from and J? 2 - The shield 
bias is of the order of — 60 volts and is derived from R^. 

Time Base 

The time-base condensers are charged through a variable resis¬ 
tance in series with a fixed resistance. The latter is 0*25 megohm, 
and the maximum value of the former is 2 megohms, so that a 
time-base frequency variation of 9 : 1 may be obtained with each 
condenser. From (17-16) we have 

jjj 

t = OR log^ 

i.e. the time for the condenser voltage to rise from zero to V (where 
V is the thyratron discharge voltage) is proportional to the product 
OR, From this it appears that any combination of C and R might 
be employed for a desired value of t and time-base frequency. It 
must be remembered, however, that the charge onC is CV coulombs, 
and that this must be discharged through the thyratron onoe per 
cycle. If td is the discharge time, then the average current through 
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the thyratroii is GVIfa and, in view of the small value of /a, this 
may be detrimental to the life of the cathode. In view of this the 
largest condenser in the time-base group seldom exceeds 0*5 //P. 

The bias for Fg is derived from the potentiometer via 

the synchronizing potentiomc'ter R^. R^ is the bias potentiometer 
and variation of this varies the length of scan that may be obtained. 
The initial value of the bias is ap])roxima(ely (Mpial to the maximum 
value of the scan voltage, as there is only a difierence of a few volts 
between the grid and cathode potcuitials of when a discharge 
occurs. The function of is to absorb any d.e. component in the 
waveform under examination, and its impedance should bo low 
compared with that of R^^. In order to effect synchronization, the 
terminal marked Sync' is connected to either Y or IN. 

Signal Ampltfk^ation 

In many instances the amplitude of the waveform to be examined 
is too small for convenient observation. The size of the trace formed 
on the recording surface depends on the sensitivity of the cathode- 
ray tube, which may vary from 0-1 mm./volt with high-vacuum 
tubes to 2 mm./volt with those of the gas-filled tyi)e. Thus small 
voltages may need amplification, particularly when a high-vacuum 
tube is employed. Where the impedance of the work voltage supply 
is low the voltage may be increased by means of a transformer with 
a high primary impedance. In many instances, however, the supply 
has a relatively high impedance, and to avoid signal distortion such 
cases, of course, necessitate a valve amplifier. The amplifier must 
be free from amplitude and frecjuency distortion over a wide range 
and, to ensure this, where more than a single stage is employed, 
resistance/capacity coupling must be used. 

Where a high degree of amplification is necessary, it is customary 
to employ a separate amplifier. In those cases where a moderate 
amount of amplification is sufficient it is possible and convenient 
to incorporate the amplifier with the oscillograph. Such is the case 
in Fig. 17-33, where a single-stage amplifier with a maximum gain 
of 20 is employed. It will be noted that the amplifier h.t. supply 
is derived from that of the tube and time base, which means that 
contrary to usual practice, the cathode of the amplifying valve is 
at a high potential to earth. A list of components for Fig. 17-33 
is given by Table 17-1 on page 586. 

Fig. 17-34 shows the circuit of a high-vacuum oscillograph 
designed by the author. This comprises a 3 in. dia. tube, a pentode- 
charged time base, and a single-stage amplifier. The tube is of the 



586 


ELECTRONICS 
TABLE 17-1 


R, - 

25,000 ohms 

. ^ watt 

i^a ^ 

26,000 ohms 

. 1 watt 

- 

160,000 ohms 

. 2 watts 

- 

30,000 olims 

^ watt 

Jh - 

0-5 megolim 

1 watt 

^6 - 

30,000 ohms 

i watt 

R, - 

50,000 ohms 

1 watt 

^8 - 

130,000 ohms 

1 watt 


2 megohms 

1 watt 

^10 

1-2 ohms . 

2 watts 

- 

100 ohms 

i watt 

- 

100 ohms 

1 watt 


0-25 megohm 

1 watt 

Ru 

5 megohms 

^ watt 


5 megohms 

1 watt 


0*25 megohm 

1 watt 

«17 - 

2 megohms 

1 watt 

-^18 — 

60 ohms 

j[ watt 

^19 - 

100,000 ohms 

. 1 watt 


1,000 ohms 

^ watt 

R^i 

40,000 ohms 

\ watt 

i?22 

2 megohms 

. 1 watt 


Cj — 2 f.ilb 

1000 VW 

C\ -- 2 fiV 

1000 VW 

C3 = 8 /^F 

500 VW 

(74 = 0-25 ^F . 

500 VW 

Cg =0()2//F . 

350 VW 

(\ - 0-0001 fxY 

350 VW 

(\ ^ 0-0003/mF 

350 VW 

6'^ - 0 001 fiF 

350 VW 

C\, - 0-002 //F 

350 VW 

C,o 0-005 /iF 

350 VW 

= 0-01 //F . 

350 VW 

= 0-02 /^F 

350 VW 

(7i 3 = 0-05 /iF 

350 VW 

C'i4 = O-l /iF 

350 VW 

(^^5 :== 0-26 //F 

350 VW 

Cie = 0-25 //F 

500 VW 

^ 4 

1000 VW 

C/j8 = 8 //I 

275 VW 

Cia_^0-25/^F . 

1000 VW 

Valves 


— Cossor 43IU 


V. - Cossor GDT4B 

F3 Mullard 354V 



Tube 
(’oHsor 37J 


TABLE 




330,000 ohms 

. 1 watt 



250,000 ohms 

. 1 watt 


- 

25,000 ohms 

. J watt 


— 

33,000 ohms 

, J watt 



50,000 ohms . 

. 1 watt 


- 

2 megohms 

1 watt 


-r= 

0-25 megohm 

^ watt 

i?8 

-- 

5 megohms 

i watt 

R^ 

- 

5 megohms 

\ watt 

■^10 

=r^ 

160,000 ohms 

1 watt 

ifn 


250,000 ohms 

1 watt 

«12 

-= 

3,000 ohms 

J watt 

■Ri. 

= 

60 ohms 

J watt 

■Bm 

= 

100,000 ohms 

1 watt 

Ru 

= 

3,000 ohms 

J watt 

Ri. 

= 

2 megohms 

1 watt 

Rii 

= 

133,000 ohms 

2 watts 


17 2 



- 2/4F 

. 1000 VW 


- 2 nF 

. 1000 VW 


0-1 /mF 

. 350 VW 


- 0-15 ^F . 

. 360 VW 


- 0-03 . 

. 350 VW 


0-006 ^F 

. 350 VW 


0-0016 ^F 

. 350 VW 


- 0-0003 ^F 

. 360 VW 

^ *9 

- 0-00005 fiF 

. 350 VW 

<'io 

- 2 plF 

. 350 VW 


- 50//F . 

26 VW 

C7ig 

0-25 fiF . 

. 1000 VW 

^*13 

0-5 fjiF . 

. 360 VW 


1-0 ^F 

. 500 VW 

t'l3 

1-0 ^F . 

. 600 VW 


Valves 

Vi => Cossor 43IU 
Fa = Cossor GTD4B 
Fa = Mullard SP4 
V, = Mullard 364V 

Tube 

Mullard A40-G3/N3 













k 17-34 
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two-anode ty])e with 250 volts on the first anode, 850 volts on the 
second anode, and 25 volts on the shield. 

Time Base and Amplifikti 

Tlie sensitivity of the liii)e is ()'15 mm. per volt for the Y-plates 
and 0-2 mm. per volt for the X-plates. Henee for a scan of 6 cm 



Fig 17 35 


a voltage variation of 300 volts is necessary. As this exceeds 20 
per cent of the h.t. supply, it was necessary to employ constant- 
current charging through the pentode Fg. It will be noted that, in 
contrast to Fig. 17-33, the oscillograph of Fig. 17-34 possesses a 
separate h.t. supply for the amplifier, this supply being obtained 
by means of a metal rectifier. Fig. 17-35 shows the complete 
oscillograph, while Table 17-2 gives a list of the components 
employed. 














CHAITER XVIII 

PHOTO-ELECTRIC^ CELLS 

Photo-electric cells fall under three headings: photo-emissiYc, 
photo-voltaic, and photo-conductive. Cells a]ipertaining to the 
first heading function by virtue of electrons emitted from a metallic 
surface under the influence of incident radiation, the principles of 
this phenomenon having already been discussed in (Chapter IV. 
Photo-voltaic cells operate by reason of an e.m.f. geiuirated by 
physical or chemical reactions produced by the incident radiation, 
while photo-conductive cells undergo changes in electrical conduc¬ 
tivity with variation in the intensity of the radiation. The throe 
types of cells will be treated in the above-mentioned order. 

Photo-emissive Cells 

As these cells operate in accordance with principles laid down 
in Chapter IV, it is jierhaps advisable before proceeding to recapitu¬ 
late the salient points and to add to these where necessary— 

1. The electrons are emitted from the cathode with a variety 
of velocities and may be completely extinguished by ap})lying a 
retarding potential between the cathode and collecting anode. 
The potential must be such that the electric field is directed from 
cathode to anode. This means that the potential of the anode 
must be negative with respect to the cathode. The velocity and, 
of course, energy of the emitted electrons are independent of the 
intensity of the incident radiation, but are dependent on its fre¬ 
quency. The maximum energy with which an electron escai)es is 
directly proportional to the frequency, as is also the value of the 
retarding potential to prevent escape. 

2. When the anode is made a few volts positive, the photo¬ 
electric current reaches a saturation value. For radiation of a given 
frequency this value is j^roportional to the intensity of the incident 
radiation. This property is to be expected, for the number of elec¬ 
trons ejected per second will be proportional to the number of 
light-quanta, or photons, received per second. 

3. The time lag between exposure of a photo-electric surface 
to radiation and the emission of electrons is negligible. 

4. Every photo-electric material has a frequency and wave¬ 
length below and above which emission will not occur. These are 
known as the threshold frequency and threshold wavelength, and are 

589 



590 


ELECTRONICS 


directly related to the work fund ion of the material in tlic following 
manner. 

h! — /(f/o — Eyf 

where h is Planck’s constant ,/q and Xq are respectively the threshold 
frequency and wavelength, and the work function. 

5. The quantum efiieiency or quantum yield of a photo-electric 
surface is the number of electrons emitted per photon. It is generally 
not more than a few per cent. The photo-electric efficiency is the 
amperes per watt of incident radiation and is sometimes referred 
to as the spectral sensitivity. 

6. As the radiation frecpiency is increased above the threshold 
value the spectral sensitivity at first increases, then passes through 



ANGSTROMS 
Fig. 18-1 


a maximum and afterwards decreases. Typical curves for the alkali 
metals are shown by Fig. lS-1. The character of these curves may 
b(} explained in the following manner. As / increases above /q, the 
energy per photon increases and with it the probability of electron 
emission. Thus, initially, the spectral sensitivity increases. How¬ 
ever, if the total radiant power is W watts, the number of photons 
arriving per second is Wfhf, this number decreasing with increasing 
frequency. Hence although the quantum yield may increase with 
frequency, it is limited as stated in 5 above. On the other hand, 
W/hf continually decreases with frequency and so leads to a maxi¬ 
mum in the spectral sensitivity curve as shown. 

7. For the majority of applications photo-electric emission may 
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bo regarded as iiule})eiident of temperature conditions. Actually, 
however, temperature has some slight effect, })rincipally in modifying 
the threshold frequency. As given in 4 above, we have 

/o Klh 

and evidently /j, is only definite if Ey, is constant. Now = E^y— E^, 
and hence a sharp (iut-off in the emission can only occur at 0° K. 
At room tem})eratures a few electrons exist within a metal with 
energies greater than E^, these eleclrons obeying Maxwell’s Law 
rather than that of Fermi-Lirac. Hence the energy reejuired to 
release su(*h electrons is less than Ey, and thus some emission will 
occur for frequencies less than /q. This explains why 
the curves of Fig. JS-1 decrease gradually to zero 
instead of exhibiting a sharp cut-off at /q. Naturally 
this effect is more i)ronounced the higher the temper¬ 
ature becomes. 

Vacuum Photo-cells 

Practical forms of photo-emissive cells consist of a 
cathode and collecting electrode (anode) within a highly- 
evacuated glass or quartz bulb. In order that relatively 
large currents may be obtained, the cathode area is as 
large as possible, while the anode is small in order not to 
impede the reception of light or radiation by the 
cathode. A commonly emploj^ed electrode arrangement 
is a semi-cylindrical cathode with a coaxial wire anode. 

A typical cell of this type is illustrated by Fig. lS-2. 

The cathode itself is not constructed of photo-sensitive material, 
but a thin layer of this is deposited upon the cathode surface. 

VoLT-AMFETlE CHARACTERISTICS 

A set of typical volt/ampere characteristics for a vacuum type 
photo-cell is shown by Fig. 18-3. In order that no current shall 
flow it is, of course, necessary to apply a retarding poteiitial, i.e. 
the anode must be negative with respect to the cathode. The 
characteristic is, of course, affected by the contact potential differ¬ 
ence of the electrodes. For example, if the work functions of the 
cathode and anode surfaces are, respectively, 2*0 and 5*0 volts, 
then, in accordance with what has been stated on page 180, the 
anode surface is 3*0 volts negative with respect to that of the 
cathode when the supply potential difference is zero. The potentials 
shown by Fig. 18-3 are actual electrode surface potentials and do 
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not refer to that of the supply. Now, theoretically, the emission 
current should saturate for zero potential difference but, as the 
characteristics indicate, saturation does not occur until the anode 
is some few volts positive. This is because of space-charge effects 
and the fact that the electrons are not net^essarily emitted with 
purely radial velocities. Due to the latter, some electrons will 
strike the cathode surface and be re-absorbed. However, as the 
field strength and its directional influence are increased by raising 
the anode potential, practically the entire emission will be collected 
by the anode and saturation will result. It will be noted that even 



after saturation some slight increase in emission occurs, possibly 
due to a more complete collection of electrons and the influence of 
the Schottky effect. 

Cathode Materials 

It is evident from 4 above that the frequency range over which 
a photo-sensitive cell will operate depends on the work function 
of the cathode surface. As stated in Chapter IV, materials with a 
work function higher than .3 volts are useless for work within the 
visible range. Thus, as indicated by Table 4-1, most metals are 
unsuitable for photo-electric work as they only start to emit in the 
near ultra-violet part of the spectrum. If cells are to be used with 
invisible radiation, it is necessary to construct the bulbs, or windows 
through which the radiation passes, of quartz or special glass, as 
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ordinary glass l)(‘gins to absorb strongly at about 3300 A. A specjtral 
sensitivity curve for sodium is shown by Fig. 18-4, while relative 





Fig. 18-4 


values for various metals are given by Fig. ] 8-5. It may bo noted 
that, generally speaking, the higher the value of Aq, the higher is the 
maximum value of the sensitivity. 

As stated in Chapter IV, it is essential that the metal surface 
should be uncontaminated if consistent results are to be obtained. 
However, consistency is greater with plain cathodes than with sensi¬ 
tized ones, the greatest consistency 
being obtained with the least 
electro positive metals. 

SENSfiTizED Cathodes 

For operation in the visible 
range it is necessary to employ a 
cathode with a low-work function 
and this means an electro-positive 
metal such as potassium, rubidium, 
or caesium. However, these metals 
are particularly susceptible to a 
process known as sensitization, 
which shifts further towards 
the red end of the spectrum and the maximum of the sensitivity 
curve towards the centre. Two processes of sensitization exist. 
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The earlier of the two consists of making the metal the cathode of* 
a glow discharge in hydrogen. This has the effect of changing the 
appearance of the metal, giving potassium, for example, a matt 
surface and a bluo-grcon colour. Fig. 18-6 shows spectral sensi¬ 
tivities curves for the alkali metals sensitized in the above manner. 
The second of the two methods of sensitization consists of exposing 
the metal for a short time to the action of vapours containing 
oxygen and/or siil])hur. The effect of this is somewhat obscure 
but it is believed that compounds of the metals are formed and, 
subsequently, upon these is deposited a thin film of the uncombined 
metal. Fig. 18-7 shows sensitivity curves of metals sensitized by 
the latter process. 


Cathode Films 

Instead of employing a cathode formed wholly from an alkali 
metal, it is possible to employ a relatively insensitive metal with 
a thin alkali film deposited thereon. With this arrangement it is 
found that as the thickness of the deposited metal increases from 
zero, the threshold wavelength shifts towards the red end of the 
spectrum until it is farther within the red than that of the deposited 
metal itself. Increasing the thickness of the de])osit now commences 
to shift Aq towards the blue end until, when the deposit is very thick, 
the sensitivity curve is that of the deposited metal alone. 

By depositing thin films of alkali metals on the oxides of relatively 
insensitive metals, cathodes may be produced which are more 
sensitive to red and white illumination than when the deposition 
is made on unoxidized metals. The process is effected by oxidizing 
a surface, say, silver, and then heating it to about 200° C. in a 
vapour of caesium, rubidium, or potassium. The result is generally 
represented by x-o-y, where x is the alkali metal, o the oxide, 
and y the insensitive metal. Thus a commonly employed cathode 
is given by Cs -0 - Ag, which represents a very thin deposit of 
caesium on silver oxide produced in the above manner. Figs. 18-11, 
18-12, and 18-13 refer to various cathodes of this typo. 


Gas-flUed Photo-cells 

The total emission current realizable in a vacuum cell is of a 
very small order, usually measured in microamperes. By admitting 
a small quantity of inert gas into the cell it is possible to amphfy 
this current by means of ionization of the gas molecules. As shown 
in Chapter II the current through a gas when ionization by electron 
collision only occurs is (18-1) 
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Fig. 18~r> 
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Fig. 18-7 
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In this case ig is the 2 )hoto-electric emission current and d the distance 
between the electrodes. Hence the current in a gas-filled photo-cell 
is pro])ortional to the photo-electric omission current Iq, and as 
this quantity is proportional to the radiation intensity, so also must 
be i. As previously shown (page 67), 



and thus ? also depends on the gas density and field strength, the 
latter being proportional to the potential difference Ixitween the 
electrodes. 

It is to be anticipated that below the ionization potential of 
the gas the characteristics of a gas-filled photo-cell are similar to 



Ftg. ]S-8 

those of a vacuum tube. This is so as is shown by Fig. 18-8, which 
gives characteristics of a gas-filled cell for various anode potentials 
and radiation intensities. Up to the ionization potential the curves 
obviously bear a close resemblance to those of Fig. 18-3. Above 
this (18-1) commences to operate, the current rapidly increasing 
with voltage due to the term a. It will be noted that i is approxi¬ 
mately proportional to the radiation intensity. Of course, if the 
anode potential is sufficiently increased, a glow discharge will occur 
in accordance with the principles laid down in Chapter II for such 
discharges. This condition clearly must be avoided, for not only 
would such a discharge damage the photo-cell, but, as already shown. 
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once the discharge is started it is independent of the photo-electric 
current and thus also of the illumination intensity. In these 
circumstances, of course, the photo-cell no longer functions as such. 
Furthermore, as previously stated on })age 80, when the photo¬ 
electric emission is sufficiently intense, it has the effect of lowering 
the breakdown voltage of a gas. Thus, it appt^ars that, the higher 
the illumination intensity the lower the breakdown potential of the 
cell. This is so and to every illumination intensity is an anode 
potential at which breakdown will occur. This is illustrated by 
Fig. 18-9, from which it will be noted that, for the photo-cell con¬ 
cerned, breakdown always occurs beyond about 120 volts, no matte^r 


GLOW DISCHARGE 
COMMENCES 



what the value of the illumination intensity. Initiation of a glow'^ 
discharge occurs for about 75 volts, and below this value a dark 
discharge only occurs irrespective of the value of the illumination 
intensity. Because of the possibility of a glow discharge the factor 

in (18-1) is not allowed to exceed about 10 in practical cells. 

Sensitivity 

A definition of sensitivity has already been given under 5 above, 
this form being termed the static sensitivity of a cell. In a similar 
manner the dynamic sensitivity is the ratio of the alternating 
amperes per alternating watt of incident radiation. In the case of 
vacuum photo-cells these two sensitivities are equal. In the gas- 
filled cell, however, the dynamic sensitivity is a function of the 
freciuency, decreasing with an increase in the latter. This is due 
to the finite amount of time necessary for the development of the 
ionization current in the cell. A typical instance of the variation 
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of dynamic sensitivity with frequency for a gas-filled cell is shown 
by Fig. 18-10. It will be noted that such cells are, generally 
s{)eaking, only suitable for use within the audio-frequency range. 
Actually they find considerable emi)loyment in connexion with 
talking films. 

The etiuation of (18-1) shows that i is proportional to This, 
however, is only true while a is constant. According to (18-1), for 
a constant value of a is a function of X and thus of the electrode 



CYCLES PER SECOND 
Fig. 18-10 

potential difference. In practical photo-cell circuits the cell is 
usually in series with an impedance, with the result that a change 
in illumination intensity changes the voltage across the cell. Thus, 
if the illumination intensity is increased, the photo-electric current 
is also increased but, at the same time, the electrode potential 
difference is decreased. This causes a decrease in a and thus a 
decrease in the amplifying factor Hence two opposing factors 
are at work and the result is a non-linear current/illumination 
characteristic. In the case of a vacuum cell this does not occur, 
providing the electrode potential difference does not fall below that 
necessary to produce the saturation value of (q. It will be appre¬ 
ciated from the foregoing that gas-fiUed cells may suffer both from 
frequency and amplitude distortion, and hence where almost 
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comj)lete freedom from these defects is desired it is necessary to 
employ a vacuum cell. 

Spectral Hkspo.nse Curves 

In practical applications it is frequently desirable to employ 
a cell whose' frequency response curve is similar in form to 
the energy-distribution curve of the source of radiation. As 
indicated by Figs. lS-1, 18-() and 18-7, various response curves 



Fig. 18~11 

By courtesy of Cinema-Television, Ltd. 


may be obtained by employing various materials for the cathode 
surface and subjecting these to different processes. 

Some typical response curves of cells manufactured by Cinema- 
Television, Ltd., are shown by Figs. 18-12, and 18-13. It 

will be noted the type 8 cell has a peak sensitivity in the near 
infra-red, while the maxima of the types A and B are near the blue 
end of the spectrum. Furthermore, it is apparent that the sensitivity 
of the A cell at its maximum is some thirty times greater than that 
of the 8 cell. To render the difference in sensitivity more evident, 
the curve of Fig. 18-11 is shown again in Fig. 18-12. The out¬ 
standing superiority of the A ceU compared with the 8 cell is not 

ao—(T.289) 
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SO marked if the light source consists of an incandescent lamp, 
because the latter lias a maximum light emission in the infra-red 
and a very small emission in the blue part of the spectrum. How¬ 
ever, even with tlie light of an incandescent lamp the type A cell 
still shows an im])rovt^ment over the type /S cell. The type B cell 
has a peak sensitivity in the same range of the spectrum as the 
type' A cell, but while the maximum value is lower, the sensitivity 
extends further into the red jiart of the spectrum. 

In selecting either of the three cells of Figs. lH-11, 18-12, and 
18-i:i for a ])articular apjilication, the following points should be 
considered— 

1. If infra-red light is employed, obviously only typo S is suit¬ 
able. 

2. With an imiandescent light source type A, despite the un¬ 
favourable ])osition of its ])eak sensitivity, is about twice as sensitive 
as typo jS. 

:i. If sensitivity to daylight is required, type A is from ten to 
twenty times superior to ty])e /S, because the peak emission of the 
sun is much nearer the blue end of the spectrum than that of an 
incandescent lamp. 

4. If a photo-cell is required with a sensitivity similar to that 
of the human eye, type B is most suitable. 

5. In some instances maximum sensitivity to the light of a 
cathode-ray tube fluorescent screen is required. In these circum¬ 
stances the choice of photo cell naturally depends on the colour of 
particular fluorescent screen employed. Where a screen with a 
blue-green fluorescence is used, the type A cell is more sensitive 
than the other two types. Where negligible afterglow is essential, 
screens with this property have an almost pure blue emission, in 
which case the response of an A type cell may be as much as 200 
times greater than that of an S type cell. 

6. For ultra-violet radiation the type 
A cell is suitable, being sensitive down 
to 2000 A. 

Photo-cell Applications 

In order to indicate the effects of 
radiation upon a photo-cell the basic cir¬ 
cuit of Fig. 18-14 is generally employed, 
where iJ is a non-inductive resistance. 

In the case of a vacuum cell, providing the cell voltage is always 
above the value necessary to produce saturation, the current in 
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R is proportional to the illumination intensity. Tlie^ voltage on 
JB is ?; == IqR and hence v also varies directly with the illumination 
intensity. Thus it will be appreciated that the output voltage 
across R is free from amplitude distortion. 

In the event of the volt/ampt^re characteristics being non-linear, 
the voltage across R is no longer a linear function of the illumination 
intensity. In those circumstances the value of and v must be 


so MEGOHMS 25 MEGOHMS 



derived in the following manner. The volt age across the cell for given 
values of E, i^, and R is 

Vfi = E ^qR 


and 


2 

R 


{E-Va) 


the latter being the equation to a straight line the tangent of which 
is — l/R. This line makes intercepts on the and axes of E and 
EjR, respectively. The line, i.e. the load line, is now drawn 
across the characteristics as shown by Fig. 18-15 and from this 
construction and Va may be derived for any value of R, Three 
values of R are given and the derived values of are shown by 
Fig. 18-16. It ^1 be noted that while the current/illumination 
intensity relationship is approximately linear for resistance values 
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of 25 and 50, a serious departure from linearity occurs for 100 
megohms. It is evident tliat if non-linearity is to be avoided the 



value of tlie resistance must be such that the load line does not 
intersect the sensibly non-linear x)ortions of the characteristics of 



Fig. 18-15. This, of course, tends to set an upper limit to the value 
of i?. On the other hand, the output voltage is proportional to 
R and from this viewpoint it is desirable that R should be as large 
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as possible. However, aj)art from considerations of Jinear response, 
an upper limit is set for R by the leakage resistance of the photo-cell 
and the input impedance of the customarily cmj)loyed amplifier. 

The characteristics of Figs. lS-15 and 1S-1() concern a vacuum 
cell. In the case of a gas-filled cell it is, of course, always necessary 
to draw the load line to d(Tive the output characteristic, because 
the current/illumination intensity characteristics an^ continuously 
curved. Reference to Fig. 18-8 shows that the vertical intervals, 
for any given constant anode voltage, are a])pr(jximately ecpial. 
Hence for R ~ {) the current/illnmination charactcT istic; is linear. 
For R ^ Q the vertical intervals decrease in magnitude as R increases, 
resulting in a non-linear output characteristic. Hence in order that 
the out])ut characteristic shall not depart too scu-iously from linearity, 
it is desirable that R shall be as low as ])ossible consistent with 
other requirements, such as high amplification. Fig. 18-17 shows 
output characteristics derived for three different values of R, It 
will be noted that as R increases so also do(\s th(^ dejjarture from 
linearity. 

The Multiplier Photo-cell 

As previously stated, the total emission current realizable in 
a vacuum cell is of a very small ordc^r, and in some cases currents 
as low as 10”® amp. are involved. One method of amplifying this 
current is, as we have already seen, by means of gas amplification. 
However, the amplification due to this method cannot, generally, 
bo great(T than ten because of the possibility of a glow discharge 
developing and the relatively poor frequency resf)onse of a gas-filled 
cell. With both the vacuum and gas-filled cells it is invariably 
necessary to amplify the output still further, this involving the 
employment of a multi-stage valve amplifier connected to the 
resistance R of Fig. 18-14. 

In order to overcome the limitations of the simple vacuum and 
gas-filled cells, a multiplier photo-cell may be employed. In this 
cell amplification is achieved by employing the ])henomenon of 
secondary omission, described in Chapter IV. The photo-electrons 
emitted from the cathode do not proceed directly towards the 
anode, as with a simple cell, but are directed towards a secondary 
emitting electrode maintained at a positive potential lower than 
that of the anode. At this electrode secondary electrons are gener¬ 
ated which are greater in number than the primary photo-electrons 
responsible for their genesis. These secondaries may then be directed 
to a further secondary emitting surface, where they will again be 
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multiplied. It is apparent that this process may be repeated many 
times by em])leying a number of electrodes each of which is at a 
higher j)otential than that from which it receives electrons. The 
total amplification obtained depends on the number of secondary 
omitting electrodes employed and on the secondary emission ratio 
of each. With regard to the latter (juantity, as we have seen in 
Chapter IV, its value depends on the nature of' the emitting surface 
and the energy of the primary electrons. For a suitable photo¬ 
sensitive surface and a })rimary electron energy of about 500 volts, 
the secondary emission j*atio may be as high as 8 ; i.e. each primary 
electron releases eight secondary eloctrc^ns. If the ratio is denoted by 
S and there are n stages of multiplication, it is clear that the overall 
electron amplification is 
In practice the value of 
may easily be as high as 10®. 

In order to illustrate the 
process of electron multipli¬ 
cation the elementary diagram 
of Fig. 18-18 may be con¬ 
sidered. Here light incident 
uj)on the cathode releases 
electrons photo-electrically. 

These electrons are directed by an electric field towards the electrode 
A, where they release further electrons by secondary emission. 
The latt(‘r electrons are now similarly directed to B, wliore a similar 
process occurs. This process is then continued until the anode is 
reached. If is the initial photo-electric current, then the final 
current is given by ^ ^ 

The simple arrangement of Fig. 18-18 merely illustrates the 
principle of electron multiplication. In practice, difficulties exist 
in producing a multiplier with many stages of multiplication because, 
unless careful consideration is given to the geometry of the electrodes 
determining the electron paths, the electrons tend to by-pass the 
intermediate stages and travel more or less direct to the anode 
with reduced multiplication or even an absence of this. These 
difficulties have been successfully met by Cinema-Television, I^td., 
with their Baird’* multiplier photo-cell, which is illustrated by 
Fig. 18-19. For the following description of the cell the author is 
indebted to its manufacturers mentioned above. 

P is the photo-electric cathode which is deposited on the glass 
wall of the cell. The multiplier system is enclosed in an electrostatic 
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shield Sh of cylindrical shape, which slioiild be connected externally 
to^P, i.e. to zero potential. Behind a circular aperture in the shield 

M U LTI PLIER PHOTO CELL 



EARTH OUTPUT 


RESISTANCE POTENTIOMETER FOR SUPPLYING 
EteCTROPE POTENTIALS TO MULTIPLIER 
PHOTOCELL FROM lOOOVOLT RECTIFIER SUPPLY 

Fio. 18-19 

By cmirte»y of Cinema-Television, Ltd. 

is a series of eight fine mesh grids to G^, which each have a surface 
of high secondary emission factor 8. Oi is at a positive potential 
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with respect to P, is more positive than G^ is more positive 
than (rg, and so forth. 

The action of the multiplier is as follows— 

The photo-electrons released from P under the incidence of light 
enter the multiplier and will either impinge on the solid part of 
the grid G^ with subsequent release of secondary electrons, or pass 
through the interstices. The secondary electrons released from G^ 
will be pulled through the interstices towards the grid Crg, where 
the process is repeated, i.e. some (about half) of the electrons will 
be multiplied by secondary emission while the remainder will pass 
through the inter^^tices unchanged. The result is that if the surface 
of the grid has a multiplication factor S of, say, five times, the 
apparent factor is only about 2*5. The same process takes place at the 
subsequent grids 6r.j to G^, The electrons leaving the last grid G^ are 
made to pass through the wide mesh grid C to the secondary electron 
emitting plate PZ, which is more positive than G^. PI is the only 
electrode from which the full factor H is obtained. Finally, the 
electrons leaving PZ w^ill be collected by the collecting electrode C, 
which is positive with respect to PZ and, of course, the most positive 
electrode of the whole system. 

The total multiplication of the multiplier varies between 1000 
and 5000 if an overall voltage of 1000 volts is applied with suitable 
subdivision for the individual grids. The recommended potentials 
for each electrode are as follows— 


(’’athode 

F 


0 

Shield 

Sh . 


0 

Grid 

G, . 


. 150 


Gj . 


. 250 

fJ 

G, . 


. 350 

»» 

G, . 


. 450 

99 

G, . 


. 550 

99 

G. . 


. 650 

99 

G, . 


. 750 

Plat© 

0, . 


. 850 

PI . 


. 950 ± 30 

Collector C 


. 1000 


As shown in the table, it is preferable to have the potential of 
PZ variable ± 30 volts so that it can be adjusted to the most suitable 
value; this is dependent on the maximum output current, i.ei the 
larger the current collected at C, the greater should be the potential 
difference between PZ and C. The voltages applied are not critical 
because the factor S changes only slightly with potential, for instance 
a change of ± 5 volts at one grid with respect to a neighbouring 
grid has no noticeable effect. The overall voltage can be raised to 
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1500 volts (corresponding to 150 volts between successive stages) 
or reduced to 500 volts (corresponding to 50 volts per stage), but 
1000 volts (100 volts per stage) seems to be the most favourable 
potential because S decreases much more rapidly when the voltage 
per stage is dropped from 100 to 50 volts than it increases when it 
is raised from 100 to 150 volts. 

In practice the overall voltage is usually supplied by a mains 
rectifier unit capable of providing an output of 5 mA at 1000 volts. 
The potentiometer providing the potentials for the individual stages 
should take a continuous load of 2*5 mA so that the current taken 
by the multiplier does not disturb the potential distribution. It is 
also advisable in many cases to insert a decoupling condenser 
between suc(‘essive stages. 

A satisfactory method of connexion is shown in the diagram 
of Fig. 18-19, in which the values given for resistances and con¬ 
densers are those used for the detection of television signals. 
Obviously the most suitable values depend on the particular appli¬ 
cation and the diagram should only be regarded as one example. 

Whether a multiplier cell or a simple cell with valve amplification 
is to be employed for a i)articular application is evidently a matter 
for some consideration. By employing a multiplier cell, valve 
amplification may still bo necessary, but, of course, it is possible to 
cut this down by several stages. This results in an economy in 
amplifier cost and space, which, however, tends to be counter¬ 
balanced by the increased cost of the multiplier cell and the high- 
voltage supply needed for its operation. If the equipment with 
which the cell is to work already possesses a suitable supply, then 
the second of the two disadvantages mentioned is largely removed. 

As the electrons proceed from electrode to electrode the heating 
effects at the electrodes clearly increase. Because of this it is usual 
to limit the current at the anode to I mA. Assuming an overall 
amplification of 10,000, this means that the original photo-electric 
current must not exceed 0-1 juA. If the cathode sensitivity is 30 jliA 
per lumen, this means that the illumination must not exceed about 
0-003 lumen. It is the definite inability of the multiplier photo-cell 
to handle only small illumination, that sets a limit to its applications, 
for if the illumination is likely to exceed the maximum permissible 
figure the amplification must bo reduced. If this is done, then the 
cell may not offer any advantages over the simple cell with a valve 
amplifier. In the case of sound-film reproduction the maximum 
illumination likely to be handled is of the order of 0*1 lumen, which 
corresponds to a primary photo-electric current of 3 fiA for a cell 
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Jiaving the sensitivity given above. Hence in this case an electron 
multiplication of about 350 must not be exceeded if the anode 
current is not to be in excess of 1 mA. This degree of amplification 
is such as hardly to justify the use of a multiplier cell. 

From the foi’egoing it appears that the field of application of the 
multiplier cell is llie measurement of very small degrees of illumina¬ 
tion. in such instances the em])loyment of a simple cell necessitates 
the measuremtmt of very small currents of the order of 10 ® amp. 
These currents may be directly measured or a valve am])lifier 
employed. Howeven*, by means of a multiplier cell the difficulties 
of low current measuremejit may bo avoided and highly sensitive 
galvanometcjrs and valve amy)lifjers disj)ensed with. 

Frequenc^y Response 

The frequency rcisponse of a multiplier cell is of the same charac¬ 
ter as that of a simjde cell. However, if the latter is employed with 
a valve amplifier, tlu* am])lificr is liable to introduce some frequency 
distortion. Hence from the high-frequency viewpoint a multiyfiier 
cell is to be jm'feiTed to the simple cell accompanied with valve 
amplification. 

SlGNAL-TO-NC)lSE RaTTO 

The comparison of the multiplier cell with a simple cell with 
regard to iinwanted components in the output is important. The 
unwanted or “noise'’ components arise from two causes: (1) the 
random electron emission from the cathode, and (2) from the amplifier. 
If the noise originates in the amplifier, then the employment of a 
multiplier cell instead of a simple cell and amplifier may be advan¬ 
tageous. However, if the noise comes under heading (1), it will be 
amplified by the multiplier cell, and the employment of this typo 
of cell will not show any advantage. Where considerable interference 
is likely to originate from an amplifier, the employment of a multi¬ 
plier cell is indicated, and in this case the smaller the noise originating 
from cause (1) the greater will be the improvement over the simple 
cell with amplifier. 

As'the photo-electric emission of a cathode decreases, the signal- 
to-noise ratio also decreases. This, of course, means that there is 
a relative increase in the random to photo-electric emission which 
will ultimately set a lower limit for the signal amplitude. This 
limitation is the reason why multiplication factors of more than 
5000 are seldom employed. 

In some photo-cell applications there is a constant background 
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illumination upon which a varying component is superposed. This 
has the effect of decreasing the signal-to-noise ratio because the 
background increases the noise, but contributes nothing to the 
signal. It follows that it is desirable for the varying component to 
produ(*e a high degree of modulation of the background illumination, 
for the lower the degree of modulation the lower is the signal-to- 
noise ratio. 

In addition to the photo-electric emission of a cathode there 
exists a small amount of thermionic emission which makes its 
contribution to the noise problem. It follows that it is desirable 
to employ a cathode surface where thermionic emission is as low 



as possible, and this may be effected by the employment of an 
antimony-caesium cathode. 

Photo-voltaic Cells 

Under suitable conditions the copper-oxide and selenium rectifiers 
described in Chapter XIII may be employed as photo-electric cells. 
Such cells are termed photo-voltaic and depend for their action on 
the generation of an e.m.f. within the cell by the incident radiation. 
Thus no battery or other source of supply is necessary for the 
operation of the cell and this, in certain applications, is a considerable 
advantage. The copper-oxide cell is similar to the copper-oxide 
rectifier and consists of a copper base upon which is formed a layer 
of cuprous oxide (CugO). Upon this layer a semi-transparent metallic 
layer is formed (the counter-electrode) by cathodic sputtering. 
Contact is made with the counter-electrode by means of a thin 
copper ring, the complete arrangement being shown by Fig. 18-20. 
For obvious reasons this type of photo-electric cell is sometimes 
termed a “sandwich’^ or “rectifier-type’^ cell. The selenium cell 
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consists of an iron base, upon which is deposited a thin layer of 
iron selenide, this being covered with a semi-transparent counter¬ 
electrode of silver. The frequency response of both cells is similar, 
the maximum response occurring aj)proximately in the middle of 
the visible spectrum. However, the response of the selenium type 
is wider than that of the copper-oxide, the latter not extending 
beyond the visible range. A typical frequenciy response curve for 
a copper-oxide cell is shown by Fig. 18-21, and its resemblance to 
the relative sensitivity curve of the human eye is evident.* 

Following tlie foregoing brief d(‘scri})tion of the photo-voltaic 
cell, we must now consid(ir its structu'^o in greater detail. Actually 
two types of cell exist, termed back- 
wall mdfroiU-wall cells, according to 
the manner in which the barrier or 
boundary layer is formed. Jn the 
first tyjie the electrons within the cell 
travel in the same direction as the 
light, whereas in tlu' second type 
they travel in the ofiposito direction. 

Jn the case of the copper-oxide coll, 
if a simple boundary is formed by 
pressing a thin metal film on to the 
oxide surface, the barrier layer or 
active boundary occurs at the junc¬ 
tion of the copper-oxide and the 
parent copper. This cell is of the 
back-wall type and the oxide must be 
thin in order that light may penetrate 
to the barrier layer. If, however, a metallic film is sputtered on the 
exposed surface of the oxide, reduction of the latter will occur and 
a barrier layer will be formed thereat. In this case a front-wall 
cell is formed. As the barrier layer is always located between the 
semi-conductor and the sprayed counter-electrode in the selenium 
rectifier, it follows that selenium cells are always front-wall cells. 

Upon exposing the above-described cells to radiation of suitable 
frequency, an e.m.f. is generated due to the radiant energy causing 
electrons to pass from the semi-conductor (i.e. either the copper- 
oxide or the iron selenide) to the counter-electrode. This e.m.f. 
rapidly reaches a limiting value because the accumulation of elec¬ 
trons in the counter-electrode sets up a field opposing the electron 
motion towards this electrode. Furthermore, the electrons tend 

* See Fig. 19--1. 
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to flow back internally from the counter-electrode to the semi¬ 
conductor. The relationshi]) between the intensity of the incident 
radiation and the generated voltage may be ex})ressed by the 
empirical for]nula 

V — 

where J is th(^ radiation intensity and a and n are constants, the 
latter l)eing equal to about 0*4. It might appear that v should 
vary directly with J. However, in dealing with metal rectifiers it 
was found that the internal i*esistance decreased with an increase 
in voltage across the rectifier. Hence, as v is the ])roduct of the 
photo-electric current and the internal resistance, tliis voltage will 
be less than proportional to J. 

Referring to Fig. 18-20, the external resistance and current of 
the photo-voltaic cell will be respectively denoted by R and I and 
the internal resistance and current by r and ?. The latter is usually 
referred to as the primary current. (Considering the cell as being 
of the front-wall typ(^, the electrons flow from to (7, and thus the 
primary current i has the same direction as a ‘'reverse'’ rectifier 
current. As with a rectifier, r is a decreasing function of i and hence 
r decreases with the illumination intensity. If R is not equal to 
zero, the volt drop across the cell is RI and this tends to produce 
a “forward'’ rectifier current through the cell equal to (i —J). 
Hence 

r{i -- I) — IR 

and — • • • (18-2) 

Now i varies directly as the illumination, while r is a decreasing 
function of this quantity. Hence / is a non-linear function of the 
illumination as shown by the curves of Fig. 18-22. It is evident 
from (18-2) that if R is low compared with r, I is then approximately 
proportional to i and hence to the illumination. This is, of course, 
also evident from Fig. 18-22. R is usually the resistance of some 
indicating instrument (a milliammeter), and when this is very low 
the cell may be regarded as short-circuited. Under these circum¬ 
stances the relation between the photo-electric current and the 
illumination intensity is linear as shown. 

The lack of linearity in the curves of Fig. 18-22 is due to the 
presence of r and hence the value of this quantity should be as 
high as possible. As r varies inversely as the area of the cell, it is 
dofirable to have the cell area no larger than that exposed to the 
incident radiation. 
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Spectral Response 

Some spectral r(\s])onso curves for various photo-voltaic cells 
are shown by Fig. lS-2.‘b these being obtained with a low value of 
R so that I '== i. The difference in the response of the front-wall 
and back-wall (U'Jls is immediately ap]:)arent and is due to the 
absorption of light by the cuprous oxide layer. For this reason 
back-wall cells are seldom employed. 

Com])aring Figs. IS-3 and 18-22, it is evident that the quantum 
and photo-electric eflicicncies of photo-voltaic cells are much higher 
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than those of })hoto-emissive cells. However, the former do not lend 
themselves to amplification by valve amplifiers as do the latter. 

Theory of Cell Operation 

As explained in Chapter IV, a photo-electric effect occurs with 
insulators, but the threshold frequency is much higher than with 
metals. In the case of a semi-conductor the photo-electrons are 
presumably derived from the impurity levels (Chapter IV, page 196). 
Reference to Fig. 18-24 shows a theoretical construction of a photo¬ 
voltaic cell. It consists of a good conductor and semi-conductor 
separated by an insulating barrier layer, which is perhaps no thicker 
than 10“® cm. Because of this layer, the normal maximum levels 
of the conductor and semi-conductor are not aligned as they are 
with two contacting conductors. Hence the potential barriers unite 
to form a crest at the insulating layer as shown. At the threshold 
frequency it may be presumed that the energy of the incident 
photons is such as to impart to the electrons in the impurity levels 
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just sufficient energy to enable them to surmount tlie potential 
crest. Hence photo-electrons will pass from right to left, i.e. from 
the semi-conductor to the good conductor. Due to the lower normal 
maximum level in the good conductor electrons from this cannot 
pass to the semi-conductor. However, if the I’recpiency of the 
incident radiation is continually increased towards and beyond the 
violet end of the spectrum, it is possible to cause electrons fi'om 
the good conductor to pass over the potential crest to the semi¬ 
conductor. Ultimately a condition may be reached at which th(‘ 
net electron transfer over the crest is zero. This, of course, corre¬ 
sponds to zero response at the high(‘T* end of the spectrum in Fig. 
18 - 21 . 


Effect of Temperature 

As with a rectifier, an increase in temperature decreases the 
value of r for the photo-voltaic cell. Referring to (18-2), if R is 
not small compared with r, then an increase in temperature will 
result in a decrease in /. If, however, R is negligible compared 
with r, temperature variations may have little or no effect on the 
cell response. These considerations, of course, presume that i 
remains constant. At very low temperatures it is probable that i 
decreases because of the relatively few electrons existing with 
energies in excess of the normal maximum level of the impurity 
levels. 

Tests on various cells show that for the copper-oxide cell I 
decreases with an increase in temperature at the rate of about 
1 per cent per degree C. at normal room temperatures. With selenium 
cells / is almost independent of temperature or may increase at 
the rate of about 0*2 per cent per degree C. The smaller variation 
in the latter case may be due to the relatively high resistance of the 
selenium cell compared with that of the copper-oxide type. For 
example, a selenium ceU may have a resistance of 50,000 ohms per 
cm.2 against 5000 ohms per cm.^ for the copper-oxide cell. 

The curves of Figs. 18-22 and 18-23 only refer to the static 
characteristics of photo-voltaic cells. As stated in dealing with 
metal rectifiers, such cells possess electrostatic capacity and this 
is indicated by the condenser in Fig. 18-20. As the reactance of 
this capacity decreases with increasing frequency, it is evident that 
it will have a shunting effect on iZ, thus decreasing the output 
current as the frequency of the incident radiation increases. Because 
of this, photo-voltaic cells are not employed with modulated light, 
but are chiefly used for photometry and relay operation. However, 
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ai)art from the effects of ca])acity the time lag of a photo-voltaic 
cell is no larger than that of the photo-emissive typo. 

Photo-conducting Cells 

In some respects the principle upon which the photo-conducting 
ceil operates is similar to that of the rectifier cell. If radiation falls 
upon a semi-conductor, and the quantum energy is adequate, 
electrons will be raised from fully occupied or impurity levels to 
unoccupied, or running, levels. This condition of affairs, of course, 
tends to occur with all substances, but in good conductors the effect 
is imperce})tible as normally large numbers of electrons already 
exist in running levels. In a poor conductor, however, an increase 
in the number of electrons in running levels is perceptible, and 
the immediate eflbct of the incident radiation is an increase in the 
conductivity of the substance. This condition is known as the 
inner photo-electric effect. The diflerence now between the rectifier 
and photo-conducting cells is one of boundary conditions. In the 
first case the energy of the electrons is such that they can surmount 
the potential barrier Ix^tween the semi- and good conductors and 
thus produce an e.m.f. In the conducting cell it is necessary to 
apply an external e.m.f. to cause the electrons in the running levels 
to cross the potential barrier and so provide an external current. 
The magnitude of this current, of course, depends on the semi¬ 
conductor resistance and so on the intensity of the incident radiation. 

Construction 

The construction of a conductivity cell follows that shown by 
Fig. 18-25. A glass plate has two grid-like structures formed on 
its surface by depositing a film of gold there¬ 
on and then cutting the film to produce two 
separate electrodes. A thin film of semi¬ 
conductor is then deposited over the glass 
and grids and the whole finally enclosed in 
an evacuated glass vessel to avoid atmos¬ 
pheric contamination. The conductivity of 
the cell is, of course, that between the two 
grid-like electrodes. The semi-conductor is 
usually selenium, but alloys of selenium and tellurium are employed 
as well as thallous oxysulphide. The latter material is sensitive to 
radiation of longer wavelength than selenium, as shown by Fig. 
18-28. As the electrical properties of a semi-conductor depend on 
impurities in its construction, it is evident that the performance of 
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a coll will (iopend on its pre])aration. It is also to bo anticipated 
that considerable variations may be found between different cells. 

Cell Resistance 

Conductivity cells are usually designed for use at lOO to 250 
volts and, in the case of selenium, may have a resistance between 
5 and 100 megohms. Thus the ‘‘dark” current lies between 1 Jind 
50 //A. Ohm’s Law is not exactly followed, even when the cells are 
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unilliiminated. After applying a voltage to a cell the current tends 
to increase, although at a diminishing rate. If a change of voltage 
occurs, the current increases more rapidly than does the voltage. 
Hence it follows that it is desirable that the voltage applied to a 
conductivity cell should not be subject to variations. As the resis¬ 
tance of a semi-conductor varies inversely with temperature, it is 
to be expected that conductivity cells are susceptible to temperature 
changes. This is so, the dark current increasing by about 2 per cent 
per 1° C. rise in temperature at normal room temperatures. When 
the cell is illuminated, the current still increases with temperature, 
but less rapidly than when the cell is dark. A further effect of 
temperature is to decrease the sensitivity of the cell as the tem¬ 
perature rises. 
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Time Lag 

It has been previously stated that when a voltage is aj)plied to 
a conductivity (jell the.current slowly increases with time. A similar 
effect occurs wlujn illumination is applied to the cell, the current 
increasing asymptotically with time. Similarly the current decreases 
asymptotically when the illumination is cut off. Fn early cells the 
time for the cuinmt to reach a practically stcjady value was measured 
in minutes, but improvement has been such that the time has been 
reduced to about one-tenth of a second. IToweveu*, this latter time 
period indicates that the cell has ii very [)Oor frecpiency responsci 
and is almost useless for work in, s. y, the audio-free]uency range. 
This is indicated by Kig. 18-20, which gives the relative frequency 
response of a selenium cell within the audio range. Because of 
these characteristics, photo-conductive cells are invariably employed 
with steady illumination only. 

Sensitivity and Spectral Kesponsb 

The sensitivity of a selenium cell when illuminated by a tungsten 
filament lamp is shown by Fig. 18-27. Unlike ])hoto-emissive and 
photo-voltaic cells, the sensitivity or photo-electric efficiency is not 
constant but decreases with increasing illumination. Spectral 
response curves are given by Fig. 18-28, from which it will be noted 
that the cells are particularly responsive towards the red end of 
the spectrum. 
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Among tho applications of the gaseous discharge, one that is fast 
becoming of outstanding importance is the employment of glows 
and arcs as light sources. The principal reason for this is that a 
gaseous discharge functions as a ‘‘cold” light source (in contrast 
with the usual temperature radiator) and in consequence operates 
at a higher efficiency than an incandescent lamp. 

Temperature Radiation 

As is commonly known, illumination is generally effected by 
heating of solids to incandescence. As shown in Chapter I, tho 
energy radiation from such solids is spread over a theoretically 
infinite number of wavelengths, the energy distribution being 
governed by Planck’s Law. However, from tho viewpoint of illumin¬ 
ation, we are chiefly concerned with an exceedingly narrow band of 
waves, namely those lying between 4000 A to 7000 A, for to these 
we owe the sensation known as light. 

Efficiency of Temperature Radiators 

The luminous efficiency of a temperature radiator can be ex¬ 
pressed as 

Energy in Visible Spectrum 

Total Energy Radiated ’ * 

but this does not take account of the varying sensibility of the eye 
in different parts of the spectrum. A given amount of energy is 
differently evaluated by the eye according to the wavelength of 
the energy, the eye being most sensitive at a wavelength of 5550 A. 
The relative visibility curve for the average human eye is shown by 
Fig. 19-1, any ordinate being known as tho relative visibility factor 
for the particular wavelength at which it is taken. 

The rate of emission of luminous energy is measured in lumens, 
a source of one standard candle giving 47 t lumens. If one watt 
could be entirely converted into luminous power at 5550 A, then 
the luminous efficiency would be 625 lumens per watt. It follows 
that the efficiency at any other wavelength is obtained by multi¬ 
plying 625 by the relative visibility factor. The efficiency of all light 
sources so far available falls far below the optimum figure quoted 
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above. For example, if it were possible to operate an incandescent 
lam]) at 6000° K. so that the emission curve peaks in the visible 
spectrum, as shown by Fig. 19-2, the luminous efficiency would bo 
approximately 86 lumens per watt. This is about six times as great 
as the ])resent efficiency of such lamps. If all the energy were 
radiated within the visible spectrum, without losses in either the 
ultra-violet or infra-red, the efficiency would be approximately 
225 lumens per watt. Except for lamps designed to have a high 
efficiency at the expense of a short life, it is not possible to run 
present materials as temperature radiators beyond about 2500° C. 
Because of this, incandescent light sources have luminous efficiencies 
of no more than about 15 lumens per watt. 

Tf J;i denotes the energy of radiation per square centimetre per 
second of a given radiator for wavelength the rate of energy 

radiation j)er imit area between the wavelengths Aj and Ag which 
define the limits of the visible region, JS the total rate of energy 
radiation, and L the light emitted in lumens per unit area, then, 
from Fig. 19-2, 


E = 

' 00 

hdx . 

0 

♦ 

. (19-2) 
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Hence (19-1) may be expressed as 
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which may now be termed the radiant efficiency. 


If Vji is the relative visibility factor for light of wavelength A, then 



L = 626 


(19-4) 
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Jf ij is thu huuiiious efficiency, then 

^ (i25 Vxhdk 

^‘ = E- r — • 

hdk 

. 0 

The oj)tinnnn liiiiiiiioiis ollieieiioy, is defined l)y 
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tJq having already been stated to be approximately 225 lumens per 
watt. Actually rj^ rejiresents the luminous efticiemey of a fictitious 
source which has the same energy distribution as a given actual 
source, but which emits no energy outside tlie visible region. Some 
radiation characteristics for a black-body radiator are given by 
Table 19-1. 

TABTnO 19-1 


Temperature 
‘ K. 

Watts 

PER Cm.2 

Ij 

Lumens 

PER ('m.“ 

Lumens 
PER Watt 

Lumens 
PER Watt 

2,000 

91-4 

1-4 X 102 

1-53 

1 153 

3,000 

4264 

8-89 X 102 

1 20-8 

1 206-7 

4,000 

1,162 

7-32 X 10* 

50-1 

219-0 

5,000 

3,550 

2-64 X 102 

73-9 

1 229-3 

5,500 

5,226 

4.22 X 102 

82-6 

' 227-9 

0,000 

1 7,403 

6-32 X 102 

84-0 

221-1 

6,500 

10,190 

8*75 X 10® 

86-3 

218-5 

7,000 

13,170 

11-53 X 10® 

84-1 

212-9 


Luminescent Radiators 

Because of the low efficiency of temperature radiators, others 
have been sought which do not depend on the temperature of a 
body. A number of such radiators have already been described in 
Chapter VII, most of these functioning by the effect of radiation 
or an electron beam on some solid substance. However, when an 
electrical discharge occurs through a gas this may, as described in 
Chapter II, produce luminous radiation in the form of a glow or an 
arc. This form of radiation is termed electro-luminescence and is 
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(hie to energy exchangcR within the atom in accordance with Bohr’s 
theory. Compared with temperature radiators which produce a 
.continuous spectrum (i.c. where all fretpicncies arc present), an 
c^lectro-Iumincscent radiator radiates over relatively few wave¬ 
lengths and })roduces a line spectrum. These two forms are con¬ 
trasted by P’ig. I0-:3. The spectrum of the electrical discharge is 
such that possibilities exist of producing a relatively high proi)ortion 



of radiation within the visible spectrum without the wasteful 
infra-red. Some heat, however, is generally essential to maintain 
the discharge, and frequently a considerable amount of energy is 
radiated in the ultra-violet. The latter may, however, be converted 
into visible radiation in the manner described in Chapter VII, thus 
further increasing the efficiency of the discharge lamp. 

Low-pressure, Ciold-caihode Discliarge Lamps 

The degree of luminosity accompanying a discharge varies with 
the gas employed, certain gases being quite useless as illuminants. 
Among the common gases showing a useful degree of illumination 
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are carbon dioxide and nitrogen, both of these having a relatively 
high efficiency of about two watts per candle-power. Apart from 
illuminating properties and low efficiencies, various other factors 
prevent the majority of gases from being employed in practical 
discharge tubes. The most notable of these is the gradual lowering 
of the pressure of the gas-filling. The effect of this is to necessitate 
a continually increasing voltage to strike the tube until the valuer 
of the required voltage becomes quite impractical. The cause of 
this is twofold, namely, chemical action at the electrodes and a 
phenomenon known as sputtering or splashing. As an instance of 
the first kind, if the gas-filling is carbor. monoxide and the electrodes 
are iron, the gas will combine with the electrodes to form oxide of 
iron, (iases which are almost inert under normal conditions may 
become chemically a(‘tive when ionized, resulting in similar effects. 
The time for such effects to occur is relatively short and, in the case 
of magnesium or aluminium electrodes, with a filling of ox 5 !^gen, is 
only a few seconds. 

By eraf)loying an inert gas in discharge tubes or electrodes inert 
to the gas-filling, chemi(*al effects as described above cannot occur. 
However, even in these circumvstances the gas may gradually 
disappear, due to sputtering. This is due to positive-ion bombard¬ 
ment of the cathode resulting in the ejection of particles from the 
latter. Such particles envelop the gas molecules and are deposited 
on the walls of the discharge tube. Examination of a gaseous dis¬ 
charge tube which has boon in use for a prolonged period will show 
a darkening of the glass due to the foregoing phenomenon. The 
gradual disappearance of the gas is sometimes referred to as “clean¬ 
up,” and the condition of the tube as “hardening.” 

The Rare Gases 

The discovery in 1895 of what are known as the rare gases 
opened up considerable possibilities in discharge lighting. These 
gases (argon, neon, helium, krypton, and zenon) were found to 
exist in the atmosphere, but had hitherto escaped detection because 
of the relatively small quantities present. Hence the term “rare 
gases.” An extremely important property of this group of gases is 
their chemical inertness or their inability to form chemical combina¬ 
tions with any other element. Thus, the employment of such gases 
in discharge tubes should, and does, prevent clean-up and hardening 
due to chemical actions at the electrodes. However, only neon and 
helium are employed, because of the scarcity and poor luminosity 
of the other three. 
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The Cathode Fall 

The lowest cathode fall is furnished by the alkaline metals, such 
as sodium, })otassium, and rubidium, while next above these come 
the earth alkaline metals such as calcium, barium, and magnesium. 
Iron, silver, copjx'r, and zinc give a higher cathode fall than the 
foregoing groii}), tlie liighest fall for metals being obtained with 
mercury, gold, and ])latinum. Table 19-2 shows the cathode fall, 
in volts, for various electrodes in different gases. 

TABLE 19-2 


Cathodk 

I 

1 Fe 

1 

1 Mg 

1 Na 

K 

Neon 

165 

153 

120 

94 

75 

68 

Helium 

165 

161 

164 

125 

80 

69 

Hydrogen . 

300 

290 

190 

168 

185 

172 

Nitrogen 

232 

222 

210 

207 

178 

170 


Although from the foregoing table it appears most advantageous 
to employ the alkaline metals for electrodes, this is not so for the 
following reasons. These metals rapidly oxidize when exposed to 
air, they would be attacked by foreign gases present in a tube 
during exhaustion, and, furthermore, they are expensive. Thus it 
is evident that for electrode materials, the choice must fall on either 
copper, aluminium, or iron, and in practice, this is the case, the 
last two metals being commonly employed. Aluminium, however, 
cannot be used in mercury tubes, because it is rapidly attacked by 
mercury. 

Further factors affecting sputtering are the electrode current 
density and gas pressure. As discussed in Chapter II, if the cathode 
glow is equal in cross-section to that of the cathode, any increase 
in current will result in an abnormal cathode fall. This usually 
occurs in luminous discharge tubes, although the diameter of such 
tubes is usually increased to accommodate electrodes of greater 
diameter than that part of the tube in which is situated the positive 
column. A result of the abnormal cathode fall is larger cathode 
voltages than shown by Table 19-2. Some typical figures for the 
principal gas-fillings are given by Table 19-3 at top of page 627. 

The pressure of the gas-filling affects the electrical conductivity 
and luminous efficiency of a discharge tube as well as sputtering. 
Regarding the latter, the lower the gas pressure the greater the 
velocity with which ions strike the cathode. This leads to an increase 
in sputtering, and from this viewpoint the gas pressure should not 
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Neon 

Mercury 

Helium 


5 mA 

2 mA 

PER Cm.2 

PEJt Cm.2 

425 

345 

300 

260 

575 

525 


0-7 mA 
PEll ClVl.“ 


205 

245 

325 


be too low. From the viewpoint of electrical conductivity and 
luminous efficiency the oj)tinium pressure for neon tubes is about 
1 mm. Hg. Howcv'cr, this pressure is !.oo low to prevent sputtering, 
and in practice the })ressure of the gas filling is between 5 and 10 mm. 
Hg. In these circumstances the luminous efficiency is about 15 
lumens per watt. 


The Positive Column 

The light source of ‘‘neon*' lamps is, of course, the positive 
column. When the filling is helium the colour of the discharge is 
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creamy white, mercury vapour gives a blue discharge, and neon, of 
course, the familiar red. Energy level diagrams for neon and mercury 
are shown by Figs. 19~4 and 19-5, and will explain the characteristic 
colours for lamps with these fillings. It will be noted that near 
ultra-violet radiation occurs with mercury and far ultra-violet with 
neon. As explained in Chapter VII, this radiation may be turned 
to useful account by causing it to excite fluorescence in certain 
materials. 
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The voltage drop along the positive column is proportional to 
its length and decreases with an increase in tube diameter or current. 
The diameters commonly employed are 10, 15, and 20 mm. and 
the volt drop pel* foot for the main gas-fillings is shown by Table 
19-4. 

TABLE 19 4 


Gas 


Noon 
M<‘rcury 
Helium . 


25 mA in 

35 mA in 

10 MM. Tube 

15 MM. Titbe 

175 

120 

130 

95 

370 

260 


75 mA in 
20 MM. Titbk 


90 

70 

190 


These figures must be taken to represent only average values, as 
the actual volt drop depends on the gas pressure and j)urity and the 
manufacturing process. However, Tables 19-3 and 19-4 may act 
as a guide when first computing the necessary o]3erating voltage 
of an installation. It must be remembered that the figures given by 
the tables refer to the running voltage. The initial value of the 
striking potential is generally larger than that under running condi¬ 
tions and hence allowance must be made for this. Thus with tubes 
of small diameter, the starting voltage may be as much as 100 per 
cent greater than the running voltage, while large diameter tubes 
may necessitate a starting voltage 60 per cent greater than the 
running voltage.* 


Transformer Operation of Neon Lamps 

Tables 19-3 and 19-4 indicate that voltages considerably above 
those normally available are necessary for oj)erating neon tube 
installations. This requirement is simply met by means of a step-up 
transformer. The installation must, of course, be ‘‘controlled,’' and 
this may be effected by placing the necessary impedance in series 
with either the primary or secondary circuit. For design and calcu¬ 
lation purposes, a primary impedance may be replaced by an 
equivalent secondary one, the value of the latter being given by 
the primary impedance multiplied by the square of the transforma¬ 
tion ratio. However, general practice with neon installations is to 
employ a leaky, or stray field, transformer. The advantage of this 
is that the necessary impedance can be incorporated in the trans¬ 
former design, this leading to a simpler and cheaper installation 
than where separate impedances are employed. 

♦ As an example, it may be stated that for the lamp of Fig. 19-8, the initial 
striking voltage is 1250 volts, while the running voltage is 600 volts. 
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Operating Characteristics of Neon Discharge Tabes 


Because of the negative resistance characteristic of a glow dis¬ 
charge it is not possible to operate discharge tubes directly from 
the supply voltage. As already stated, this means that an impedance 
must be included in series with the tube. The impedance may take 
the form of a condenser or resistance, although a choke is most 
commonly employed. Assuming a series resistance is used, the 
voltage across the lamj) increases until the striking voltage \\ is 
reached. At this stage current commences to flow, the value of 
which is given by 


smpt - Vj^ 

' R 


(19-6) 


where sin pt is the instantaneous value of the supply voltage, 
V the lamj) voltage, and R is the value of the series resistance. 



Now VL is composed of the cathode fall and the drop in the positive 
column. As previously stated, an abnormal cathode fall occurs with 
neon lamps, which means that an increase in lamp current will 
cause an increase in cathode fall. The effect of an increase in current,, 
however, is to decrease the drop in the positive column, and, in 
practice, it is found that these two eflFects tend to counterbalance 
each other. This results in the lamp volt drop being independent 
of current and hence may be regarded as approximately constant 
during current flow. 
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From the foregoing and (19--6) the current waveform may bo 
deduced, a typical case being shown by Fig. 19-6, where = 700, 
Vj^ = 300, and li — 5000 ohms. It is evident that conduction does 
not commence until sin pt == Vs or pt =-— arc sin V^l F^. In many 
cases the lamp strikes and runs at approximately the same voltage, 
in which case pt — arc sin V The lamp extinguishes at a 
voltage rouglily e(iual to F^ and hence extinction occurs for Vm sin 
pt = Vj^ or pt arc sin (tt— 

It is evident that with resistive control the current docs not 
persist- for a full half-cycle. Actually the fraction of a cycle during 
wliich conduction occurs is 

(tt — 2V jJVn)h 

Several disadvantages are attached to this. Firstly the stroboscopic 
effect ex})erienced with discharge lamps is enhanced by a short 
conduction period. Secondly, the value of the striking voltage in 
each half-cycle is affected by the length of the period the lamp is 
extinguished. When the lamp current roaches the zero value, a 
certain number of ions are still present in the discharge tube, and 
these commence to recombine. Providing a sufficient voltage is 
available to cause the tube to rostrike, relatively little recombination 
occurs and the restriking voltage is less than that necessary to 
strike the tube initially, i.e. when the supply switch is first closed. 
Reference to Fig. 19-6 shows that when extinction occurs a con¬ 
siderable interval follows before restriking takes place. During this 
interval de-ionization of the tube is occurring necessitating a rela¬ 
tively high rcstriking voltage. It is evident that the higher the 
restriking voltage the shorter the conduction period, for actually 
the fraction that the latter is of a cycle is given by 



Vj^+Vs 

V 



rather than by (tt — 2Vi^lVm)h 

Naturally the reduced conduction period results in increased strobo¬ 
scopic effects. 

Because of the foregoing effects and the losses which a resistance 
incurs, this form of control is only employed with the smallest types 
of lamps. Condenser control obviates the losses, but suffers from 
the same disadvantage as resistive control with regard to a short 
conduction period. 
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Inductive Control 

The usual method of controlling discharge lamps is by means of 
a series-connected choke. The latter has relatively small losses 
and possesses the advan¬ 
tage of causing a longer 
conduction period than 
can be obtained with 
either a resistance or con¬ 
denser. In fact, with in¬ 
ductive control, the 
current wave is usually 
spread over the complete 
half-cycle as shown by 
the oscillogram of Fig. 

19-7. Greater details of this will be given later, but it may be 
stated that the improvement in the current waveform is due to the 

self-induced voltage of the 
choke giving a further 
source of potential to the 
lamp when the supply 
potential falls below V i. 

Voltage and Current 
Waveforms 
The oscillogram of Fig. 
19-7 shows the current 
waveform of a neon tube, 
43 cm. in length and 15 
mm. in diameter, when operated in series with a 21-henry choke. 
From this it will be noted that the current persists for almost the 
full half-cycle. Fig. 19-8 
shows the almost rectan¬ 
gular waveform of the 
lamp voltage, while Fig. 

19-9 is an oscillogram of 
the voltage across the 
choke. An explanation of 
the somewhat peculiar 
character of the latter 
will be given later. It is 
evident from Fig. 19-8 
that the striking voltage 

31—(T.289) 36 pp. 
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Ktq. 19-10 

Jiy roiirtenif of iSinnem 
Electric Lwnipn and 
Supplm Ltd. 


is somewhat in excess of the running voltage; i.e. 

IV 

High-pressure Mercury-vapour Lamps 

The principal apjdication oi‘ the lamps so far 
described is to decorative and advertising purposes 
rather than to the illumination of surface areas. 
l>y employing mercury vapour at high pi'essures 
(an atmosphere and above) lam])s having much 
higher elliciencies can be jiroduced suitable for 
floodlighting large areas. A typical 400-watt 
h.p.m.v. lamp is shown by Fig. 19-10. It consists 
of a discharge tube enclosed within an envelope of 
ordinary glass. The tube is formed of special hard 
glass or quartz, according to the temperature which 
must be withstood. At the ends of the inner tube 
are electrodes which consist of activated rare-earth 
oxides held within a tungsten s])iral. JIuring the 
passage of the current these* electrodes become 
heated and emit electrons by the process of ther¬ 
mionic emission. At the upper end of the discharge 
tube is an auxiliary electrode placed close to the 
main electrode. This serves the purpose of initiating 
the discharge. The discharge tube contains a rare 
gas, such as argon, at a pressure of about one hun¬ 
dredth of an atmosphere, with a carefully measured 
quantity of mercury. The space between the tube 
and envelope is filled with oxygen at a low pressure. 

In order to understand the functioning of the 
lamp, reference may be made to Fig. 19-11. On con¬ 


necting the lamp (via a choke) to the supply voltage, the gas pressure is 


too low, and the main electrode spacing too large, to permit a discharge 


to occur between the main electrodes. It will be noted, however, that 


the full potential difference is developed between the top main and 
auxiliary electrodes. Due to their proximity a glow discharge occurs, 
the glow current being limited to a few milliamperes by the resistance 
K. The glow discharge initially occurs in the argon due to the very 
low vapour pressure of mercury at normal temperature. The effect 
of the glow discharge is to provide sufficient ions for the main dis¬ 
charge to start. Once the main discharge is struck, the heat due to 
this commences to vaporize the mercury, thus raising the mercury- 
vapour pressure. The bombardment of the electrodes by mercury- 
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vapour ions also raises the 
become electron emitters. 



B * C: Main Electrodes 
K: 50000-ohm Resistance 
D: Auxiliary Electrode 
E: Discharge Tube 
P: Glass Envelope 


temperature of the former, which then 
At the commencement of the discharge 
the tube is filled with light, but the 
luminosity is low. As the temper¬ 
ature rises the luminous column 
becomes narrower and brighter, full 
brilliancy being attained after about 
fiv(' minutes. The function of the 
outer envelope is to conserve the 
heat of the discharge tube in order 
to assist in the vaporization of the 
mercury and maintain as uniform a 
temperature as possible. It also 
absorbs any harmful ultra-violet 
radiation. The ends of the discharge 
tube are silvered to reduce heat 
radiation from the electrodes. 

Photometric' and Optical 
Characteristics 

The light source of the lamp is 
the narrow cord-like discharge be¬ 
tween the electrodes, the average 
brightness of this being approxi¬ 
mately 120 candles per cm.^ It is 
at once evident that, compared with 
a tungsten filament lamp (600 
candles per cm.^), this is low, and 



DISTANCE FROM CENTRE OF ARC. CMS 


FlO. 19-11 

By eouriety of the Edison Swan Electric Co., Ltd. 


Fig. 19-12 
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thus h.p.m.v. lamps are relatively free from glare. The boundary 
of the luminous column is not clearly defined and, of course, the 
brightness is not uniform across its section. Fig. 19-12 shows a 
brightness distribution curve for a 400-watt lamp, and taking the 
edge of the column to be where the brightness is one-tenth of the 
maximum, the width of the column is 1*2 cm. 

A light distribution curve for a 400-watt lamp is shown by the 
polar diagram of Fig. 19-13, this curve being taken in a vertical 


ISO® 180® ISO® 



plane which contains the lamp axis. The total light output is 
18,000 lumens, the efficiency being, therefore, 43 lumens per watt. 

Optical Characteristics 

The majority of the light from mercury-vapour lamps, whether 
of the high-pressure or low-pressure types, consists of line spectrum 
radiation. This is due to the atoms within the positive column 
being excited to certain energy levels with, of course, the object 
of producing light of a particular colour. As shown in Chapter II, 
within the positive column the field gradient is relatively low and 
high-excitation levels are produced by cumulative electron impacts. 
The field gradient depends on the gas or vapour density, increasing 
with an increase in these. Thus the current and vapour densities 
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will depend on wliotlier high- or low-energy leveJ excitation is 
desired. Referring to Pig. 19-14, it will be'noted that the 4*86 
and 6-67-voIt states are in the ultra-violet region, and hence higher 
levels of excitation are required as indicated by the diagram. Atoms 
excited to thevse higher »states, such as the 7*69 volt, return to the 
ground state via the 4*86- and 4 G6-volt states. Hence visible and 
invisible radiation are produced, and the higher the ratio of the 
former to the latter the greater is the efficiency of the lamp. Thus, the 
efficiency of the lamp increases ^ 

with an increase in vapour and 
current density, the maximum ^ 
value occurring for a juessure of ^ 

.about 50 atmos])heres and a ^ 
loading of 100 watts per centi- g 
metre length of arc. As the f 
pressure and arc loading are iJ ^ 
increased, in addition to the w 
normal line spectrum, a weak 
continuous sj)ectrum is formed. 3 

This is due to the increasing 

temperature causing the mercury va])our to act as a temperature 
radiator. 

Physical and Elkctrioal (hi abacteristics 

To obtain stable operation of Ii.p.m.v. lamps they are designed 
to operate with all the mercury vaporized. In these circumstances 
variations in supply voltage and ambient temperature have but 
slight effect on the lamp voltage over wide limits. This voltage, 
Vj^, is roughly constant during conduction, as indicated by Fig. 
19-20, from which it will be noted that the lamp voltage waveform 
is roughly rectangular. 

Temperature 

In contrast with l.p.m.v. lamps those of the high-pressure type 
operate at relatively high temperatures. In the case of the 400-watt 
lamp, about 20 per cent of the energy supplied is radiated as light. A 
further 10 per cent is emitted as ultra-violet and near infra-red. The 
remaining 70 per cent is emitted as infra-red radiation, and has the 
effect of heating the discharge tube to between 500° C. and 600° C. 
The outer glass envelope attains a temperature of about 350° C. 

An effect of the lamp temperature is its influence on the re¬ 
striking of the lamp should it be switched off. When this occurs 
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the electrodes rapidly cool and thus become ineffective as electron 
emitters. The vapour pressure is too high to allow restriking of 
the lamp, and hence a period must elapse in which mercury vapour 
may condense and the pressure fall before restriking will occur. 
With a 400-watt lamp this is about three minutes in still air and 
for a 125-watt lamp two minutes. 

Electrical Characteristics 

As h.p.m.v. lamps operate directly from normal supply voltages, 
no transformer is needed, but a series impedance is essential, as 



LAMP WATTS 

Fig. 19-16 


with cold-cathode low-pressure tubes. This generally takes the 
form of an iron-cored choke, although a resistance or condenser 
may bo used. Of course, on direct current a resistance is essential. 
As previously stated, the voltage across the lamp, is roughly 
constant over a cycle. The value of this voltage is determined by 
the quantity of mercury within the lamp being higher the greater 
the quantity. During ‘the time the lamp is running up, i.e. before 
the mercury is entirely vaporized, V increases with an increase 
in lamp watts. When the mercury is fully vaporized, the lamp 
voltage tends to remain constant with an increase in lamp watts, 
as indicated in Fig. 19-15. In determining the quantity of mercury 
to be used, and hence the voltage at which a lamp will operate, 
several factors must be considered. These are the change in lamp 
watts for a given change in supply voltage, the change in lamp 
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watts for manufacturing variations in 1^/, the ]K)Wcr factor of the 
lamp-ehoke unit, and tJie permissible droj) in the supply voltage 
for the lamj) not to be extinguislied. Table 19-5 sets uiit tlie (‘fleet 
of the ratio of V jfV on tlu'se various factors. In practice tlie value 
adopted of VJV is al>out 0*6 

The Choke 

Chokes employed for h.]).m.v. lamp control are iron-cored and 
possess a small air gap. The efioet of tlic latter is to maintain the 
choke inductance approximately constant with changes in current 



o o or - —_I_— 1- 1 - 1- 10 

O 2 4 6 8 10 

MINUTES AFTER STARTING 
Kig 19 m 

and to jjermit adjustment (by means of varying the gap length) 
of the indu(‘tance between fine limits. It is, of course, desirable that 
the choke dimensions, losses, and cost shall be as small as possible. 
In practice the choke losses amount to about 5 per cent of the lamp 
wattage. 

Operati n g Cha ract eri sti ( 

At the moment of closing the supply switch the full mains 
voltage is developed between the main and auxiliary electrodes, 
thus initiating the discharge. The discharge started, the lamp 
voltage falls to approximately 20 volts, with the result that, initially, 
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practically the full supply voltage is across the choke. Hence the 
lamp current is a maximum almost immediately after closing the 



250 Watt 

ESCURA 

LAM? 

Fig. 19-17 

By courtesy of the Edison Swan Elertric Co., Ltd. 


switch. Full lamp brilliancy is 
reached when the mercury-filling 
is completely vaporized. Fig. 
19-16 shows a run-up curve for 
a 400-watt lamp. 

Some technical data for 400- 
watt and 250-watt lamps are 
given by Table 19-6. 

The lamp sizes normally avail¬ 
able are the 400-watt already 
described, 250-, 125-, and 80-watt. 
The 250-watt lamp is similar in 
structure to that of the 400-watt, 
and is shown by Fig. 19-17. The 
125-watt and 80-watt types, how¬ 
ever, differ somewhat from the 
two larger lamps. As stated pre¬ 
viously, the luminous efficiency of 
h.p.m.v. lamps depends on the 
current and mercury-vapour 
densities, increasing with an 
increase in these quantities. The 
maximum efficiency is about 60 
lumens per watt. Hence, if the 
dimensions of a discharge tube 
are constant, a reduction in wat¬ 
tage will result in a reduction in 
luminous efficiency. For reasons 
indicated by Table 19-5 the lamp 
voltage for most lamps is main¬ 
tained between 100 and 140 volts. 
Thus, a reduction in current, and 
hence current density, reduces the 
arc loading, and, as already stated, 
the luminous efficiency. 

In order to maintain a reason¬ 
ably high efficiency with 125- and 
80-watt lamps it was necessary 


to increase the arc loading and vapour pressure. As shown by 


Table 19-6, the arc loading of 250- and 400-watt lamps is 20*8 and 
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TABLE 19-5 


yjv 


PKTtrENTACJE 
CHANCtT TN 

Lamp Wat is 

I OR 1 PER CENT 

Change oj< Vi ^ 


T’ercentage 
Change in 
Lamp Watts 

l<OR 1 PER CENT 
C’JIANGT OI V 


Permissible 
Instant aneous 
Drop in V 
Without 
E vttnction 

Oc CITRRING 


Power 

Factor 


oe\ 

0-7| 

0-81 

0-9) 


1 per cent or 
less 


2 per coni or 1 Over 20 per cent 
loss ' of F 


0-4 or less 


I J per cent to 2 

^ j>er c( nt 

I ])er cent to 10 

I per ceiit 


2 per cent ap¬ 
prox. 

3 j)er cent to 15 
ptT <*eiit 


' 10 per cent to 
20 por cent of 

I V 

j Loss than 10 per 
I cent of V 

I 


0*6 to 0-6 


0*7 or over 


TABLE 19 6 


Lamp Watts 


Supply volts .... 

Lumens per watt 

Maximum brightness of arc, candles/cm.* 
Length, mm. .... 

Arc length, mm. .... 

Diameter, mm. 


250 


200-260 a.c. 
36 
160 
290 
120 
48 


400 


200-260 a.c. 
46 
160 
330 
160 
48 


25 watts per cm. respectively. The figures for the 125- and 80-watt 
lamps arc 42 and 40 watts per cm. respectively. These higher 
loadings naturally lead to an increase in brightness and to avoid glare 
the arc tubes of the smaller lamps are enclosed in pearl-glass bulbs. 

The operating pressure of 80- and 125-watt lamps is between 
5 and 10 atmospheres, while 250- and 400-watt lamps operate at 
approximately 1 atmosphere. 

An effect of the higher arc loading is an increase in operating 
temperature which cannot be withstood by a glass-discharge tube. 
Because of this the discharge tube of the 80- and 125-watt lamps is 
made of quartz, which will withstand easily temperatures up to 
1000® C. An increase in efficiency would be obtainable by the 
employment of quartz (and higher arc loadings) in 250- and 400-watt 
lamps, but the high cost of the material militates against its use 
in the larger lamps. 
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llio construdional details of the 80-watt lamp are shown by 
Fig. 19-18, from whicli the relatively small dimensions of the arc 

tube will be noted. Technical data for 
this lamp as well as the 125-watt lamp 
are given by Table 19-7. 

Voltage and Current Waveforms 

Immediately after closing the supply 
switch of an inductively controlled 
h.p.m.v. lamp, practically the full supply 
voltage is developed across the choke. 
Henee the lamp current and choke 
voltage are, initially, approximately 
sinusoidal. As the mercury becomes 
vaporized the voltage across the lamp 
increases, the current, lamp, and choke 
voltages, under normal operating con¬ 
ditions, being shown by Fig. 19-19, 
19-20, and 19-21 respectively. It will 
be noted that the lamp voltage is roughly 
rectangular and that the current persists 
for the full half-cycle. Occasionally 
h.p.m.v. lamps are controlled by a series 
resistance which may take the form of 
a glowing filament lamp. In these cir¬ 
cumstances the current does not persist 
for 180° in each half-period, as it generally does with inductive 
control. Fig. 19-22 shows the current wave of a 125-watt lamp 
with resistive control when in the fully run-up condition. The 
voltage across the resistance is, of course, of the same form as 
the current wave, while the lamp voltage wave is shown by Fig. 



Fi« 19-18 

By tuurttsy of Sunum Blectru Lmupi 
and tSnpply t Ltd 


TABLE 19-7 


Lamp Watts 

80 

126 

Supply volts 

200-260 a.c. 

200-260 a.c. 

Lumens per watt 

38 

40 

Maximum brightness of arc, candles/cm.* 

800 

800 

Maximum brightness of bulb, candles/cm.* . 

60 

60 

Length, mm . ... 

160 

178 

Arc length, mm. 

20 

30 

Diameter, mm 

SO' 

90 
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19-23. Due to the dis¬ 
torted current wave, the 



power factor is less than 
unity and it is not possible 
to raise this in any way. 

The Sodium-vapour Lamp 

The sodium-vapour is 
similar in principle to the 
h.p.m.v. lamp, but differs 
largely in its characteris¬ 
tics. A tyj)ical lamj) is 


shown by Fig. 19-24, from which it will be noted that 


the discharge tube is U-shaped and contained in an 
outer tube. The purpose of shaping the discharge tube 
in this maimer is to obtain the greater efficiency that 
accompanies long tubes; for increasing the length 
renders the energy dissipated at the electrodes a 
smaller fraction of the energy expended along the 
length of the tube, the latter energy, of course, being 
responsible for luminosity. Oxide cathodes at the 
(mds of the tube act as arc-heated electron emitters 
in exactly the same sense as in the h.p.m.v. lamp. 

The discharge tube must be specially constructed 
to withstand the effect of hot sodium-vapour over long 
periods. This construction takes the form of a flashed 
or two-ply glass. The outer layer is ordinary soda 
glass, the inner layer consisting of a flashing of special 
glass designed to resist the effects of sodium. The 
discharge tube must be surrounded by a glass envelope 
in order to conserve the heat for the purpose of 
vaporizing the sodium. The envelope is in the form 
of a double-walled vacuum flask, from which the dis¬ 
charge tube may be detached when desired. 

Operation 

Distributed along the discharge tube are drops of 
sodium which are solid at normal temperatures. In 
consequence the sodium-vapour pressure is extremely 



low and the tube is filled with neon at a pressure 
of several millimetres of mercury for starting purposes. 
On connecting the lamp, via a suitable impedance, to 
the supply voltage the discharge first occurs in the 
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neon, with the result that initially the appearance of the lamp is 
similar to that of a neon tube. As the time of operation and the 
temperature increase, the sodium melts, its vapour pressure increases, 
and the discharge tends to occurrather in the sodium vapour than 
in the neon. When the lamp is fully run-up the sodium is partially 
vaporized and the operating tem¬ 


perature IS a])proximately 250° C. 
In these (*ircumstances the lower 
excitation and ionization potentials 
of sodium (2-1 volts and 5*1 volts, 
respectively) cause the discharge 
to occur in this rather than in the 
neon. 

The lamj) is made in four 
sizes, 45-, 60-, 85-, and 140-watts 
respectively. The light from sodium 
lamps is practically mono-chrom¬ 
atic, being radiated by two yellow 
lines in the spectrum at 5890 A and 
5896 A. Due to the absence of 
ultra-violet radiation, and the light 
occurring in that part of the 
spectrum to which the eye is most 
sensitive, the luminous efficiency 



VISIBLE 


of the sodium lamp is considerably 19 25 


higher than that of the h.p.m.v. 

lamp. Figures for the 45-, 85-, and 140-watt lami)s are, respect¬ 


ively, 55*5, 71*1, and 71*5 lumens per watt. 


Optical Characteristics 

As stated above, the radiation of the sodium lamp, similarly 
to the h.p.m.v. lamp, consists of line spectrum radiation. Reference 
to the energy level diagram of Fig. 19-25 for sodium indicates that 
light results from the return from the 2*1 volt state to the ground 
state. Thus, in contrast to the h.p.m.v. lamp, the sodium lamp 
must be excited to give low energy level transitions. In practice 
this means that the arc loading must be relatively small, this being 
effected by low vapour pressures and current densities. For the 
45-. 60-, 85-, and 140-watt lamps the arc loadings are 1*8, 1*95, 
2*0, and 2*6 watts per cm., respectively. 

The operating temperature of the sodium lamp is somewhat 
critical, the maximum efficiency occurring at between 220° C. and 
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250° C. However, duo to the low operating pressure, temperature 
has no effect on the restriking characteristics; i.e. the lamp will 
immediately restrike if extinguished and then switched on again. 





r 


Fi« 19 27 



Fig, 19-28 

Voltage and Current Waveforms 

The current waveform of an inductively controlled 60-watt 
sodium-vapour lamp is shown by Fig. 19-26. The lamp-voltage 
waveform is shown by Fig. 19-27. Following a somewhat high 
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striking potential of about 200 volts, the lamj) voltage rapidly falls 
to approximately 100 volts, at which value it tends to remain 
during each half-cycle. The choke-voltage waveform is shown by 
Fig. 19-28. 

Electrical Chara(.^tertstics 

As previously stated, the sodium lamp has a gas-filling of neon 
to facilitate starting. No starting electrode is cm])loyed, and hence 
the momentary starting potential is somewhat high, about 440 volts. 


supply 



Fig. 19-20 Fig. 19-80 



Fig. 19-31 

In order to provide this voltage a transformer is used, usually of 
the auto type. This transformer is provided with a leakage path 
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and functions in a similar manner to those employed for neon 
lighting. The arrangement of the transformer is shown by Fig. 
19-29 and the circuit details by Fig. 19-30. 

After the lamp has struck, the restriking voltage at the com¬ 
mencement of each half-cycle is less than the initial striking voltage 
of 440 volts. Reference to Fig. 19-27 shows that in the case of the 
60-watt lamp the restriking voltage is approximately 200 volts. 

The starting characteristics of the sodium lamp are quite different 
from those of the h.p.m.v. lamp. Unlike the latter there is relatively 
little change in the electrical quantities during the run-up period. 
The light output, however, is initially very low, but rapidly increases 
as the sodium becomes vaporized. Some typical characteristics for 
a 140-watt lamp are shown by Fig. 19-31, from which it will be 
noted that approximately fifteen minutes are necessary for the 
lamp to reach its normal operating condition. 

Some technical data for sodium lamps are given by Table 19-8. 


TABLE 19-8 


Lamp Watts 

45 

60 

* 85 

140 

1 

Supply volts . 

1 

100-250 a.c. 

100-250 a.c. 

100-250 a.c. 

100-250 a.c. 

Lamp current, amps. 

0-6 

0-6 

0-6 

0*9 

Lumens per watt . 
Maximum brightness of 

55-5 1 

65 

7M 

71-5 

arc, candles/cm.* 

9 

9 

9 

9 

Overall length, mm. 

250 

310 

426 

550 

Arc length, mm. 

Diameter of outer bulb, 

140 

170 

230 

280 

mm. .... 

50 

50 

50 

65 


fluorescent Lamps 

From Fig. 19-3 it is evident that a considerable portion of the 
radiated energy from mercury-vapour lamps is in the ultra-violet 
region of the spectrum. By taking advantage of the phenomenon 
of fluorescence a large proportion of this energy may be employed 
either for colour correction or improving the efficiency of such lamps. 
The conversion of electric power to fluorescent light depends on the 
characteristics of the lamp employed. If the visible spectrum, i.e. 
4000 A to 7000 A, is divided into ten bands of wavelengths each of 
300 A, the energy radiation of a lamp may be shown in the manner 
of Fig. 19-32, this being termed a pillargraph. Fig. 19-32 was 
taken from an 80-watt h.p.m.v. lamp, and it is evident that about 
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as much energy is radiated in the ultra-violet region as within the 
visible spectrum. Fig. 19-33 shows the radiation characteristics 
of a l.p.m.v. lamp, and from this the low efficiency of such lamps is 
apparent and also the very high proportion of ultra-violet radiation 
in the vicinity of 2537 A. From Figs. 19-32 and 19-33 it is clear 



that the possibility of an increase in efficiency by fluorescent means 
is much greater for low-pressure than for high-pressure lamps. 
Thus, fluorescent powders are principally employed for colour 
correction of high-pressure lamps. 

Figs. 19-32 and 19-33 indicate that the ultra-violet power peaks 
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Fig. 19-33 


at 3660 A and 2537 A for h.p. and l.p. lamps, respectively. Hence 
fluorescent powders are desirable whose absorption bands also peak 
at these wavelengths. From Table 7-2 it will be noted that the 

aiA —{T. 389 ) 
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earlier materials of the list are suitable for h.p. lamps, while those 
lower on the list are more suitable for l.p. lamps. For coating the 
glass walls of the lamp with the fluorescent powder two methods 
may be employed. In the first method the wall is pre-coated with 
a binder and the powder is blown on by a hot-air blast. In the 
second method the powder is mixed with a binder and coated on the 
surface. When an organic binder such as glycerine or a nitrocellulose 
solution is employed, this is subsequently removed by heat. In¬ 
organic binders are dried into a glass-like cement on which the 
powder is firmlj?^ fixed. 

An efiect of coating a lamp with powder is to absorb about 
30 per cent of the light generated within the powder. Thus 70 per 
o< cent of the light generated is 

transmitted and this figure multi¬ 
plied by the product of the 
luminous efficiency of the powder 
and that of generation of ultra¬ 
violet radiation of the discharge 
gives the luminous efficiency of 
the lamp. As an example, the 
powder mixture characteristic of 
Fig. 19-34 may be considered, 
this characteristic resulting from 
excitation by radiation of 2537 A. 
By summing the percentages of 
input power in the various wave¬ 
bands the efficiency is found to be 
24 per cent. Multiplying this by 
the efficiency of generation of 
ultra-violet power (see Fig. 19-33) 
and taking 70 per cent of the result to allow for absorption, the 
overall efficiency is 8-9 per cent. 

Types of Fluorescent Lamps 


?40 


; 3-01 


ec ^ 
^ O 


Q >; 
U 3 


20 


5 O 


§101 


9 o 


4000 


5000 6000 

ANGSTROMS 

Fig. 19-34 


7000 


The first h.p.m.v. lamp to appear in fluorescent form was a 
400-watt type. As the ultra-violet radiation of this lamp peaks at 
3650 A the fluorescent powders employed are ZnS and ZnCdS. 
These powders are somewhat yellow in colour and therefore tend 
to absorb some of the blue light from the discharge. This is counter¬ 
acted by the employment of a small amount of cadmium with the 
mercury. Because of the high .temperature of the discharge tube 
it is not possible to apply the powder to this. Instead, the powder 
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is applied to the inside of the heat-conserving envelope which, to 
reduce the tem])erature still further, is larger than the envelope of 
the ordinary 400-watt h.p.m.v. lamp. By placing the powder on 
the inside of the envelope, it is secured from atmospheric contamina¬ 
tion. As indicated previously, there is little possibility of improving 
the efficiency of the h.p.m.v. lam]) by means of fluorescence because 
of the comparatively small amount of ultra-violet radiation present 
in its spectrum. Due to the absorption of some of the visible radiation 
by the powder coating, the efficiency of the 400-watt fluorescent 
lamp is somewhat less than that of the uncoated type, the luminous 
efficiency of the former being 38 lumens j)er watt. Some technical 
data for the 400-watt fluorescent lamp are given by Table 19-9. 

TABLE 19-9 


Supply volts 
Lumens per uatt 

Maximum brightness of are, eandlos I 
per em.2 . . . . 

Maximum brightness of bulb, candles 
per cm.2 ..... 

Length, mm. ..... 
.Arc length, nmi. 

Per cent of input energy radiated 
Percentage of red lumens . . . j 


200-250 a.c. 
38 

150 


50 

335 

150 

1 at 2600-4000 A, 
9>ii 4000-7500 A 
5 


80-watt and 125-watt Fluorescent Lamps 

These lamps are similar to the h.p.m.v. lamps of the same wattage 
previously described on page 638 but the pearl-glass bulbs are 

TABLE 19-10 


Lamp Watts 

t ”” 

1 

' 126 

1 

Supply volts . . . . 1 

1 200-250 a.c. 

I 200-250 a.c. 

Lumens per watt .... 

Maximum brightness of arc, candles per 

1 38 

40 

cm.* ...... 

Maximum brightness of bulb, candles 

800 

800 

per cm.* ..... 

1 10 

16 

Length, mm. ..... 

178 

233 

Arc length, mm. 

1 20 

30 

Per cent of input energy radiated 

1 at 2600-4000 A 

' 12 at 4000-7400 A 

1 

Percentage of red lumens 

5 

1 

6 
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replaced by somewhat larger plain bulbs coated with fluorescent 
powder in a similar manner to the 400-watt lamp described above. 
Because of the higher arc loading of these lamps, there is more 
red present, and the degree of colour correction required is not so 
great as for the 400-watt lamp. Some technical data for both the 
80-watt and 125-watt lamps are given by Table 19-10 on page 649. 

Low-pressure Fluorescent Lamps 

By contrasting the efficiencies of the non-fluorescent and 
fluorescent lamps of the high-pressure type it is evident that the 
advantages of the latter lie almost entirely in its superior colour 
spectrum. This suj)oriority is, of course, due to the employment 
of the ultra-violet radiation of the lamp, this radiation largely 
occurring at 3650 A. Considering the low-pressure lamp, it has 
already been shown that a very large proportion of the input energy 
is converted into ultra-violet radiation at 2537 A. As the efficiency 
of such lamps is normally low (about 12 lumens per watt) the em¬ 
ployment of fluorescence may not only produce colour correction 
but may also considerably increase the efficiency. 

The first low-pressure lamps were of the ‘"neon” type, with a 
mercury filling. Because of the low operating temperature of such 
lamps it is possible to ^pply the fluorescent powder to the inside 
of the discharge tube, thus obviating the need for an outer envelope. 
As the ultra-violet radiation of low-pressure lamps lies below 3000 A 
the luminescent materials employed with these lamps are those 
mentioned on page 272, and also given by the latter part of Table 
7-2. In the case of neon lamps, the best results are obtained by 
the employment of Zn 2 Si 04 (Mn) and CaW 04 , the resulting light 
being a combination of the red of neon and the colour characteristic 
of the luminescent materials. Thus, the green fluorescence of 
Zn 2 Si 04 combined with neon red gives a bright yellow colour, while 
if CaW 04 replaces Zn 2 Si 04 a pink light results. An important 
feature of neon-excited fluorescent tubes is the very high lumen 
maintenance that occurs, the brightness remaining practically 
constant after three or four thousand hours of use. This is not the 
case with mercury tubes, where an absorbing film gradually forms 
over the powder. 

On page 263 it was pointed out that for the energy efficiency 
of luminescence to be high the wavelength of the exciting radiation 
should not be too small. Thus, if the exciting radiation has a wave¬ 
length of 2537 A and it excites fluorescent light at the optimum 
visibility of 5650 A, then assuming rjg I ^ the energy efficiency is 
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2537/5550 — 45*7 per cent. This corresponds to 286 lumens per 
watt. In the case of neon the exciting radiation has wavelengths 
of 735 A and 744 A and the energy efficiency in this case is 740/5550 
= 13-3 per cent, this corresponding to 83 lumens per watt. In the 
case of h.p.m.v. lamps where excitation occurs at 3650 A, the 
theoretical efficiency is 65*8 per cimt. The foregoing figures are,of 
course, theoretical, but serve to show the relative efficiencies that 
may be expcicted with different types of fluorescent lamps. In 
practice the efficiencies are far lower because light is not emitted 
at the optimum wavelength of 5550 A and various losses occur, 
principally heat losses. Table 19-11 shows the order of the efficiencies 
obtained in practice with various fluorescent materials. 


TABLE 19-11 


Gas ok 
Vapouk 

Powder 

COLOl K 

Efficienpy IK 
Lumens per Watt 


/ None 

Pale blue 

6 


Zinc Ortho silicate 

Bright green 

50-60 

Mercury 

{ Zinc Mesodisilicato 

Yellow 

25 

Calcium Tungstato 

Deep blue 

15 


V Magnesium Tungstate 

Light blue 

30 


1 None 

Orange-red 

15 

Neon 

j Zinc Orthosilicato 

Yellow 

22 


\ Calcium Tungstate 

1 

Pink 

16 


The low-pressure fluorescent lamps just described employ cold 
electrodes and thus require relatively high voltages for their opera¬ 
tion. By replacing these electrodes by thermionically emitting 
electrodes the high voltage necessary to operate the lamp may be 
reduced to the extent that direct operation from commercial supply 
voltages is possible. An example of this is, of course, the well-known 
5 ft. 80-watt fluorescent lamp. The constructional details of the 
lamp are shown by Fig. 19-35. It consists of a l^in. diameter 
tube, 5 ft. in length, the ends of which are fitted with ordinary 
bayonet lamp caps. In each cap are fitted electron-emitting coiled- 
coil filaments which are arc-heated when the lamp is in normal 
operation. The gas-filling consists of mercury vapour, and ultra¬ 
violet radiation occurs at principally 2537 A. The fluorescent 
powders are blended to give a daylight effect, the various constituents 
having already been described on page 272. A pillargraph of a 
typical powder mixture employed with an 80-watt fluorescent lamp 
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is shown by Fig. 19-36. By summing the percentages of power 
radiated over each 300 A band the efficiency is found to be 13*5 
per cent. Multiplying each pillar by the appropriate factor from 
rr^ the luminous visibility curve of Fig. 19-1, a luminous 
efficiency of 35 lumens per watt is obtained. 

_[ Operating Circuits and Auxiliary Equipment 

As with most types of discharge lamps the 80-watt 
fluorescent lamp is operated in series with a choke. Similar 
to most low-pressure tubes, and because of its length, a 

momentary high voltage 
is necessary to enable 
the tube to strike. For 
evident reasons the elec¬ 
trodes must be heated 
to the point of electronic 
emission before the ap¬ 
plication of the striking 
potential. To pre-heat 
the electrodes and pro¬ 
vide the momentary 
starting potential, an 
automatic starting switch 
is employed, two different 
types being in general use. 
These types are known as the “glow” and “thermal” starter switches 
and arc shown in conjunction with the general circuit diagrams of 
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Fig. 19-37 


Figs. 19-37 and 19-38. Details of the switches may be appreciated 
with the assistance of Figs. 19-39 and 19-40. The glow starter 
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switch, shown by Fig. 19-39, consists of two contacts attached to 
two bimetal strips, the latter forming the electrodes of a small 


INTERFERENCE SUPPRESSOR 



FiCl. 19-38 

glow-discharge lamp. On closing the supply switch of Fig. 19-37 
the full supply voltage is develo])cd across the starter switch, 
resulting in a glow (lisc‘hargc. The 

heat of the glow discharge affects the f \ 

bime'tals, with the result that the con- "x 

tacts close, thus permitting a current f \ p 

to flow to heat the lamp electrodes. A 

(losuro of the starter switch contacts, ^ 

of course, results in extinction of the ^ 
glow discharge, with the result that r 

the contacts are no longer heated. fTm 

Thus they reopen and this causes a 4 f 
switching surge, an effect of this fr^n [||| 

being a momentary voltage of about H M [ i '| 

lOOQ volts across the lamp. This ['ll < > 

causes the lamp to strike, whereupon 

the lamp voltage falls to about 115 ^ k 

volts, which value is too low for a 

glow discharge to occur in the starter ^ I 

switch. The entire starting process ^ 

occupies about two seconds. 

Considering the thermal starter switch of Fig. 19-40, this consists 
of a pair of contacts, normally closed, supported on bimetal strips. 


Fig. 19 -40 
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Close to one of these strips is a small heater. Closure of the supply 
causes a current to flow through this heater and the lamp electrodes, 
causing the necessary pre-heating of the latter. The heater of the 
starter swit(*h rapidly causes the contacts of this to part, whereupon 
a switching surge causes the lam]> to strike. During operation of the 
lamp the starter switch contacts remain open due to the effect of 
the heater, the consumption of the latter being about 1 watt. 

Lamp Running CiiaracterIvStics 

In contrast with its short starting period of two seconds, the per¬ 
formance of the 80-watt fluorescent lamp is not actually stable for 
about 15 minutes. At normal air temperatures, however, this is 



Fi«. 19-41 

scarcely perceptible as the light output is about 80 per cent of 
normal at the end of the two-second striking period. Typical lamp 
characteristics from the end of the striking period onwards are 
shown by Fig. 19-41. The cause of the somewhat long stabilizing 
period lies in the low current density of the lamp. Because of this 
a relatively long period is necessary for the mercury-vapour pressure 
to rise to the value corresponding to optimum operating conditions. 
These conditions are obtained when the temperature of the tube 
walls is from 40° C. to 45° C. It follows that when the ambient 
temperature falls outside these limits there will be some loss in 
light output. For example, at 0° C., the initial output is only about 
26 per cent of the normal value. 

Voltage and Current Waveforms 

Figs. 19-42, 19-43, and 19-44, show that the voltage and current 
waveforms of the 80-watt fluorescent lamp are similar to those of 
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other diseliargc lanij^s. The lamp voltage, however, is less constant, 
as is shown by Fig. 19-42. Also a high-frequency oscillation is in 






Fig. 10-43 



evidence. To suppress this the condenser shown in Fig. 19-38 is 
connected directly across the lamp terminals. 
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Lamp Sizes 

Although fluoroscciit lamjis can bo and are producjod having 
lengths loss than 5 ft., the reason for the j) 0 ])ularity of this k^ngth 
lies in the relatively high efficiency associated with it. As the 
cathode loss is independent of length then, evidently, all other factors 



being equal, the efficiency will increase as the length is increased. 
Fig. 19-45 shows efficiency plotted as a function of length. 

Brightness and Coolness 

The large surface area of the 5 ft. lamp results in low brightness 
and freedom from glare, the average brightness being about 4*0 
candles per sq. in. A further advantage resulting from the large 
area is coolness in operation. Thus, in contrast with an incandescent 
lamp, there is practically no heat radiated to the illuminated surface, 
the majority of heat generated being dissipated by conduction 
and convection. 

Mathematics of Discharge-lamp Circuits 

Because discharge lamps possess a negative resistance charac¬ 
teristic they must be operated in series with some form of impedance. 
This impedance is either a resistance, a capacitance, or an inductance, 
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and forms of control embodying each of these will now bo examined 
quantitatively. 


Resistive Control 

In this case control is effected by moans of a non-inductive 
resistance in series with the lamp. At any instant after the lamp 
has struck the current is given by 


F^jiinpf- Fjr 

R~ ~ 


(19-7) 


where Fis the lamp voltage (assuiaed constant), E the value of 
the resistance, and p -= 27r/, / being the supply frequency. The 
approximate moments of striking and extinction are, respectively, 
found from 

arc sin VjJVm (striking) 

(tt —p/j) — arc sin V (extinction) 

From (19-7) 

•2 _ - 2Fi,F,n sin pt + Fj/ 


and the r.m.s. value of the current is 

pti)lp 

I sin* ft — 2ViJm sin pt -f VL^)dt 

Jti 

= ^ [(2Fi,* + F,„*) (it - 2p/i) -I F„* sin* 2pti - 8 Fj- F„. cos pQ 

Power Consumption 

The instantaneous power of the lamp is 

*Fi = ^ (F„, sin pt — Vi) 

and the mean power over a cycle is 

J 'Ctt - pti)lp 

(V„^npt- Vi)dt 
u 

^ Ph-yd-" - • (i9-8) 
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Power Factor 

Because of the non-sinusoidal character of the current wave, 
the power factor of a rosistive-controlled discharge lamp is less 
than unity. From (19-7) and (19-8) the power factor is 

C08jp<i - F^(7rj-_ _ 

~ “ ^yjjm cospy 

which is independent of R and is a function of V and only. 

The principal objection to resistive control of discharge lamps 
is the power loss in the resistance. Hence this form of control is 
only used with small lamps and on direct-current circuits. 


Capacitive Control 


Control of discharge lamps may be effected by means of a series 
capacitance. Assuming the circuit to be closed at the moment the 
supply voltage is passing through a zero value, conduction will not 
occur until the supply voltage is equal to F«. While the value of 
the voltage is less than this we may write 

wa.pt = Vl • . - (19-9) 

and as the capacity of (7, the series capacitance, is large compared 
with that of the lamp electrodes, (19-9) may be written 

sin pi 


At the moment the lamp strikes, and during conduction, the current 
is obtained from differentiation of (19-9). Thus 

+ FJ _ dF, 

dt dt 


pVm COS pt — 


as Fj^ is assumed constant. Now i — CdVJdt and, hence, 

i = CpV^a cos pt , , , (19-10) 

From (19-10) it is evident that extinction of the lamp occurs for 
pt = 7r/2 and also that the lamp current is a maximum for pt = 0. 
The maximum value of the current is CpVm- 


Period of Conduction 

At the moment extinction occurs the value of F^ is (F^ — V j) 
and conduction does not recommence until 


or 




pt = arc sin ( 1 


v„) 
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Hence conduction persists for a period corresponding to 

p/,2 — Ph =^-2 ~ «in 1 — y^j 

Current, R.M.S. Value 

From (19~]0) the r.m.s. value of the current is 

y l*37r/2p 

^ cos^ pt dt 


‘'arc sin ^ jp 


where 0, = arc siii (1 — 2V 


(19-11) 


Power Consumption 

The instantaneous power of the lamp is 

cos pt watts 

and the mean power over a cycle is 


CfVjyrn 

TT 


f*Srrl2p 

cos pt . dt 
arc an I 


P 


2GpVl 


(F™ — Fi) watts 


The power factor is 


2CpVl 





As with resistive control the power factor is a function of and 
Fx, only. 

Unlike resistive control there are no impedance losses when 
capacitive control is employed, but a similar disadvantage occurs 
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in that conduction only takes place during a fraction of a cycle 
From (19-11) this fraction is 

^2 4 - 0 ^ 

7 T 

Tndxhtive Control* 

Both the foregoing methods of lamp control suffer from the 
disadvantage that conduction does not occur over an entire cycle 
By employing a series inductance in place of the condenser oi 
resistance an increase in the period of conduction may bo effected. 
This reduces stroboscopic effects and the improvement in the 
current waveform is usually such that the power factor of the lamp 
may be raised to little short of unity. During conduction we have 
(li 

L \ in ship/ . . (19-12) 

where R and L are, respectively, the resistance and inductance of 
the choke. The solution of (19-12) is 
V 

" ^ - 0 ) - ‘ ipk - 0)1 

1) . . (19-13) 


where 0 = arc tan pL/ii and is the time interval between the 
zero points of the voltage and current waves. Should the current 
not persist for a full half-cycle, i.e. if the lamp should be struck 
and extinguished during a time interval of less than half a period, 


/i = arc sin VjJV^, If no extinction occurs, i.e. if the current 
wave is spread over the full half-cycle, then must be such that 




sin (p/j ■ 




or 



arc sin 



As B is invariably negligible, putting i? = 0 gives 

* == F<i — cos pt) + V — pt)] . (19-14) 


* “Choke-Controlled Discharge Lamp Characteristics,” F. G. Spreadbury, The 
British Engineer, March, 1940. 
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and for the; caso of no extinction 

=-are cos ,> i . . . (19-15) 

I' ^ ^ m 

Reference to (19-14) shows the amplitude of the current to be 
inversely proportional to L while (19-15) shows its time of duration 
to be independent of L. Assuming the discharge to last for less 
than half a period, the quantities (‘controlling its time of existence 
are and V Whether a discharge will persist for loss than a 
half-period may be found by putting pf — (pf^ I n) in either 



(19-13) or (19-14), pf^ being equal to arc sin V If value 
of i obtained is negative, the discharge becomes extinguished beforb 
the end of the half-cycle; if positive extinction does not occur. It 
may be noted that the maximum value of the current under the 
conditions expressed by (19-14) always occurs at the same position 
relative to the voltage wave, i.e. where pt == arc sin V Some 

curves based on the foregoing equations are shown by Fig. 19-46, 
the data being = 340 ralts, V = 140 volts, jL == 16 henrys, anci 
J == 50 cycles per second. The peculiar nature of the choke voltage 
will be noted, the sharp drop in voltages being due to, and coinciding 
with, the reversal of lamp voltage. Fig. 19-46 should be compared 
with the previously given oscillograms of choke voltages. The almost 
instantaneous change in choke voltage should, of course, be equal 
to twice the lamp voltage. 
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Current Waveform 

In most cases the conditions are such that the current in in¬ 
ductively controlled lamps persists for the full half-cycle. This 
being so, reference to (19--14) shows that the current may be regarded 
as consisting of two components, one of sinusoidal and the other of 
triangular waveform. The sinusoidal component is 
V 

.(19-16) 


and the triangular 


pL 


1 

pL 


[F^ cos pt^ + VjJ^ptT, — pt)] 


The amplitude of the triangular component is F^ cos and this 

maximum occurs when the resultant current through the lamp is 
zero. Analysis of the triangular component gives 

8 F^ cos pUf. 1 . 1 . \ , 

It =- '^pL — \ p + p ““ etc. J (19-17) 

The amplitude of the fundamental is 80 per cent of that of the 
triangular wave and passes through its maximum and zero points 
at the same moments as the latter. The fundamental, therefore, 
leads on the supply voltage by (7r/2 ~ pf^) radians. The in-phase 
component of this fundamental is 

8F^ sin cos ptjV^n^pL amp. 

and, as the sinusoidal component given by (19-16) is in quadrature 
with the supply voltage, it follows that the power taken by the lamp is 


2VJsin2pti 
^ -^— watts 

TT^pL 


(19-18) 


The 90^^ leading component of the fundamental is 8 F^cos^ 
ptjV27T^pL, and this combined with the inductively reactive com¬ 
ponent — Vml^/2pL, gives 

Vjm /8 COS^p^ 

\/2pL \ 

for the resultant reactive component. 


11 amp. 


(19-19) 


Current. R.M.S. Value 

The r.m.s. value of the lamp current may be expressed by 

I = VV -f etc. . . (19-20) 

where J^, J^, Jg, etc., are the r.m.s. values of the fundamental and 
its various harmonics. The values of the harmonics may be found 
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from (19-17), but the value of the fundamental in this case must 
be obtained by taking the vector sum of the fundamental of the 
triangular component and the inductively reactive component. 
The phase angle between these two components is ( 77/2 — pt^) -|- 7r/2 
~ (tt — pt^ radians. The power factor of the lamp circuit may be 
obtained by dividing (19-18) by F,„//\/2. 

From the values given for the inphase com])oneiit of the funda¬ 
mental and the total reactive comj)onent, the fundamental is given by 


VLV2i>i/\ 

2 , 


■)] 


1 + 


8F., 


\ X'^^TT^pL 


sin pfj^ cos 2>fi 


2 cos pti + 1 + " 4 sm^ pt^ cos“ pf^ 


V 2pL 

V 2pL 
, 

V2pL 


7' 

^ 1 — (()‘98)2 cos^ pti 


sin pt^ approximately 


(19-21) 


From (19-8) it may be noted that the power taken by a dis¬ 
charge lamp is equal to the lamp voltage inulti])lied by the mean 
value of the current. Hence in the juesent (jase the ])ower may be 
obtained by multiplying Vj^ by the mean value of (19-14). The 
latter is 

rn/p + ti 

npL ^ -ooHpt)+ Vtj,pti - pt)]dt 

= . 

Multiplying numerator and denominator by cos pf-^, i.e. by -nViJ^Vm, 
the mean value of the current may be expressed as 

p-^sinp/jcosp^ 

~ Vi^n^L 


sin 2p1^ 


. (J9-23) 
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Multij)]ying by V gives the lamp watts, the resulting expression 
being identical with that given by (19-18). 

Power Factor Improvement 

The power factor of an inductively controlled discharge-lamp 
circuit may be improved by removing the reactive component from 
the lino current by means of a condenser. The value of the condenser 
current is V^irfCV^n the sum of this and (19-19) must equal 
zero for the power factor to be a maximum. Thus, for maximum 
power factor, 

\/9 fPV _L. \ 

10 ®/, 

In these circumstances the power factor of the lamp circuit is given 
by 

2\^2Vm sin2j?<^ 

^ ^pLl 

where the fundamental term in the expression for I is simply the 
in-phase component of the fundamental of the triangular component. 

The various equations previously given for discharge-lamp 
circuits show that the power factor of such circuits may be con¬ 
siderably less than unity. Thus, with neon and h.p.m.v. lamps, 
the power factor may be no higher than 0*5, while with sodium 
lamps figures no higher than 0*3 may be obtained. The low-power 
factors experienced arise from two causes, the distortion of the 
current waveform and the lagging or leading effect produced by 
the condenser or inductance employed for control purposes. In the 
case of resistive control the low-power factor is, of course, due to 
the first-mentioned cause. Current distortion occurs for two reasons, 
firstly, because the current does not persist for a full half-cycle, 
and, secondly, because a conducting gas behaves as a negative 
resistance, i.e. an increase in current leads to an increase in gas 
conductance. 
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CHAPTER XX 

MISCELLANEOUS ELECTRONIC DEVICES 


The Cyclotron 

An important method of investigating the stnietiire of the nucleus 
of the atom consists of bom>)arding it with positive ions. This was 
first accomplished by the employment of high-velocity alpha- 
particlcs shot out from radio-active substances. By this means it 
was found tiiat the lighter elements can be disintegrated. For 
attacking the nuclei of heavier elements, particles of greater energy 
than those which are Dg 

naturally produced are yoEFLECTOR 

required, and this led to / -ELECTRODE 

the development of the / /^ ^ beam 

cyclotron. \\ 

As indicated above, yotTAOE (bi A ) T" 

the cyclotron is a device _1 \ y V'^ J ) I j 

for producing particles of \ / / 

high velocity and energy, \ y 

the latter in some cases 
being as high as 4 x 10 ’ D, 

electron-volts. Such Fro. 2 ()-i 

phenomenal energies are 

attained with apparatus, the principles of which may be appreciated 
with the assistance of Fig. 20-1. Referring to this, a high-frequency 
voltage is applied to two identical electrodes which consist of semi¬ 
circular shallow metal boxes. These boxes are closed everywhere 
except at their opposing faces, and because of their structural 
appearance are often referred to as “dees.’' Between the dees is 
a cathode which by virtue of emitted electrons produces ions to be 
subsequently accelerated. The dees are enclosed within a vacuum 
chamber, outside of which are the poles of a powerful magnet whicli 
produces a field perpendicular to the semicircular faces of the decs. 
An inlet to the vacuum chamber permits the introduction of small 
quantities of gas necessary for the production of positive ions. 

Consider now an ion which is produced in the gap between the 
dees. This will be accelerated in the appropriate direction by the 
electric field in the gap and will, subsequently, enter the interior 
of, say, dee 1 at A. As the electric field is concentrated mainly 
between the gap, the ion experiences little or no electric force within 


D| 

Fro. 20-1 
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the dee. Hence, due to the magnetic field, the path of the ion will 
be circular and of constant speed until it re-emerges at B. If at 
emergence the sign of the electric field has reversed, the ion receives 
a further acceleration and subsequently enters dee 2 at (7 with a 
greater velocity than that at which it entered dee 1 at Within 
dee 2 a circular path of constant speed but increased radius will 
again be pursued, the ion subsequently ro-emerging at D, It will 
be readily appreciated that, providing the alternating voltage is of 
suitable frequency, the energy of an ion increases at every revolution 
by an amount up to twice the maximum voltage of the supply. 
The path of the ion is approximately a planar spiral and, by virtue 
of many revolutions within the dees, the ion finally approaches their 
periphery and emerges from this at a suitably arranged outlet 
with an energy corresponding to millions of volts. Thus, if an ion 
makes n revolutions and the maximum value of the alternating 
voltage is volts, the maximum energy with which the ion may 
emerge is IntV^ electron-volts. ' 

From (3-33) it will be seen that the time of revolution of an 
ion is independent of its radius and is given by 




27m 


( 20 - 1 ) 


Hence the frequency of the alternating voltage supply to the dees is 


/ = 


1 He 
T 27WI 


(20-2) 


If H = 10,000 and m is that for the deuteron, then / = 7'75 X 10® 
cycles per second. In order to obtain such frequencies it is. of course, 
necessary to employ a valve oscillator. If B is the radius at which 
the ions finally emerge, then, from (3-31), 


R = 


mv 

We 


(20-3) 


where v is the velocity of emergence. The energy with which an 
ion emerges is and from (20-3) 

= . . . (20-4) 

From this result the importance of using ions of low mass is at 
once apparent. Also it is evident that the energy may be increased 
by using larger and larger magnets. The result of this is that 
cyclotrons employ magnets of enormous mass, that of one of the 
most recent weighing 2000 tons. 
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If the ions make too many revolutions they are likely to stray 
from the desired path, with the result that a proportion of the ionic 
current may be lost. Hence the voltage on the dees must be high 
in order, for a given final energy, to keep the number of revolutions 
low. In practice this voltage may be as much as 10® volts. If the 
maximum voltage is, say, 50,000 volts, and the final energy 10 ’ 
electron-volts, then the ions will make 100 revolutions before they 
emerge. During their joiimoy, should the ions stray from the 
median plane, they may strike the dee surfaces before emerging 
and thus be lost, lienee conditions are so arranged that should an 



Fig. 20-2 

ion stray from the median plane it is automatically brought back. 
This is effected by causing the magnetic lines of force to curve 
outwards, as shown by Fig. 20-2. From Fig. 20-2 it will be noted 
that the field has oppositely directed radial components on opposite 
sides of the median plane and these will return an ion to the plane 
should it tend to stray. 

In order to obtain outward curvature of the lines of force as 
depicted in Fig. 20-2, the field must be decreased in strength in 
proceeding radially outward. However, from (20-2) it will be noted 
that the frequency of revolution of the ions varies as the field 
strength and hence with a radially weakening field the revolution 
frequency will tend to decrease as the radius becomes larger. Thus, 
the ions will tend to get out of phase with the electric field as the 
radius increases and in this manner energy will be lost. It follows 
that the amount by which the field can be weakened is limited. 

22 —(T.389) 
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Considering the gap between the dees, Fig. 20-3, it is evident 
that here the electric field forms an electron lens of the two- 
diaphragm type. Hence, if an electron is approaching the gap in 
FIELD LINES a direction away from the 

median plane, the focusing 
action will tend to bring 
■ M ED IAN,PLAjjE it into this plane. 



EQUIPOTENTIAL 

SURFACES 


Fig. 20-3 


The Betatron 

From (20-4) it might 
appear that higher energy 
particles would be ob¬ 
tained if electrons were accelerated in the cyclotron rather than 
ions. However, the final velocity of the ions is given by 

\mv^ = 2neVni 


or 




2E 

m 


(20-5) 


where E is the final energy. If E is equal to lOJfeF amd m = 2, 
then = 3*1 X 10® cm. per sec., which is approximately one-tenth 
of the velocity of light. If the mass of the electron were substituted 
in (20-4), consideration would have to be taken of its increase in 
mass with velocity and this, in practice, limits the energy that may 
be obtained by employing electrons in the cyclotron. Generally, 
electrons cannot be produced with energies higher than about 
O'SilfeF. 

In order to produce electron energies of the same order as those 
of ions in the cyclotron, rather different principles are employed 
and are embodied in an instrument termed the betatron. In the 
betatron a changing magnetic field is employed. If a circular orbit 
embracing this field is considered, then the e.m.f. round the orbit 
is proportional to the rate of change of flux within the orbit. Hence 
an electron on an orbit of radius r experiences an electric force 
equal to 


eX = 


dt 


27Tr 


(20-6) 


where X is the field strength and the flux. Due to its small mass, 
the electron tends to travel at enormous speed and during the time 
the magnetic field is changing may make thousands of revolutions. 
Because of this it is evident that the electrons must not spiral 
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either inwardly or outwardly during their acceleration. To prevent 
spiralling a stable orbit, termed the equilibrium orbit, is created at 
a definite radius, this being achieved by suitable shaping of the 
magnet pole faces. 

The force acting on an electron due to the electric field is 


d{mv) __ Y ^ ^ ^ 
dt ^ 27rr dt 


(20-7) 


Now from (20-3) the momentum of an electron travelling in a 
circular path of radius r is 


Differentiating 
and, from (20-7), 


mv = Her 
d{mv) dH 

~~ir 

27rr dt dt 


Integrating, we obtain tj> = 27Tr^H 

or = 2H 

From this result it will be noted that to maintain the electron on a 
fixed orbit of radius r, the average value of H over the orbit must 
be equal to twice the value of H at the orbit. As stated previously, 
this is achieved by suitable shaping of the magnet pole faces. 

Should electrons tend to stray from the median plane, they are 
restored in the same manner as in the cyclotron, i.e. by shaping 
the magnetic field in the fashion shown by Fig. 20-2. A further 
stabilizing condition is necessary with the betatron. Should elec¬ 
trons attempt to move into orbits of radii different from that of 
the equilibrium orbit, a restoring force must come into play to 
return them to the correct orbit. This is achieved by maldng the 
magnetic field, jBT, vary as 1/r", where n is less than unity. The 
centrifugal force is mv^Jr and the centripetal force Hev^ or. 


Putting y = — 

Kev 

Vl ,.n 
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and differentiating 


dy mv^ 

dr ~~ 

dy^ nKev 

dr ~~ r” + ' 


Hence 


% Idy i 

dr I dr 


Ifn 


and, \in < \, the centrifugal force decreases more rapidly than the 
centrif)etal force for an increase r and vice versa for a decrease in 

r. Thus, any change in r brings 
about a force restoring the electrons 
to the equilibrium orbit. 

Diagram matically the operating 
conditions of the betatron are 
shown by Fig. 20-4. The magnetic 
field is alternating in character and 
is of relatively low frequency, a 
few hundred cycles per second. The 
electromagnet acts as an inductance 
in a parallel resonating circuit, i.e. 
a bank of condensers is connected 
in parallel with the betatron magnet 
winding. The electrons are acceler¬ 
ated in a vacuum chamber placed 
between the magnet poles, the elec¬ 
trons being injected from an electron 
gun somewhere near the commence¬ 
ment of the flux cycle. As the flux increases, the electrons are 
accelerated and must be spiralled out of the equilibrium orbit when 
the flux is near its maximum value. A period of three-quarters of 
a cycle then elapses before further electrons are again injected into 
the vacuum chamber. To spiral the electrons out of their normal 
orbit towards some desired target, an excess of flux is forced through 
the orbit near the time of maximum flux. 

With the aid of a few assumptions it is possible to obtain some 
idea of the energy with which electrons emerge from the betatron 
and also the factors on which this energy depends. Because of the 
low mass of the electron and the large number of times it revolves 
in the vacuum chamber, it eventually attains a speed within a few 
per cent of that of light. If the straight portion of the flux sine 
curve is employed, d^jdt is constant and so also is the force on the 



FLUX 


x. 



^INJECTOR 


ORBIT 


Fig. 20-4 
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electron. Ignoring the change in mass with velocity of the electron, 
the acceleration is linear and, if v is the final velocity, then the 
average velocity is v/2. The number of revolutions made by an 
electron is given by 

— 27TRn 


vT 

The voltage gained pej revolution is 
V - 


M ^ A „ 27tR^H 

f X 10 -« - X 10 -« = X 10 '« 


The final energy is 


vT 27TRm , , 

47rl{ ^ y X 


V 

- - X 10 ^RH electron-volts 


From this resuh it will bo seen that the final energy of the betatron 
is proportional to Rll, instead of to (RHY as with the cyclotron. 

V, of course, is of the order of the velocity of light. 

The Electron Microscope 

The limitations of the light-microscope are such that the maxi¬ 
mum magnification is about 1000 x and the resolving power about 
0 *2// (micron). However, even these results are obtained only by 
the use of ultra-violet light, quartz lenses, and a fluorescent screen 
for viewing the image. The development of the electron microscope 
has permitted great advances to be made on the above figures, 
magnifications up to 200,000x being possible. 

The existence of various electron lenses, described in Chapter 

VI, indicates the possibility of the construction of an electron 
microscope. In this instrument a beam of electrons is passed through 
the specimen undergoing examination in a similar manner as a 
beam of light is passed through a translucent specimen in a light 
microscope. After the passage of the electron beam, it is focused 
by electron lenses and a greatly enlarged image of the specimen is 
produced on a fluorescent screen. Electron microscopes usually 
possess three lenses equivalent to the glass lenses of the optical 
system. They may be either magnetic or electrostatic, usually the 
former, and consist of a condenser lens to focus the electrons on the 
object, an objective lens to produce a magnified image of the object, 
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and a projecter Ions which produces a second magnifiod image on 
either a fluorescent screen or a photographic plate. 

Reference to Fig. 20-5 gives a comparison between optical and 
electron miscroscopes, the latter having magnetic lenses. Referring 

to the former, the condenser 


(a) 

Li9Kt 

Microscope 


(b) 

Electron 

Microscope 


flens, L^, first concentrates the 
rays from the light source on to 
the specimen 8, The rays, after 
absorption and refraction by 
the specimen, then pass through 
the objective lens, L^, and a 
magnified image I is formed. 
This image is then further mag¬ 
nified by the projector lens 
and finally a second further 
magnified image, /g, is formed. 
Turning to the electron micro¬ 
scope, the source of “illumina¬ 
tion” is a thermionic emitter. 
The electrons from this are 
accelerated by an anode possess¬ 
ing a fine central aperture. 
Having passed through the 
latter the electrons come under 
the influence of the magnetic 
condenser lens which concen¬ 
trates them on the object 8, 
The electrons then pass through 
the specimen, some being 
absorbed by this according to 
the density and thickness of its 
various parts. Those which 
pass through are then focused 
by the objective lens and 
form a magnified image /. This image forms in turn the object for 
the projector lens £ 3 , which finally produces a second further magni¬ 
fied image on either a fluorescent screen or photographic plate. 

From the formula given for N on page 262, the focal length of a 
magnetic lens (having the coil form described) is 



48*44Fod 







Fig 20~6 

By courtesy of the Radio C&rporation of America 
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For microscopic work it is desirable that / should be as small as 
possible so that large magnifications may be obtained. In order 
that a brilliant image shall result, Vq must be large and is usually 
between 40 and 80 kilovolts. Hence for / to be small, N must be 
large and d small. To achieve this the coils are of small internal 
diameter and are shrouded with iron in a manner similar to that 
shown by Fig. 6-16. For such coils the right-hand member of 
(20-8) must be multiplied by a factor, less than unity, whose value 



Fig. 20-7 

By courtesy of the Radio Corporation of America 


depends on the coil geometry. It is evident that the focal length of 
the lenses, and hence the focusing, of the electron microscope can 
be varied by adjustment of Fq and N and,- in practice, it is N which 
is varied. It is, of course, essential that neither F© nor N shall be 
subject to uncontrolled fluctuations and this necessitates closely 
regulated and smoothed voltage and current supplies. In practice 
these requirements are met by a high-frequency oscillator operating 
through filter circuits with negative feed-back regulation. 

The condenser lens of Fig. 20-6 does not need to be of particu¬ 
larly short focal length and hence, although shrouded, does not 
possess specially-shaped pole pieces as do the objective and projector 
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lenses. Also it is of larger diameter than the latter. For high magni¬ 
fication it has been shown on page 263 that the object must be 
close to the objective. Hence, in the electron microscope, the object 
is placed immediately above the magnetic objective. This lens 
gives a first-image magnification of about 100 X and this image is 
further magnified by the projector lens to give a second image 
magnification of about 20,000 x. The detail of the final image is 
such that pliotographic enlargement may be made up to 200,000 x. 
The focusing of the microscope is effected by adjustment of the 
objective cuirent, while the magnification is varied by variation of 
the projector current. 

An example of an electron microscope manufactured by the 
Radio Corporation of America is shown by Fig. 20-6. The electron 
accelerating chamber and the anode supply are clearly shown at 
the top, w^hile immediately below is a stainless steel column which 
forms the body of the microscope and houses the various lenses. 
Below the control panel is an oil-diffusion pump necessary for 
evacuating the microscope column to the same order of vacuum 
as that employed with a thermionic valve, i.e. about 10~® mm. Hg. 
The meters on the left of the control panel are ‘‘coarse” and “fine” 
ionization gauges. The anode voltage is 50 kV, the various supplies 
being housed in the cabinet at the rear. 

Specimen Mounting 

In the optical microscope translucent specimens are mounted 
on glass slides. As substances thicker than about 10“® cm. are 
opaque to an electron stream, it is evident that a different technique 
must be employed with the electron microscope. With this instru¬ 
ment a very thin uniform film of collodion or nitro-cellulose is 
produced showing no structure, this film corresponding to the glass 
slide in the optical microscope. The film is formed by dropping a 
small quantity of a 1*5 per cent solution of coUodion in amyl acetate 
on water saturated with amyl acetate. The film spreading over the 
surface of the water is taken up and dried on a small circular disc 
of 200-mesh wire gauze, less than | in. in diameter. Slight pressure 
on the gauze causes the film to adhere to it. The coated disc is 
separated from the rest of the film by means of suitable handling 
tools, inverted to bring the film side uppermost, and then placed 
on a miniature pedestal. In this position the water clinging to the 
surface is removed and the specimen then placed on the film in a 
drop of fluid, the fluid subsequently evaporating. The whole is 
then placed at the lower end of a “cartridge” which consists of a 
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tube about 1 in in Jongth with a bore of about 0*02 in. diameter. 
A number of pedestals in process of receiving specimen solution are 



Fig. 20-8 

By courtesy of tfie Radio Corporation of Amenta 


shown by Fig. 20-7. The cartridge is placed within the body of 
the microscope by means of an air-lock (as shown by Fig. 20-8) 
and the latter then evacuated. 
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Some typical results obtained with the electron microscjope are 
shown by Figs. 20-9, 20-10, and 20-11. Fig. 20-9 shows soap fibres 
with a magnification of 45,000 x. From this })hotograph the con¬ 
siderable depth of focus possessed by an electron microscope is 
apparent. This is an inherent property and, of course, confers on 
the image a three-dimensional appearance. Fig. 20-10 is the trachea 
of a honey bee with a magnification of 25,000 x . Again the great 
detail and depth of focus are apparent. Fig. 20-11 is a specimen 



Fig. 20-9 

By coartesy of the liadio Corporation of America 


of polyvinyl chloride with a magnification of 100,000 x and demon¬ 
strates the remarkable magnifying properties of the electron micro¬ 
scope. It will be noted that the surface is mottled with an evenly 
spaced succession of spots. The size of these corresponds with that 
of the unusually large molecules of this material, and it appears 
that here we have confirmation of the truth of the molecular theory 
of matter. 

For the study of the surfaces of opaque substances a cast is 
made of the surface, this process being termed the “replica ” method. 
With this method the siirface of the metal is first etched and then 
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dipped in a solution of collodion. The collodion forms a film, less 
than a millionth of an inch m thickness, and on the under side of 
this film is a reverse rephca of the surface contours of the metal. 
The film is stripped off, mounted m the specimen holder, and 
examined in the usual manner. As the thickness of the film varies 
in accordance with the contours of the surface, and the electrons 



Fig 20~10 

By courtesy of the Radio CorporaHon of America 


passing through are affected by the degrees of thickness of the film, 
the resulting image gives a true representation of the metal surface. 

The film formed in the above manner is termed a negative replica 
because protrusions above the metal surface appear as thin regions 
(depressions) in the replica. Where a positive replica is desired, a 
two-stage procedure must be employed. This is carried out in the 
following manner, using polystyrene as negative material and an 
extremely thin silica film as the final-replica. 

The polystyrene is moulded against the metal at a pressure of 
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2000-5000 Ib. per sq. in. and at a temperature of 160° C. The 
mould is then allowed to cool when the metal may be removed 
either by sharijly tapping it or, in some cases, by dissolving it. 
The polystyrene negative is then washed with distilled water and 
afterwards dried. Following this a thin film of silica is formed on 
the negative by evaporation. The silica is then removed from all 
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By courtesy of the Jtiadio Corporation oj America 


surfaces of the polystyrene, except that which was moulded against 
the surface of the metal. The silica is now scratched into small 
squares and the polystyrene then placed in ethyl bromide. This 
acts as a solvent to the polystyrene and the small squares of silica 
float oflF, are captured on specimen screens, and then mounted in 
the microscope. 

The success of the foregoing method of forming positive replicas 
is based on the enormous mobility of silica over a polystyrene surface. 
The silica film itself is quite structureless when observed in the 
microscope and is very transparent to the electron beam. 
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An example of a polystyi'one-silica replica is shown by the 
photomicrograph of Fig. 20-12. Thi^ concerns ordinary steel after 
being rubbed with fine sandpaper, the magnification being 14,880 X. 
A further example is given by Fig. 20-13, which shows an etched 
quartz surface. The magnification is 9000 x. 

An extremely valuable metallurgical application of the electron 
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hu courtesy of Ute Radio Corporation of America 


microscope is the study of electron emitters. Materials under investi¬ 
gation may be used as the microscope cathode and have their images 
formed on the screen or photographic plate. In this way, emissive 
properties of various parts of the emitter surface may be studied. 

Limitations oe the Electeon Microsoope 

Associated with the tremendous advantages of the electron 
microscope are certain limitations. Thus, finding a given part of 
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the object is of increased difficulty. However, this difficulty has 
been met either by incorporating an optical microscope to carry 
out a preliminary search, or by locating the first image before 
forming the second. 

A furthei difficulty is that, generally, only ‘‘dead” specimens 
can be viewed This is because the specimen must be located in a 
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high vacuum and is bombarded with high-energy electrons. The 
effect of the latter is to cause changes in protoplasm and molecular 
structure. Also, entomologists have recorded shrinkage, evolution 
of gas, discoloration, and friability of their specimens. A limitation 
which, of course, has already been mentioned is that the specimen 
must be extremely thin. 
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The Cathode-ray Tuning Indicator 

The cathode-ray tuning indicator, or ‘‘electric eye,” as it is 
sometimes termed, oflfers an indication by virtue of the magnitude 
of a “shadow” thrown on a small fluorescent screen. The construc¬ 
tion of the indicator is shown by Fig. 20-14 and its diagrammatic 
representation by Fig. 20-15. Referring to Fig. 20-14, the cathode 
serves as a source of electrons for both the anode of the triode and 
the target T. The latter is conical in shape surmounted by a narrow 
rim and is coated on its upper side with fluorescent powder. K is 
known as the ray-control electrode and is connected internally to 
the anode. It is evident that the potential difference between T 
and K is equal to the drop on R. With no current in i?, i.e. with the 
grid biased to cut-off, there is no potential difference between T 




and K and no obstacle is offered to a radial flow of electrons from 
the upper end of the cathode to the target. Hence, under these 
conditions, no shadow appears on the screen. Now, if the grid is 
made less negative current will flow in R and a potential difference 
will appear between T and K, As K is negative with respect to T, 
the electrons will be deviated from their radial path in the vicinity 
of K and a shadow will appear on the screen. This shadow is angular 
in form and is bisected by a projection of K on to the target. The 
smaller the amount of bias on the grid, the greater the potential 
difference between T and K and the greater the angle subtended by 
the shadow becomes. Conditions are usually so arranged that with 
no grid bias the shadow angle is 90°. 

It is evident that the magnitude of the shadow angle is affected 
by the value of R as well as that of the grid-bias voltage. The 
value of R will also affect the value of the grid bias for an absence 
of shadow. For the case of the Tungsram 6U5 valve, with a target 
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voltage of 250 volts and R equal to 1*0 megohm, the grid bias for 
no shadow is — 22 volts. 

In some tuning indicators, the shadow takes the form of a cross. 
This is effected by employing four ray-control electrodes spaced at 
90° to each other. 

The cathode-ray tuning indicator is often used in wireless 
receivers as an indicator of exact tuning. It has, however, many 
other applications, a particular (?ase being that of an indicator 
in instruments such as that describeil on page 535. If an alternating 
potential is applied to the grid the •shadow angle opens and closes 
with the frequency of the potential. This results in a sector of 
reduced shadow density with an angle corresponding to the 
maximum value of the alternating voltage. 

Voltage Stabilization with Discharge Tubes 

The fact that the voltage across a glow discharge is practically 
independent of current enables a glow-discharge tube to be employed 
as a voltage stabilizer and filter. A simple circuit for improving 
the regulation of, or smoothing, a d.c* supply is shown by Pig. 20-16. 
Actually there is a slight increase in voltage with an increase in 
current through a glow-discharge tube, as shown by Pig. 20-17. 
If p is the slope resistance of the tube and E changes by an amount 
dE, then the change in tube current is 

dEI{R + p) = d/ 

and dV = pdl = 

which, if R is large compared with p, becomes 

dV = ^dE 

This result at once shows the ability of the circuit of Fig. 20-16 
to reduce fluctuations in supply voltages. Such fluctuations may, 
of course, exist due to the effect of a load acting on a high impedance 
supply. Thus, the circuit of Fig. 20-16 may be employed to improve 
the regulation of a supply and in this connexion it is frequently used. 

Effect of Load 

Let a resistance load be connected to the discharge-tube 
terminals and assume that the d.c. supply voltage E contains a 
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sinusoidal component of r.m.s. value e. Then the ripple current 
due to e is 


e 



Fig. 20-16 Fro. 20-17 


where is the ripple voltage on 

pS 

Hence ^ — _ £ 

e pRi R 

providing p is small compared with R and R^. 


(20-9) 


Regulation 

Under no-load conditions the current through the lamp is 
approximately given by 

E- V 

- .... ( 20 - 10 ) 


where V is the lamp voltage. As the load resistance across the lamp 
is reduced, the supply current remains roughly constant, while the 
load current increases. Hence the lamp current falls and reference 
to Fig. 20-17 indicates that the load voltage also slightly decreases. 
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Thus the regulation curve is similar to the characteristic of Fig. 
20-17. It is evident that the maximum value of the load current 
depends on the no-load current of the tube and the tube extinction 
current, being equal to the difference between those two values. A 
typical regulation characteristic is shown by Fig. 20-18. From 
(20-9) and (20-10) it is evident that the ripple voltage and maximum 
load current are inversely proportional to E and hence the degree 
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of smoothing effected by a discharge tube will be smaller the larger 
the maximum required load current. 

Electronic Voltage Regulators 

Several electronic methods exist of regulating the voltage of d.c. 
generators and alternators possessing considerable advantages over 
regulators employing relays, vibrating contacts, etc. One obvious 
advantage is, of course, the rapid action of the electronic regulator 
due to the negligible inertia of its active parts. 

The principle of one method of regulation is indicated by Fig. 
20-19. It will be noted that the field of the alternator is supplied 
from a d.c. source through the triode Vf Hence variation of a 
negative bias on this valve will cause variations in the alternator 
excitation current and, of course, output voltage. Thus the method 
of regulation consists of suitably varjdng the bias by means of the 
alternator voltage. This is effected hy means of two other valves, 
a pentode and a diode, arranged in the manner shown. The triode 
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is biased by the drop on the resistance in the anode circuit of the 
pentode, Vp, the degree of bias, of course, depending on the value 
of the anode current, which is, in turn, controlled by the potential 
of the pentode grid relative to its cathode. The potential of the 
cathode is maintained at an approximately constant positive value 
with respect to the negative side of the h.t. supply by means of a 
neon stabilizer tube Vp. If the alternator is single>phase, then its 
output voltage is rectified by either a half- or full-wave rectifier, 
the rectified voltage across being smoothed by the condenser C. 



The upper end of Ri, is arranged to be positive with respect to the 
negative side of the h.t. supply, and a portion of the voltage on R^ 
is applied, as shown, to the control grid of the pentode. The relative 
magnitudes of the voltages on the cathode and grid of the pentode 
is such that the potential of the grid is negative with respect to 
the cathode. 

If a three-phase alternator is to be regulated, then three-phase 
rectification must be employed to produce the necessary grid 
potential. This, incidentally, tends to maintain the average voltage 
of the three-phases constant should they be unbalanced. If a d.c. 
generator is to be controlled, then, obviously, rectification is un¬ 
necessary. 

Considering now the effect of the regulator on the alternator 
output voltage, let circumstances be such that the alternator voltage 
tends to rise. Then the voltage on the pentode grid will increase, 
thus reducing its negative potential with respect to the cathode. 
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This increases the pentode anode current and with it the bias on the 
triode. Hence the triode current is reduced and also the alternator 
field current which thus reduces the alternator voltage regulation. 
It will be ap])reciated that the voltage cannot be hold at a strictly 
constant figure, as some increase is essential in order to increase 
the bias on Vf. Nevertheless, a considt^rable improvement in regu¬ 
lation may be effected with the arrangement shown. 

It is apparent that if the valve heater supjfiies, etc., are derived 
from the regulated a.c. source, then the alternator must first bo 
inde])endentl\ excited in order that the regulator may come into 
operation. This is e^ffectod by the switch and variable resistance 
shunting Initially aS closes the resistance circuit, E being 

adjusted so that- the alternator voltage builds uji to its normal value. 
At this point the switch is changed over and Vt substituted for R, 



S should be so constructed that the valve is brought in before the 
resistance circuit is broken. 

A further method of alternator regulation, employing thyratrons, 
is shown by Fig. 20-20. It will be noted that a bridge circuit is 
employed, this being similar in character to that of Fig. 20-21, 
i.e. it consists of two arms having linear resistances and two having 
non-linear resistances. Such bridges balance for only one value of 
the applied voltage and conditions in the ]>resent case are arranged 
to be such that this voltage is that at which regulation is desired. 
Assuming the bridge to be balanced there will be no e.m.f. across 
the primary of the transformer T and, consequently, the cathode- 
grid potential difference of the thjnratrons will be zero. Under these 
conditions the valves are conducting for about half the permeable 
half-cycle and a certain current is delivered by the thyratron rectifier 
to the alternator field circuit via R. Assuming now that a rise in 
alternator voltage tends to take place, the bridge will unbalance and 
a cathode-grid potential difference will occur. The connexions of T 
are such that the grid potentials now become negative during the 
conducting half-cycle, this decreasing the rectifier output and thus 
reducing the alternator field current. Should the alternator voltage 
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tend to fall, the grids become positive, increasing the conduction 
period and hence the excitation current. It will be appreciated 
that the alternator regulation may be considerably improved by 
this device. 

A further method of regulation, employing both vacuum tubes 
and thyratrons is shown by Fig. 20-21. A bridge is again employed 
similar in character of that of the previous regulator. In this 
instance, however, it is operated from d.c. derived from a single¬ 



phase full-wave vacuum-type rectifier connected between two lines. 
The output from this rectifier is smoothed by L and (7, and then 
applied to the bridge, which is arranged to be balanced when the 
alternator voltage is at its normal regulated value. R is, of course, 
for the initial setting of the regulator. 

The out-of-balance voltage of the bridge is applied between grid 
and cathode of V and is amplified by this valve, the amplified 
output voltage being combined with a constant voltage from the 
transformer T. We thus have bias-shift control of the thyratron 
output as described on page 495. Assuming the alternator voltage 
to rise, the connexions of the regulator are such that the negative 
bias is increased, thus reducing the thyratron output and the input 
to the exciter field. Should the alternator voltage fall, the reverse 
eflFect occurs. 
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It is found that with the last method of regulation less than 
1 per cent change in alternator voltage may produce 100 per cent 
change in exciter field current. Hence it is clear that a very close 
degree of regulation may be achieved. 

Electronic Control o! Temperature 

An electronic method of temperature regulation, employing hard 
valves, is indicated by Fig. 20-22. On the extreme left is a resistance 
type thermometer, two arms of which are formed by centre-tapping 
the secondary winding of a mains-operated transformer. One of the 
remaining two arms consists of a variable resistance, having a 
negligible resistance temperature coefiicient, and is used for balancing 
the bridge at any recjuired temperature. The other arm, of course, 
constitutes the thermometer. The out-of-balanoe voltage of the 
bridge is applied be¬ 
tween grid and cathode 
of the valve F^, where 
it undergoes amplifica¬ 
tion, the amplified vol¬ 
tage then being applied 
to the valve ¥2- This 
valve acts as a half¬ 
wave rectifier, being 
supplied from the trans¬ 
former Tg. The d.c. out- Fio. 20-22 

put voltage is developed 

across iJg, which is smoothed by and C2, and applied 

between grid and cathode of F3. In the anode circuit of F3 is a 
d.c. relay which controls the power supply to whatever is undergoing 
temperature control. 

Let it be assumed that the bridge is initially balanced and that 
the temperature then falls. This will unbalance the bridge and an 
alternating e.m.f. will appear between grid and cathode of Fg. 
Now if the secondary of Tg suitably connected, the voltages on 
the anode and grid of Fg wiW be in phase opposition and a falling 
temperature will decrease the anode current of this valve, for when 
the anode becomes positive the grid will become more negative. 
The consequent reduction in voltage on reduces the bias of 1 ^ 3 . 
with a consequent increase in the anode and relay current of this 
valve. Hence the relay may function and increase the heating 
power, thus restoring the temperature to the balanced value. 

Should the temperature rise above the balanced value, a phase 
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reversal of the out-of-balance voltage from the bridge will occur. 
Thus the phase relationship of the anode and grid potential of Fg 
will be reversed and the anode current and voltage across will 
increase. This will increase the bias on reducing the anode and 
relay current of this valve. Hence the relay may function and 
decrease the heating power, thus restoring the temperature to the 
balanced value. 

Consideration of the circuit details of Fig. 20-22 will reveal 
the necessity of R^, for in its absence the rectifier would work into 
an oj)en circuit and once Ci and Cg become fully charged, the grid 
potential of T^g would be without effect. 
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